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EULER NUMBERS MODULO 2"
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Abstract

Let {E, } be the Euler numbers. We give a general congruence modulo 27" +27” for Eony ., where k, m, n
are positive integers and b € {0, 2, 4, .. .}.
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1. Introduction

The Euler numbers {E,} are given by
2¢! >t T
T =y En— (|x| < 5).
n=0
It is well known that

. 2n
Eo=1, Ezy_1=0, ;<2r>E2,=0(n=1,2,3,...).

The first few Euler numbers are shown below:
Eo=1, E;=-1, E;=5, E¢=-61, Eg=1385 E;9p=-50521,
E»=2702765, Ei4=-199360981, FE;q=19391512145.

Let N be the set of positive integers. For m € N and b € {0, 2, 4, .. .}, in 1875 Stern
(see [1, 6]) showed that

Eynyp=2"+E, mod 2" (1.1)
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222 Z.-H. Sun 2]

Let [x] be the greatest integer not exceeding x. In 2005, Sun [4] showed that for

any k, n € N,
341 3R [0
— Eux= ,;)(_DJ 2j+1 [2—,1} mod 2" (1.2)

and deduced (1.1) from (1.2).
For k, m,neN and b € {0, 2,4, ...}, in [5, Corollary 7.4] the author showed
that

n—1
k—1-— k
Eympyp = E (—D"“( r)( )Ezmr+b mod 2"t (1.3)
= n—1—r/)\r

where o € N is given by 247! <n <29,

In Section 2, we give several basic lemmas. In Section 3, using (1.2) and some
results in [2, 3, 5], we deduce a general congruence modulo 20m+Dn for Eom k+b, Where
b,kef{0,1,2,...},2]|band n € N (see Theorem 3.3). As a consequence we show
that for m > 4,

E,+5-2"k mod 2"t ifb=0,6 mod 8,

Eompqp =
" {Eb—3.zmk mod 2"+ ifb=2,4 mod 8

and

1 + 688k — 384k
Fu = * mod 4096.
1 — 1316k — 1184k2 — 153643

2. Basic lemmas

LEMMA 2.1. Forn € N,

2"2—:1(_1)]_1[31' + 1] _,
ot iz '

J

PROOF. For j € {0, 1,...,2" — 1},
|
0 ifj< ,
3j+1 pL ol
_ : ; — 2.1
|: on i| L if 3 =<J< 3 s (2.1
2n+1 1
2 if 3 <j<2"-1
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[3] Euler numbers modulo 2" 223
Thus
(2"1-2)/3 . 2" '
- . (G VA A N € D A )
S -1y 3j+ 1| _ Ji=@-ns j=@+141)/3
— 2" @43 A 21 .
= G Do A Y C SR R 47
j=@2"+1)/3 j=@m+1-1)/3
=0+4+2=2. O

LEMMA 2.2. Letb€{0,2,4, ...} andn € N. Then

n
Z (Z) (—DF3 + 3_2k_b)E2k+b =0 mod 2°"*2.
k=0

PROOF. By Lemma 2.1 we know that (1.2) is also true for k =0 and n € N. Thus,
replacing n with 3n and k with k + b/2 in (1.2), we see that for k € {0, 1, 2, ...} and
bef0,2,4,...},

2371_1 .
—2k— i—1 3j+1
G+3 M Enp=2 ) (=1 1(2J+1)2k+b[]7] mod 2%"+2,

j=0 2
Therefore,
" (n
> (k)(—nk@ +37 ") Exyyy
k=0

231 T3+ 1N (n
=2 Z(—w—l[ > }Z(k)(—l)k(2j+l)2"“’
j=0

k=0

23n71 .
=2} (—1>f“[3J2:,; 1}0 — Qi+ DD Qi+ 1)
=0

23] . . 2\ 7

(35 +11/1—=@2j+1) .

