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Let @ C RY, N > 1, be an open bounded connected set. We consider the indefinite
weighted eigenvalue problem —Au = Amu in Q with A € R, m € L*°(Q) and with
homogeneous Neumann boundary conditions. We study weak® continuity, convexity
and Gateaux differentiability of the map m +— 1/\1(m), where A1 (m) is the principal
eigenvalue. Then, denoting by G(mo) the class of rearrangements of a fixed weight
mo, under the assumptions that mg is positive on a set of positive Lebesgue measure
and fQ mo dz < 0, we prove the existence and a characterization of minimizers of
A1(m) and the non-existence of maximizers. Finally, we show that, if Q is a cylinder,
then every minimizer is monotone with respect to the direction of the generatrix. In
the context of the population dynamics, this kind of problems arise from the question
of determining the optimal spatial location of favourable and unfavourable habitats
for a population to survive.

Keywords: indefinite weight; Neumann boundary conditions; optimization; principal
eigenvalue monotonicity, population dynamics
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1. Introduction and main results

In this paper, we consider the weighted eigenvalue problem with homogenous
Neumann boundary conditions

—Au=Amu in

ou (1)
—=0 on 012,
ov
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2 C. Anedda and F. Cuccu

where 2 C RY is an open bounded domain with Lipschitz boundary 0§, m €
L*>(§) changes sign in 2, A € R and v is the outward unit normal vector on 9.
An eigenvalue X of (1) is called principal eigenvalue if it admits a positive eigen-
function. Clearly, A=0 is a principal eigenvalue with positive constants as its
eigenfunctions. Problem (1) has been studied in various papers (see, for example,
[8, 9, 44]). In particular, it is known that there is a positive (respectively negative)
principal eigenvalue if and only if fQ mdzx < 0 (respectively fQ mdzx > 0). For the
sake of completeness and in order to maintain this paper self-contained, we prefer
to give here (see §2) an independent proof of the result above. Moreover, we show
that, under the previous hypothesis on m, there exists an increasing (respectively
decreasing) sequence of positive (respectively negative) eigenvalues. The smallest
positive eigenvalue is the principal eigenvalue, which will be denoted by A;(m).
Problem (1) and its variants play a crucial role in studying nonlinear models from
population dynamics (see [45]) and population genetics (see [26]). We illustrate in
details the following model in population dynamics devised by Skellam [45]

vy = Av + yv[m(z) — v) in Q x (0,00),

ov

_— = 2
£y 0 on 0N x (0, 00), (2)

v(z,0) = vo(z) >0, v(x,0)Z0 in Q.

In (2), v(x,t) represents the density of a population inhabiting the region
at location z and time ¢ (for that reason, only non-negative solutions of (2) are
of interest), vg is the initial density and v is a positive parameter. The func-
tion m(x) represents the intrinsic local grow rate of the population, it is positive
on favourable habitats and negative on unfavourable ones and it mathematically
describes the available resources in the spatially heterogeneous environment 2. The
integral fQ mdx can be interpreted as a measure of the total resources in (2. The
Neumann conditions in (2) are zero-flux boundary conditions: it means that no
individuals cross the boundary of the habitat, i.e. the boundary acts as a barrier.

The model (2) can be also considered with Neumann boundary conditions
replaced by the homogeneous Dirichlet or Robin conditions. In the first case, the
environment {2 is surrounded by a completely inhospitable region, i.e. any individual
reaching the boundary dies, while in the second some individuals reaching the
boundary die and the others return to the interior of Q2. It is known (see [13, 15] and
references therein) that (2) predicts persistence for the population if Aj(m) < 7.
As a consequence, determining the best spatial arrangement of favourable and
unfavourable habitats for the survival, within a fixed class of environmental con-
figurations, results in minimizing A\ (m) over the corresponding class of weights.
Having information of this type could affect, for example, on the strategies to be
adopted for the conservation of species with limited resources.

This kind of problem has been investigated by many other authors. The question
of determining the optimal spatial arrangements of favourable and unfavourable
habitats in Q) for the survival of the modelled population was first addressed by
Cantrell and Cosner in [13, 14]. The authors considered the diffusive logistic equa-
tion (2) with homogeneous Dirichlet boundary conditions and when the weight m
has fixed maximum, minimum and integral over 2. The analogous problem with
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Neumann boundary conditions has been analysed by Lou and Yanagida in [36].
Berestycki et al. [5] investigated a model similar to (2) in the case of periodically
fragmented environment (2 = RY and m(z) periodic), Roques and Hamel [42]
proved the existence of a minimizer in the case of “bang-bang” configurations and
also investigated the problem by using numerical computation, Jha and Porru [30],
among other things, exhibited an example of symmetry breaking of the optimal
arrangement of the local growth rate. Lamboley et al. [33] investigated model (2)
with Robin boundary conditions. Mazari et al. [37] studied several shape opti-
mization problems arising in population dynamics, we refer the reader to it for
a review of current knowledge on the subject. We also mention Cadeddu et al.
[12], which considered mixed boundary conditions, Ferreri and Verzini [25] which
studied asymptotic properties for Dirichlet boundary conditions, Mazzoleni et al.
[38] which considered a singular analysis for Neumann problems, Derlet et al. [22]
and Cuccu et al. [19], that extended these type of results to the principal eigen-
value associated to the p-Laplacian operator for Neumann and Dirichlet boundary
conditions respectively. Finally, Pellacci and Verzini [40] considered the fractional
Laplacian operator and Dipierro et al. [23] a mixed local and nonlocal operator.

In order to present our work, we briefly give some notations and definitions
here. We denote by Ax(m), & € N, the kth positive eigenvalue of problem (1)
corresponding to the weight m (assuming [, mdz < 0). We say that two
Lebesgue measurable functions f,g : ¢ — R are equimeasurable if the super-
level sets {z € Q : f(z) > ¢} and {z € Q : g(x) > t} have the same
measure for all ¢ € R. For a fixed f € L*>(Q), we call the set G(f) = {g :
2 — R : g is measurable and g and f are equimeasurable} the class of rear-
rangements of f (see Appendix A). Moreover, we introduce the set LX(Q) =
{me L>(Q): [,mdz <0}.

The present paper contains three main results. First, we study the dependence
of Ax(m) on m, in particular we investigate continuity and, for k=1, convexity
and differentiability properties (see Lemmas 3, 4 and 5). Second, we examine the
optimization of Aj(m) in the class of rearrangements G(mg) of a fixed function
mo € L (). Precisely, we prove the existence of minimizers, a characterization of
them in terms of the eigenfunctions relative to A;(m) and a non-existence result
for the maximizers.

THEOREM 1. Let Ai(m) be the principal eigenvalue of problem (1), my € L2 ()
such that the set {x € Q : mo(z) > 0} has positive Lebesgue measure, G(myg) the
class of rearrangements of my (see Definition 7) and G(mg) its weak™ closure in
L>(R). Then

(i) the problem

min _ A;(m) (3)
meg(mq)
[{m>0}|>0

admits solutions and any solution my belongs to G(mg);
(ii) for every solution thy € G(myg) of (3), there exists an increasing function
such that

m1 = P(um,) a.e. in €, (4)
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where w,;,, is the unique positive eigenfunction relative to A1(mq) normalized as
in (28);
(iii)
sup  Ai(m) = +oo.
meg(mo)

We note that the class of weights usually considered in literature, i.e. a set of
bounded functions with fixed maximum, minimum and integral over ), can be
written in terms of G(mg) for a mgy which takes exactly two values (functions of
this kind are called of “bang-bang” type). This fact is proved in [2].

From the biological point of view, (i) of Theorem 1 says that there exists an
arrangement, of the resources that maximizes the chances of survival and, in this
case, the population density is larger where the habitat is more favourable. On
the other hand, (iii) means that there are configurations of resources as bad (i.e.
inhospitable) as one prescribes.

Our third main result is the following

THEOREM 2. Let Q = (0,h)xw C RN, h >0 andw C RV~ be a bounded polyhedral
or smooth domain. Let mo € LE () such that the set {x € Q : mg(xz) > 0}
has positive Lebesque measure and G(mg) the class of rearrangements of my (see
Definition 7). Then every minimizer of (3) is monotone with respect to x1, where
x1 15 the first coordinate of RY.

Monotonicity results of this kind have been studied both theoretically and numer-
ically by a number of authors. Theorem 2 in the one dimensional case has been
proved in [14, 36] in the case my is a “bang-bang” function and in [30] for general
mg. In general dimension, when the domain €2 is an orthotope and my is of “bang-
bang” type, Lamboley et al. in [33] show that any minimizer is monotonic with
respect to every coordinate direction. Theorem 2 contains all previous results and
it is coherent with numerical simulations in [31, 42] for rectangles and “bang-bang”
weights.

It is worth mentioning that in the case (1) is considered with Dirichlet boundary
conditions, the monotonicity of minimizers is replaced by the Steiner symmetry of
them (see [2, 7, 14]). Nevertheless, in both situations these qualitative properties of
the minimizers lead to an arrangement of the favourable resources fragmented as
little as possible. Indeed, in the Dirichlet case they are concentrated far from the
boundary, while in the Neumann case they meet the boundary.

As final remark, we observe that problem (1), with Dirichlet boundary conditions
in place of Neumann and in the case of positive weight m(z), also has a well-known
physical interpretation: it models the vibration of a membrane 2 with clamped
boundary 99 and mass density m(x); A\;(m) represents the principal natural fre-
quency of the membrane. Therefore, physically, minimizing A\;(m) means to find
the mass distribution of the membrane which gives the lowest principal natural
frequency. Usually, the composite membrane is built using only two homogeneous
materials of different densities and, then, the weights in the optimization problem
take only two positive values. Among many papers that consider the optimization
of the principal natural frequency, we recall [16-18].
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This paper is structured as follows. In §2, we set up the functional framework
and some tools in order to investigate the spectrum of problem (1). In §3, we
study the dependence of A\i(m) on m, in particular continuity and, for k=1, con-
vexity and differentiability properties; then, we prove Theorem 1. In §4, we give
the proof of Theorem 2. Finally, in Appendix A we collect some known results
about rearrangements of measurable functions we need to examine the optimization
problem (3).

2. Notations, preliminaries and weak formulation of (1)

Let © ¢ RN, N > 1, be a bounded connected open set with Lipschitz boundary
on.

In this paper, we denote by |E| the measure of an arbitrary Lebesgue measurable
set £ C RY and by L*(Q), L*(Q) and H'(Q) the usual Lebesgue and Sobolev
spaces. The usual norms and scalar products of these spaces are denote by

||UHLOC(Q) =esssup glu| Vuée L*(Q),

(u,v) 12 () :/uvda: Yu,v € L*(Q)
Q

[ullz2(0) = <U7u>i/22(9) Yu e L*(Q),
<U70>H1(Q):/uvdx+/Vu.Vvda: Yu,v € HY(Q),
Q Q

1/2
ull 1) = (u, U>,fl(9) Vue HY(Q). (5)

Moreover, we also use the notation (Vu, Vv)r2q) = fQ Vu -Vudz for all u,v €
H'(Q) and by weak* convergence we always mean the weak™ convergence in L> ().
Given m € L?(2) such that m #0, we define the spaces

L;«n__{fezﬂunz mfdx—O} and V,,(Q) = HY(Q) N L2 (Q).
Q

L2.(Q) and V,,, () are separable Hilbert subspaces of L?(€2) and H!(Q) respectively.