= p3n+1 EO (-1’ 1|: J23n i|( é ) 2j + D" mod 23"+2,
J:

Since

1-@Qj+D*\" _1-@Qj+D>_ jG+D
8 N 8 N 2
~]J1 mod2 ifj=1,2 mod 4,
|0 mod2 ifj=0,3 mod 4,
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using (2.1) and the fact that (23 — 1)/3= @3+ — 1)/3 =3 mod 4, we see that

2311_1 . . N

(37 +11/1=-2j+1) .
D=1 1[ — ]( o 2j+1°
Jj=0
= Z (-1)/7'=0 mod 2.
(@ =1)/3)<j<(@ 1 -1)/3)
j=1,2mod 4

Combining all of the above, we obtain the result. O

LEMMA 2.3. Letbe{0,2,4, ...} andn € N. Then
n 32k+b+1 1
Z <n>(—l)k—+E2k+b =0 mod 23n.
= k 4

PROOF. Lemma 2.1 of [3] states that for any functions f and g,
n

3 (Z)(—l)kf(k)g(k)
k=0
n n K s . n—s+r n—s4r ) . K < Do
=Z( )(Z ( )(—1) > ( : )(—fom) ( )(—1> g(@).
s=0 s r=0 r J i

=0 —o \!

Set f(k) = $(3 + 37 b)Eyyp, and g(k) = 3%+?. Then
N N
3 (5)(—1)’30‘) =y (s.)(—n"szf“’ = (1-973*=0 mod 2%
. i “ i
i=0 i=0
and
n—s+r n—s—4r ) 3
> ( . >(—1)’f(j) =0 mod 23—+
i=0 /
by Lemma 2.2. As 231=s+7) . 235 — 237437 = (0 mod 23", from the above we see that

n n 32k+b+1 + 1
<k>(_l)kTE2k+b
k=0

n

n k
<k)(—1) S k)gk)

() (7))

=0

k

Il
S

Il
M=

Il
o

N

s s o
X (,)(—1)’g(z)
izo \!

=0 mod 2°".

This proves the lemma.
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[5] Euler numbers modulo 2" 225
3. Main results
THEOREM 3.1. Letb, k€ {0,1,2,...},2|bandm,n, t € N. Then
32’"kt+b+l +1
fEZ’"kH-b
— 1 =7\ (k\3ZrHbrl 4]
= Z( i () Eaers mod 20421,
—1—-r)\r 4
Moreover,
32mkt+b+l +1
fEkaer
S k 32’"rt+b+1 41
= 1 n—1-—r —E m
Z( ) ( 1—r><r) 7 i 4h
" 32r+b+l 4
) > <r><—1)’TEzr+b
(m+2)n _ nr=0 (m+2)n+2
+2 (n>( t) 7 mod 2 .

PROOF. Let f (k) = (3+0+! 4 1) gy and Ap =275 350 (5)(=1)" £(r). From

Lemma 2.3 we know that 22% | A. Putting p =2 and f(k) = %(32k+b+1 + D E+p
in a formula in [5, p. 88], we have

3 (n)(—l)’f(Z'”‘lrt)
r=0 r
om=lp;
=2"" A+ Y (=2 (=D A
k=n+1

k, - Sy, !
XZ( 1)k is( ])J k=i . (JJ?)” n@mlpy,

where s(n, k) and S (n, k) are Stirling numbers given by
n
x@=1D@—n+ D)= (=1 Fs@, k)t
k=0

and .
=Y S kxx—1)- - (x—k+1).
k=0
By [5, Lemma 4.2], for j, k, n € N, (s(k, j)j!/k!)2k*j and (S(j, n)n!/j!)ZJ*” are
rational 2-integers. Thus, by the above and the fact that 22% | A,

n

n - A
Z <r>(_1)rf(2m 1,-;) = 2(m+2)ntn . ZT’:Z mod 2(m+2)n+2.

r=0
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From [2, Lemma 2.1] we know that

= k—1—r\/(k
m—1 _ _1\n—1-r m—1
@k =) (=D (n L r) (r>f(2 ri)

r=0

k k r
+ Zj (r)<—1>’ ZO <:)(—1)‘f(2'"—1st>

For r >n+ 1 we have (m +2)r > (m +2)(n 4+ 1) > (m + 2)n 4+ 2. Thus applying
the above we obtain Y7 _o (©)(—=1)* £(2"~Lst) = 0 mod 20" +2"+2 and so

ol k—1—r\(k
m—1 _ _1\n—1l-r m—1
fF@" k) = g( ) (n L r) (r)f(Z r)

k " A
_ A(m+2)n 0 (m+2)n+2
+ <n)( "2 Y mod 2 .