2.1. The projection P, and norm in V,,(Q)

In this subsection, we introduce a fundamental tool in order to develop our theory:
a projection from L2(2) to L?2,(€2) (which must not be confused with the usual
orthogonal projection in Hilbert spaces).

DEFINITION 1. Let m € L*(Q) such that [, mdx # 0. We call projection Py, the
operator
Jomfdx

P, L*(Q) — L2,(Q), fo—kmm.
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Note that P,,(H(2)) C V,,(£2). Indeed, depending on the case (which will be
clear from the context), it might be more convenient to consider the projection
Py, : HY(Q) — V,,,(2). Since in our work m(z) represents the local growth rate,
which is a bounded function, hereafter we consider m € L>(Q). Nevertheless,
Proposition 1, Proposition 2 and Proposition 3 can also be stated for m € L?().

PROPOSITION 1. Let m,q € L*®(Q) such that [, mdz, [,qdz # 0 and Py, the
projection of Definition 1. Then

1) < ( ) 90>L2 Q) = <mf7 ( )>L2(Q fO’l" all fﬂo € L2(Q))
i) Pn(f) =0 if and only if f is constant;
iti) Po(f) = f forall f € L2,(Q);
iv) VP, (f)=Vf for alleHl(Q)
v) Py, is a linear bounded operator with
[m| L)
P, 2 2 <14 6
[Pl 2(2(0),L2(2) + I, mdz)| 1€ (6)
and
[[m ||Loo _
[P || 21 (0), 11 (0)) S 1+ L0, (7)
1Jomde]
vi) the compositions Py o Py, : L2(Q) — L2(), Py o Py, : Vy(Q) — V() are
identities;

vil) Pp i L2(Q) = L2, (), P : Vo(Q) = Vin(Q) are isomorphisms.
Proof. (i), (ii), (iii) and (iv) are immediate consequences of the definition of the

projection P,,.
(v) By the definition of P, and straightforward calculations we find

d da\?
Pm(f)||2L2(Q)/Qlf22mef l’f+<fgmf x) ] dx

m dx m dx
Q2 Q
2 fQ mfd / fQ mf dz
Hf||L2(Q) fde medx | ‘
|| ||L2 o)l f1I7 ]2 ||f||
<2 + 2 L) gy TN TLA@)
2
Il 2l fll 20
= <|f||L2(Q) + |f(7i”bdx| ( )|Q|1/2
Q

2
Il Lo )l fl 22(02)

< Q

hS <|f||L2(Q) + ]medx| 19]

2
I e
=<1+ >|\ 1£1122 0
| Jom da]

then (6) holds. The estimate (7) follows from (6) and (iv).
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(vi) Let f € Lg(Q); recalling that fQ qf dx =0, we have

W)

PuPof) = By (£ = S
Q

mf dx
B mefdiU B qu-fdxi fjs";mdac fﬂqu

Jomdx Joadx 1

the second statement immediately follows from the first one.
(vii) Tt immediately follows from vi). O

For the sake of convenience, we put

m )
Cl(m) — 14+ H ”L (Q) |Q| (8)

|fﬂmd$‘

The previous proposition leads us to an alternative norm in the space V;,,(£2).

PROPOSITION 2. Let m € L>(Q) such that [, mdx # 0. Then, for all u € V()
we have

lm]| L (0
lullL2) < C (1 + 7” md(:c]) 12 ) IVull 220, 9)
Q

with C? equal to the constant of the Poincaré-Wirtinger’s inequality (see [35,
Theorem 12.23]).

Proof. Let u € V,, (). By (vi) of Proposition 1 we have v = P,,(P1(u)). By (6)
and the Poincaré-Wirtinger’s inequality we find

lull 2(0) = | Pm(Pr(w))]| 220y < Cr(m)||Pr(w)| L2
ol

U— — udr
12| Jo

< Ci(m) - Ol Vul[ 2 (@),

< Ci(m)

L2(Q)

which proves the statement. O

PROPOSITION 3. Let m € L>() such that [, mdx # 0. Then, the bilinear form
in V()

(U, v)v,, () = / Vu-Vvdr Vu,veVy(Q) (10)
Q

is a scalar product which induces a norm equivalent to the usual norm (5). We
denote by ||ullv,, ) the associated norm to (10).

https://doi.org/10.1017/prm.2025.10074 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10074

8 C. Anedda and F. Cuccu

Proof. Comparing ||ully,, ) with (5), we have

lullv,,, @) < llullzro)- (11)

By (9) and (8), we find
lull 0y < (G2 CF(m) + 1)V 2 ullv,, 0)- (12)
By (11) and (12), the thesis immediately follows. O

If not stated otherwise, we will consider V,, endowed with the norm just
introduced.

2.2. The operators E,, and G,

We study the eigenvalues of problem (1) by means of the spectrum of an operator
that we will introduce in this subsection.

Let m € L>(f2) such that [, mda # 0. For every f € L*(Q) let us consider the
following continuous linear functional on V,,,(2)

o= (mf,o)r2@) Vo€ V().