Thus the theorem is proved. o
Taking m =t =1 and b = 0 in Theorem 3.1 leads to the following congruence.
COROLLARY 3.2. For any nonnegative integer k and positive integer n,
32k+1 41 n—1 k—1—r k 32r+1 +1
——Ex = —rt=r —  E; mod 2%
1 2% ;( ) <n_1_r>(r> ) 2r

THEOREM 3.3. Letb, k€ {0,1,2,...},2|bandm,n,t € N. Then

n—l 2"rt+b+1
4 (k—1—=r\[k\3 +1
T (| W EES P

g
Epnprgb = - mod 20"+2n,

3b+1+1 3b+lz<)32m 1"

PROOE. As 32"" — 1= (32" — 1)(3%" + 1), by induction we see 2+2 | (32" — 1)
and so 212 | (32" — 1). Thus

1 _om 1 "
S @YkbHL gy = _(1 + 321 4+ 3% - 1))h

4
k

3b+1 +1 N 3b+1
4 4

Z <k> (3* = 1" mod 20"+,
,
=1

Note that §(32"K+0+1 4 1) = 1(3 + 1) = 1 mod 2. Applying the above and Theo-
rem 3.1, we obtain the result. O
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[7] Euler numbers modulo 2" 227

COROLLARY 3.4. For any nonnegative integer k and positive integer n,

”i( et (K= 1= (K 32r+1+1E
| n—1—r)\r 4 o

2% = 0 X mod 23n.
1 + 3 Z < )23}’—2
r=1 r
PROOF. Putting m =t =1 and b = 0 in Theorem 3.3, we deduce the result. |

Taking n =1, 2, 3 in Corollary 3.4 we have the following corollary.

COROLLARY 3.5. For any nonnegative integer k,

1
Ezk = m mOd 8,
1 — 8k
Ey=—— d 64,
R IR T YAy TE R
1 — 168k + 160k
E2k = + mod 512.

1 + 110k — 168k2 + 64k3

We note that different congruences for Er; mod 64 and E;; mod 256 have been
given by the author in [5, p. 111].

COROLLARY 3.6. Foranyke€{0,1,2,...}andn €N,

n—1 4r+1
k—1-— k\ 3 1

E (_1)]’17171‘ r +_E4r
n—1—r)\r 4

Ey = r=0 mod 2+

"k
143 ( )42’15’

and

n—1 4r+3
o (k—1—=r\/k\3 +1
Z(_l)n : r( 1 )( >—E4r+2
= n—1—r/)\r 4
"k
7427 g2r—15r

PROOF. Puttingm =2, t =1and b =0, 2 in Theorem 3.3, we deduce the result. O

mod 2%,

Egjyr =

Taking n = 3 in Corollary 3.6 we deduce the following result.

COROLLARY 3.7. For any nonnegative integer k,

_ 1 + 688k — 384k>
~ 1 — 1316k — 1184k% — 1536k

Es4 mod 4096

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.9, on 29 Oct 2025 at 22:54:29, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972709001130


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0004972709001130
https://www.cambridge.org/core
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and

—7 — 1232k + 640k?
Eapan = d 4096.
W2 =000k + 163262 — 1536k3 0

Putting m = 3 and ¢ = 1 in Theorem 3.3 leads to the following corollary.

COROLLARY 3.8. Letke{0,1,2,...}, be{0,2,4, ...} andn € N. Then

1 —r k 38r+b+1+1
Z( Dl ( _1_r>(r)—4 Eg 4

Egiyp = mod 2°".

b+1
3 * + 1 3b+1 Z ( )25}‘22051‘

THEOREM 3.9. Letb €{0,2,4, ...} and k, m € Nwithm > 4. Then

Ep+5-2"k mod 2"t ifb=0,6 mod 8,

Eom =
Fhrd {Eb—3-2’"k mod 274 ifb=2,4 mod 8.

Furthermore,

[E,—24k mod 128 ifb=0,6 mod 8,
=V E, +40k mod 128 ifb=2,4 mod 8.

PROOF. Suppose that m > 3. Taking n = = 1 in Theorem 3.1, we see that

32mk+b+l +1

Eom
4 2Mk+b

(3.1)
3b+1 1 3b+1 1 3h+3 1
E—+ — M2 8( + Ep — + Eb+2> mod 24,

4 4 4

For r > 3 we see that 4”3 /r is a 2-integer. Thus,

. 2 om 2" om o som
2m 4 Y YA AN — r
3 1=(1—4) 1=) (r)( =) r(r )( 4)

r=1 r=1

=2" . (—=4) + 272" — 1)(—=4)? = —3.2"2  mod 2.