By the Riesz Theorem, there exists a unique u € V,,,(2) such that

(U, )v,. ) = (mf,p)r2) Yo € Vin(Q) (13)
holds.
Let us introduce the operator
En : LA(Q) — Vi (Q), (14)
where v = E,,(f) is the unique function in V,,,(Q2) that satisfies (13), i.e. for all
f € L%(Q), En(f) is defined by

(Em(f): v = (mfi@)rze) Ve € V(). (15)
E,, is clearly linear. Putting ¢ = u in (13) and exploiting (9) and (8), we find
lullv,,. (@) < C - Cr(m)[[mll @)l fll20)- (16)
Therefore FE,, is a linear bounded operator such that

I Emllcz2@),vim ) < C - Cr(m)|Iml|Les(q)- (17)

Let i,, be the inclusion of V,,(2) into L?(£2). Note that, by compactness of the
inclusion HY(Q) < L?(Q) (see [35]), it follows that i,, is a compact operator as
well. Moreover, we define a second the linear operator

Gt Vi () =V (Q) (18)
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by Gy, = Ep, 0y, Le. for all f € V,,,(Q), G, (f) is defined by

(Gm(f), @) = (mf,0) 2@ Ve € V(). (19)

The main properties of the operators E,, and G, are summarized in the following
Proposition.

PROPOSITION 4. Let m € L*(2) such that [,mdx # 0 and Py, Ey, and Gp
defined by Definition 1, (15) and (19) respectively. Then

1) En(f)=Gm(Pn(f)) forall f € HI(Q);
ii) Gy, is self-adjoint and compact;
iii) By, restricted to H*(Q) is compact.

Proof. (i) Let f € H*(Q), then P,,,(f) € V,u(Q). By (19), (i) and (iii) of Proposition
1 we have

<Gm(Pm(f))’ S0>V7H(Q) <mP (f) >L2((2) = <mf7 ( )>L2(Q)
= (mf,©)r2) Ve € Vn(Q).

Thus, by (15), En(f) = Gm(Pn(f)).
(11) For all f,g € Vi, (), by (19), we have

(G (f), D vy = (Mf 9 20) = (Mg, frz@) = (Gm(9), v )

then G,, is self-adjoint. The compactness of the operator G,, is an immediate
consequence of its definition G,, = E,, o i,,, the inclusion i,, being compact and
the operator F,, continuous.

(iii) It follows from (i) and (ii). O

By the general theory of self-adjoint compact operators (see [21, 34]), it follows
that all nonzero eigenvalues of G,, have a finite dimensional eigenspace and they
can be obtained by the Fischer’s Principle

(Gm(f), f>vm(n)

pe(m) = sup  inf (20)
Fecvm@ ' I,
m de

= Sup inf Jom/ k=1,2,3,... (20)

FrCVim () T Jo IVf2da’
and

(G (f), f>Vm(Q)

_rg(m)= inf su
ponlm) = o B S 1713,
P,
mf?dz
= inf sup f927f, k=1,2,3,...,
FiCVim (2) s Hf“vm(n)
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where the first extrema are taken over all the subspaces F}, of V,,,(£2) of dimension
k. As observed in [21], all the inf’s and sup’s in the above characterizations of the
eigenvalues are actually assumed. Hence, they could be replaced by min’s and max’s
and the eigenvalues are obtained exactly in correspondence of the associated eigen-
functions. The sequence {u(m)} contains all the real positive eigenvalues (repeated
with their multiplicity), is decreasing and converging to zero, whereas {u_g(m)}
is formed by all the real negative eigenvalues (repeated with their multiplicity), is
increasing and converging to zero.

We will write {m > 0} as a short form of {x € Q : m(z) > 0} and similarly
{m < 0} for {z € Q : m(x) < 0}. The following proposition is analogous to [21,
Proposition 1.11].

PROPOSITION 5. Let m € L () and Gy, be the operator (19). Then, the following
statements hold

i) if |{m > 0}| = 0, then there are no positive eigenvalues;
ii) if {m > 0} > 0 and [,mdx < 0, then there is a sequence of positive
eigenvalues pg(m);
iii) if [{m < 0} =0, then there are no negative eigenvalues;
iv) if [{m < 0} > 0 and [,mdx > 0, then there is a sequence of negative
eigenvalues p_r(m).

Proof. (i) Let u be an eigenvalue and u a corresponding eigenfunction. By (19)
with f = ¢ = u we have

mu? dz
o

= 2
||uHVm(Q)

(ii) By measure theory covering theorems, for each positive integer k there exist &
disjoint closed balls By, ..., By in © such that [B;N{m >0} >0fori¢=1,... k.
Let f; € C§°(B;) such that [, mf?dx = 1 for every i = 1,...,k. Note that the
functions f; are linearly independent. We put g; = P,,(f;), where P, is defined in
Definition 1; g; € V,,(Q) for all i = 1,...,k. We show that the functions g, are

linearly independent as well. Let ag, ..., ax be constants such that Zle a;g; = 0;
this implies P, (Zle aifl-) =0, i.e., by (ii) of Proposition 1, Zle a; fi =c€eR.
Evaluating Zle a; fi in QN UleBi # () we find ¢=0 and, therefore, a; = 0 for
alli=1,... k.

Let F), = span{g1,..., gk} Fk is a subspace of V,,,(£2) of dimension k. For every
g € Fr ~{0}, g = Zle a;9;, with suitable constants a; € R. Let us put f =
Zle a;fi, clearly g = P, (f). Then, by (i) and (iii) of Proposition 1 and recalling
that [, mdx < 0, we have
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(Gm(9): v, ) (mg.g)r2@)  (mPu(f), Pn(f))r2)  (mf, Pn(f))12(0)

||9||%/m(9) a Hg”%/m(g) a HQH%/M(Q) B HQH%/W(Q)
B (mf, fre) — <mf, Jomfdz/ [ mdw>L2(Q)
- 19115, )
:<mf, Hr2q) — (fg mfdl‘)Q/medx
||9||%/m(9)
S Zf,j:l aia; fQ mfifjdx _ 2?21 a?
90 9@ ity S5 1 (90950, ()0t
N

(Apa, a)pe — [|ARll =

where ||a||gr, ||Ak|| and (Aga, a)gr denote, respectively, the euclidean norm of the

k
i,j=1
and the inner product in R¥. From the Fischer’s Principle (20) we conclude that

vector a = (ay,...,a), the norm of the non null matrix A, = (<9¢79j>vm(9))

1
pr(m) > ——— > 0 for every k.
[ Al

The cases (iii) and (iv) are similarly proved. O

2.3. Weak formulation of problem (1)

The operators F,, and G,, are related to the following problem with Neumann
boundary conditions

—Au=mf in

ou (21)
— =0 on 0f.
ov

For m € L*°(Q) and f € L?(), a weak solution of problem (21) is a function
u € H(Q) such that

/ Vu-Vedr = / mfodr Y€ HY(Q)
Q Q
or, equivalently,

(Vu, Vo) 2y = (mf, )2y Vo € H(Q). (22)

The assumptions under which problem (21) admits solutions are well known (see
for example [39]). By using the tools introduced in §2.2, we find those conditions
independently.

LEMMA 1. Let m € L>(Q) such that [, mdx # 0 and f € L*(Q). Thenu € H' ()
satisfies

<VU, v30>L2(Q) = <um(f)a <P>L2(Q) VQO € Hl(Q) (23)
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12 C. Anedda and F. Cuccu
if and only if Pp,(u) satisfies

<Pm(u)7 (P>Vm(Q) = <mfa <P>L2(Q) VSO € Vm(Q) (24)

Proof. If uw € H(Q) satisfies (23), for all ¢ € V,,(2), by (iv), (i) and (iii) of
Proposition 1, we have

<Pm(u)a¢>vm(9) = (VP (u), VSD>L2(Q (Vu, VSD>L2(Q
= (mPn(f),0)r2) = (Mmf, 0)12(0)-

Vice versa, let u verify (24). For all ¢ € H'({2), recalling (iv) and (i) of Proposition 1
we have

(Vu, V<P>L2(Q) = (VP (u), VPm(SD)>L2(Q) = (Pm(u), Pm(@»Vm(Q)
= (mf, Pm(SD)>L2(Q) (mPy(f), >L2(Q)

O

As the following proposition says, the operator E,, provides the solutions of
problem (21).

PROPOSITION 6. Let m € L®(Q) such that [, mdz # 0 and By, be the operator
(14). Then

i) (22) has a solution if and only if f € L?,(Q);
i) if f e L2,(Q), (22) has a unique solution U € V,,(2) and any other solution
is of formu+c, c € R;
ill) @ = En,(f), i.e. w is the unique solution of

(@, Q) v, ) = (mf,0)r2) Ve € Vin(Q);

(iv) the estimate
_ 1/2
]| g0y < C - Ci(m) (C*- CF(m) + 1) [|m|| Lol 1 2(0)

holds.

Proof. If (22) admits a solution u, choosing ¢ = 1 we obtain f € L2 (Q).

Vice versa, let f € L2, (). By Lemma 1, u € H*(f) is a solution of (22) if and
only if P,,(u) is a solution of (24). By (13) and (15), we know that (24) admits
the unique solution @ = E,,(f) € V,,(Q). Then the set of solutions of (22) is
{ue HY(Q) : Pp(u) =u} = {u € HY(Q) : u =u + ¢, c € R} and only @ belongs to
Vi (©). This proves (i), (ii) and (iii).

(iv) It follows immediately from (12) and (16). O
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Finally, we introduce the weak formulation of problem (1). A function u € H*(Q)
is said an eigenfunction of (1) associated to the eigenvalue X if

/Vu-Vgodx:/\ mupdr Vo€ HY(Q)
Q Q

or, equivalently,
(Vu, Vo) 20) = Mmu, 0) o) Vo € H'(Q). (25)

It is easy to check that zero is an eigenvalue and the associated eigenfunctions are
all of the constant functions.

PROPOSITION 7. Let m € L*°(Q) such that [, mdz # 0 and Gy, be the operator
(18). Then the nonzero eigenvalues of problem (1) are exactly the reciprocals of the
nonzero eigenvalues of the operator Gy, and the correspondent eigenspaces coincide.