Therefore,
32" = (1 —3.2m Kk = 3k . 2mH2 pod oMo

and so

32’”k+b+1 41 _ (1 —3k- 2m+2)3b+1 41 B 3b+1 41
4 B 4 4

—3P+2 omp mod 24,
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[9] Euler numbers modulo 2" 229
This together with (3.1) yields
3b+1 1 1
T+(E2mk+b — Ep)=2"k - 32 Epmpyyy — 2"k - 3
(3.2)
3b+1 1 3b+3 1
+ E, — + Epio mod 24,
4 4
It is clear that
341 301482241 3(1+(b/2) -8+ (%) - 82) +1
4 4 N 4
b (b 3b+1 d 32 ifb=0,2 d 8
=1+3b+24—(——1>5 +1 omo H5=0.2 mods,
2\2 3b—15 mod 32 ifb=4,6 mod 8§,
and so
33 4+1 |13 +2)+1=3b+7 mod 32 ifb=0,6 mod 8,
4 13 +2)—15=3b—-9 mod 32 ifb=2,4 mod 8.
From Corollary 3.5 or [5, Corollary 7.7] we know that
B = b+1 mod 32 if4|b,
"Z1b-3 mod 32 ifd|b-2,
and so
b+3 mod 32 if4|b—2,
Epr= .
b—1 mod 32 if4]|b.
Thus, modulo 32,
3b+1 41 3b+3 +1
— E
4 b 4 b+2
BGb+DHbO+1D)—@Bb+7H(b—-1)=8 ifb=0 mod 8,
B+ DB—-3)—CBb—-9)(b+3)=24-28b ifb=2 mod 8,
G =150B+1D)-@b—-90b—-1)=-24 ifb=4 mod 8,
Bb—-15b—-3)—CBb+T7)(b+3)=—-40b+24 ifb=6 mod 8
(3.3)

and therefore

1 3b+1 1 3b+3 1
_( 1 3y

s ) b 1 Eb+2> =1 mod 4.
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Substituting this into (3.2), we obtain

7 (Eamkip — Ep) = 2"k - 3°T2 Eympy, — 2" 2k mod 274,
Since (31! + 1)/4 is odd, we deduce that
2"k b+2 m-+4
E2mk+b — Eb = m(3 E2’"k+b - 4) mod 2 . (34)

From the previous argument, (37! 4+ 1)/4 =3b + 1 mod 16 and

. [2"k+b+1 mod 16 ifb=0 mod 4,
PR = N omp L3 mod 16 ifb=2 mod 4.
Thus,
1 1 _[1-3p=1+b mod 16 ifth=0 mod 4,
G114 3b+1 |13—3b=-3(1+b) mod 16 ifb=2 mod 4.

Furthermore,
342 _ 9-81”4=9 mod 16 ifb=0 mod 4,
8102/ =1 mod 16 ifb=2 mod 4.
Hence, by the above and (3.4),
(1+b)-2"k(OR2"k +b+1) —4) mod om+4 if 4| b,
Eomjyp — Ep = 4 -
—3(14+b)-2"k(2"k+b—3)—4) mod 2"+ ifd|b—2.

For m = 3 we have 22" = 2"+3_ For m > 4 we have 2"t | 22" Therefore

(14+b)-2"k(9b + 5) +2"3[3/mlk mod 2"+ if4|b,

Eom —Ep =
2mk+b b {—3(1+b)-2’nk(b_7)+2m+3[3/m]k mod 27" t4 if4|b—2.

It is easily seen that

5 mod 16 if8]b,

14+b)O9b+5) =9+ 14b+5=2b+5=
( ! ) {—3 mod 16 if8|b—4

and
31 +b)b—T7)=-3(b—-2)>+6b+33=—-2b+1
_ {5 mod 16  if8|b —6,
-3 mod 16 if8|b—2.
Thus the result follows. O

COROLLARY 3.10. Letb€{0,2,4,...}and k, m € Nwithm > 3. Then
Eirp = Ep+5-2"k mod 213,
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