Proof. Tf A\#0 is an eigenvalue and u is an associated eigenfunction of problem (1),
choosing ¢ = 1 in (25), we obtain u € V,,,(2). By (25) and (10) we have

u
(32)y, = (M Phize Vo € V(@)

and then, by definition (19) of Gy, Gy (u) = %

Vice versa, let G, (u) = pu, with p#0. Then we have

(i, o)y,

m

Q) — <mu7‘P>L2(Q) Ve Vm(Q)

By (iii) of Proposition 1 we obtain

<Pm (,LLU), (p> Vm(Q) = <mu7 QO>L2(Q) VQD S ‘/"HL(Q)’

using Lemma 1 we find

VU, Vo) 20y = (mPm(u), @) 12(0) YV € H(Q)

and finally, applying (iii) of Proposition 1 again, we conclude

1
<VU7 V‘P>L2(Q) = ;(mu, ‘P>L2(Q) Ve H' (Q>7

i.e. 1/u is an eigenvalue of (1). O
Consequently, in general, the eigenvalues of problem (1) form two monotone
sequences
0<A(m) <Aa(m) <...<Ap(m) < ...
and

o< )\_k(m) <...< /\_g(m) < )\_1(’/7’1,) < 0,

where every eigenvalue appears as many times as its multiplicity, the latter being
finite owing to the compactness of G,,.
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The variational characterization (20) for k =1, assuming that [{m > 0}| > 0 and
Jomdz <0, becomes

(Gm): v _ Jomi? dx

= X —_—
= I @ S Jo VI e

pa(m) = (26)

The maximum in (26) is obtained if and only if f is an eigenfunction relative to ;.
Similarly, for A;(m) we have

Vul|?d
A1(m) = min 7‘[5” ul” d

2
WE Vi () mu? dx
Jq mu?dz>0 fQ

(27)

and the minimum in (27) is obtained if and only if u is an eigenfunction relative to
A,
We note that the characterization

Vul? dz
A1(m) = min fﬂ‘il
venl [ mu?dx

Ja mu2de>0

also holds and it is more often used in the literature.

PROPOSITION 8. Let m € L*®(Q) such that [{m > 0}| > 0 and [, mdz < 0. Then
w1 (m) is simple and any associated eigenfunction is one signed in ).

Proof. Let u € V,,(R2) be an eigenfunction related to ui(m). Let us show that |ul
is an eigenfunction as well. Consider the projection Py, (|u|) of |u| on V,,(2), where
P,, is defined in Definition 1. By (26) and (iv) of Proposition 1 we have

mu| dz)?
oy > Jam (Pl e _ Ty de — S i
= IV P ()P d Jo IVul? dz = T Vulde M m).

Therefore, we have the equality sign in the previous chain. In particular, we find
Jo m|u| daz = 0, then |u| belongs to V,,,(€2) and finally, by (iii) of Proposition 1, |u| =
P, (Ju|) is an eigenfunction. By Proposition 7, |u| satisfies the equation —Alu| =
p1(m)~tm|u| and, by Harnack inequality (see [27]), we conclude that |u| > 0 in ©;

. . . . . d
therefore u is one signed in €2. Let u, v be two eigenfunctions; set o = f“i dz, note
Q

that [,(cu—wv)dx = 0. Note that also cu—wv is an eigenfunction of i1 (m). If cu—v
was not identically zero, then, it would be one signed and hence fQ(au —v)dx #0,
reaching a contradiction. Therefore v = au and p;(m) is simple. O

As a consequence of Proposition 7, we have the following

COROLLARY 1. Let m € L*°(Q2) such that [{m > 0} > 0 and [, mdx < 0. Then
A1(m) is simple and any associated eigenfunction is one signed in Q.

We call A;(m) the principal eigenvalue of problem (7). Throughout the paper we
will denote by w,, the unique positive eigenfunction of both G,, (relative to pq(m))
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and problem (1) (relative to A1(m)), normalized by

V() = 1, (28)

(|
which is equivalent to

1
2
mu;, dr = m)=——. 29
[ e = () = 57 (29)
By standard regularity theory (see [27]), u, € W2(Q)NCHP(Q) for all 0 < 8 < 1.
As last comment, we observe that pi(m) is homogeneous of degree 1, i.e.

p1(am) = apr(m) Ya > 0. (30)

This follows immediately from (26).

3. Optimization of \;(m)

This section is devoted to the study of the optimization of A\;(m). For this purpose,
we need some qualitative properties of pi(m) = 1/A1(m) with respect to m. We
begin by proving the continuity of p;(m) (actually, of all of the eigenvalues of
the operator Gy, defined in (19)) and then showing its convexity and Géateaux
differentiability. The structure of the proofs follows the ideas contained in [3] in the
case of the fractional Laplacian and Dirichlet boundary conditions. Here, we deal
with Neumann boundary conditions which require, especially in proving continuity,
a more sophisticated argument involving the projection P,,.

Finally, we examine the minimization and maximization of Aj(m).

We introduce the following convex subset of L ()

L2(Q) = {m € L>(Q): /dea: < o}.

Observe that, by Proposition 5, ug(m) and w,, (the unique positive eigenfunction
of pi(m) of problem (1) normalized as in (28)) are well defined only when [{m >
0}| > 0. We extend them to the whole set L> () by putting

pur(m) if [{m >0} >0

0 if [{m >0}/ =0 3

[ (m) =
and
- U if [{m >0} >0

Uy = 32
0 if|{m>0}=0. ()

REMARK 1. Note that fix(m) = 0 if and only if [{m > 0}| = 0 and, in this
circumstance, the inequality

G (f),
sup  min M <0 (33)
FecVm@ ' IFI, 0
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holds, where F}, varies among all the k-dimensional subspaces of V,,(€2). Moreover,
from (30), we have 11 (am) = afii(m) for every a > 0.

LEMMA 2. Letm € L¥(Q) and Ey, be the linear operator (14). Then, the map m
E,, is sequentially weakly* continuous from LX(Q) to L(H' (), H'(R)) endowed
with the norm topology.

Proof. Let {m;} be a sequence which weakly* converges to m in L (). Being
{m;} bounded in L*>°(£2), there exists a constant M > 0 such that

We begin by proving that E,,, (f) tends to E,,(f) in H'(Q2) for any fixed f €
H'(Q). Recalling (i) of Proposition 4, we put u; = Epn.(f) = G, (P, (f)) and

u=En(f)=Gn(Pn(f)).
First, we show that Py, (u;) weakly converges to u in V,,,(2); indeed, by (15) we
have

(uis )v,, () = (Mif, 0)r2(q) Vi € Vin, ().
By Lemma 1 and (iii) of Proposition 1, we find

(Vui, Vo) o) = (miPm, (f), @) 12(0) YV € H(Q). (35)

Similarly, for u we have

(Vu, Vo) r2) = (mPn(f), ©)r20) Vo € H'(Q). (36)

Taking ¢ € V() in (35) and (36) and by using (iii) of Proposition 1, we find

(P (i), ©)v, ) = (MiPm, (), 0)20) Vo € Vin(Q) (37)
and

(U, @)v, ) = (MPr(f)@)rz) Ve € Vin(92). (38)

Subtracting (38) from (37), we get

(P (ui) = w, 9)v,, ) = (Mil; (f) = mP(f), 0)r20) V9 € Vin(Q). (39)

As a consequence of the weak* convergence of m; to m in L (Q), letting i — co we
obtain [, m;fedr — [ymfedz, [omifdr — [omfdz, [,mipde — [mede
and [, m;dx — [, mdz, which imply that the right hand term goes to zero, thus
P, (u;) weakly converges to u in V,, (€2). By exploiting the continuity of the inclusion
Vin(Q) — H(Q) and the compactness of H(2) < L?(Q), we deduce that Py, (u;)
weakly converges to u in H!(Q) and strongly in L?(Q). Putting ¢ = P,,(u;) —u in
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(39) we get

1P (i) = ully, ) = (miP, () = mPon(f), P (u:) — ) 12(0)
< (M P, ()l 2(0)) + ImPrn (Dl L2(0)) 1P (ui) — ull L2(e)-

(40)
By using (34), (6) and (8), we find
[mPm(H)llz2) < MI[Pn(f)llz2@) < MCL M) fllz2()- (41)
Similarly, we have
M P, ()l 2(02) < MCr(mi) || f] L2(0)- (42)
By the weak* convergence of m; to m we can assume
d
/mM$>anﬂ
Q 2
for ¢ large enough. Therefore
2M
Ci(my) <1+ Q<1+ —-—19Q (43)
UQ d| | o m da
and, trivially
2M
Ci(m) <1+ ———1Q|. (44)
| o m da
For the sake of simplicity we put
2M
D(m,M) =1+ €. (45)

[ Joym dz|
Then, by (40), (41), (42), (43), (44) and (45) we find
1P () = ull¥,, () < 2MD(m, M)[|fll12(0) | Pra (ui) = ull 220,
from which the convergence of P, (u;) to u in V;,,(Q2) follows. The next step shows

that, actually, u; strongly converges to u in L?(f2). Indeed, by using Definition 1,
(vi) of Proposition 1, (6), (43) and (45), we have

Jo miudx
s = ey = [~ P (P() )
oM L2(Q)
Jomiudz
< m + 1Py (P (i) — )l 120
oM L2(Q)
Jo miudx
<|FE— QY2 + D(m, M) || P (i) = ul| 20y 5

Jo mi dx
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which goes to zero because [, myudz/ [om;dx — [, mudz/ [,mdr =0 (being
u € Vi (Q)) and Py, (u;) — w in L(Q). Moreover, by (iv) of Proposition 1, we have

9 )1/2
V,"(Q)

and then u; converges to u in H'(£2). Summarizing, for every f € H'(2) we have

leus = wllzrs oy = (Ilus = wlifaqay + 1 Pom(ui) = u

1 Em; (f) = Em(f)lar) =0 for i — oo.

Now, for fixed i, let {f;;}, 7 =1,2,3,..., be a maximizing sequence of

sup || Em,(9) — Em(g)”Hl(Q) = || Em, — EmHC(Hl(Q),Hl(Q))~
geHL(Q)
ol g1 (gy=t

Then, being || f; ;]| #1(q) < 1, we can extract a subsequence (still denoted by {fi ;})
weakly convergent to some f; € H'(Q). Since the operators E,,, and E,, restricted
to H'(Q) are compact (see iii) of Proposition 4), it follows that E,,,(f; ;) converges
to B, (fi) and E,,(fi ;) converges to Ep,(fi) strongly in V,,,(Q2) and then in H'(Q)
as j goes to co. Thus we find

1 Em; — Emllcca@),m1 @) = 1Bm, (fi) = Em(fi)ll 2 0)-

This procedure yields a sequence {f;} in H'(2) such that || f;]|g1(o) < 1 for all i.
Then, up to a subsequence, we can assume that {f;} weakly converges to a function
f € HY(Q) and (by the compactness of the inclusion H*(2) < L?(Q)) strongly in
L?(). By using (12), (43), (44), (45), (17) and (34) we find

1 Em; — Emll e @y,mr @) = 1Bm, (fi) = En(fi)l 1)
SN Ewm, (f) = En(H)llar ) + 1 Em; (fi = Pllzrv@) + 1Bm(fi = )l @)
1/2
<NEm, (f) = Em(Nllar ) + (C2 - CFma) + 1) "~ || B, (fi = Hllvin, @)
1/2
+(C?-C¥(m) + 1) "N En(fi = Dllvi @)
< ||Em1(f) - Em(f)”Hl(Q)
1/2
+(C2- D*(m, M)+ 1) (IIEWIIc(m(Q),v,,Li(Q)) + ||EmHz:<L2(Q),Vm(Q)))
I fi = fllz2@) < N1 EBm(f) = En(H)ll a0

+(C*- D2 (m, M) +1)"2 (C - Cr(ma) Iy 1= ) + C - Co(m)[m] 1= o)
I1fi = fllzz) < 1Bm,(f) = En(f)l 51 (0) +2CM D(m, M)

1/2
(C’Q-DQ(m,M)—I—l) ||fz_f||L2(Q)
Therefore E,,, converges to E,, in the operator norm. O

REMARK 2. We note that the previous lemma still holds replacing L> () by the
set of L>(€2) such that [, m dx # 0.

LEMMA 3. Let m € L2 (), fi(m) as defined in (31) for k =1,2,3,... and Uy, as
n (32). Then
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i) the map m — (M) is sequentially weakly™ continuous in L (2);

(ii) the map m — [ (m)uy, is sequentially weakly* continuous from L () to
HY(Q) (endowed with the norm topology). In particular, for any sequence {m;}
weakly™ convergent to m € L () with piy(m) > 0, then {uy,} converges to y, in
HY(Q).

Proof. 1) Let {m;} be a sequence which weakly* converges to m in L2 (). Being
{m;} bounded in L*>°(2), there exists a constant M >0 such that (34) holds. We
will show that

ik (mi) — ix(m)| < D(m, M)(C® - D*(m, M) +1)"?|| Evy, = Byl e (@), (0));
46

where D(m, M) is the constant in (45). By Lemma 2 the claim follows. We split
the argument in three cases.

Case 1. Let ¢ be fixed and assume fig(m;), fr(m) > 0.

Following the idea in [29, Theorem 2.3.1] and by means of the Fischer’s Principle
(20) we have

<Gml (f)v f>le ()

fi(mi) — pu(m) = R oy TR TR,
770
: <Gm(f),f>vm(n)
- ma m%n TR R
FrCVm () TE7k ||fHVm(Q)
. <Gmb(f)7f>vmi(9) . <Gm(f)7f>vm(ﬂ)
< min - min_
N V1 A S 1]
< <Gm1 (?)a?> Vg (@) <Gm(Pm(f))a Pm(f)>Vm(Q)
11, 0 1Pm (DI, ’
where F}, is a k-dimensional subspace of V,,,, (£2) such that
(G (), F)vi, (@) . G () F)vi, @)
max  min 5 = min 5
F CVom, () T€ 5 I/ Vo, () By 171 Vin, ()

(note that, by vii) of Proposition 1, P,,(F}) is a k-dimensional subspace of V;, ()
and f is a function in Fj such that

(Gl vy _ (Con(Pu(P). PPyt

min =

feljcr;éf‘Tk) ”f”%/m(Q) [ ( )HV ()
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By (iv) of Proposition 1 VP,,(f) = Vf and VGy(Pn(f)) = VP, (G (P (f)))
hold, thus we have

<Gmi (?)a ?>Vmi(Q) _ <Pmi (Gm(Pm (?)))7?> Vin,; (Q)

ik (mi) — fig(m) <

1712, 1712, @
Gy = Prn, 0G0 Po) (). Dvin, @)
712, )
1(Gomi — P, © G 0 Po) DIy, ()
= 17 lv,0. '

Then, taking into account the identities (recall iii) of Proposition 1)

G, — P0G moPry = P0Gy 0Py — Py 0G o Py = Py o(G, 0 Py, —Go Py,
(12), (7), (8), (43), (45) and (i) of Proposition 4 we find

[P, © (Gim, © P, = G © ) (F) v, )

I £llv,.., @)
< | Py © (G, © Py — G 0 Pm)(?)”Hl(Q)

fir(mg) — fig(m) <

1£11v,.., )
< (C*- CE(ms) + VY2 Py, |l (), 11 (92))
(G, © Py — G 0 Pm)(f)”Hl(Q)
Il e o)
N2 A2 1/2

< Ol (ml)(c : Ol (ml) + 1) HGml © Pm'i

— G 0 Pollzcar @), 5 Q)
< D(m, M)(C*- D*(m, M) + 1)"2||Ep, — Enllca (0,1 @)-

Interchanging the role of m; and m and replacing (43) by (44), we also have
fin(m) — fir(m;) < D(m, M)(C? - D*(m, M) + 1)"/?|| By, — Enl| 22 (0,1 (9))

and finally (46).

Case 2. Let 4 be fixed and assume fig(m;) > 0, fix(m) = 0 (and similarly in the
case fg(m) > 0, fg(m;) = 0).

Note that in this case (33) holds for the weight function m. Then the previous

argument still applies provided that we replace the first step of the inequality chain
by

<sz (f)a f>Vm1(Q)

e (m;) — p(m)| = pp(m;) < max  min
I:U ( z) 193 ( )| 1% ( 1) Fr,CVim, (Q) ffe;:)k |f||%/Mi(Q)
. AGw(f)s Hvino
— sup  min ——— s
Fr.CVi () ffejok Hf”vm(Q)
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Case 3. fip(m;) = pr(m) = 0.

In this case, (46) is obvious.

Therefore statement (i) is proved.

(i) Let {m;} be such that m; is weakly™ convergent to m € L2°(£2). By using
(12), (43) and (45), for i sufficiently large, we have

[t |22 ) < (C2- D2(m, M) +1)"/?,

up to a subsequence we can assume that ,,, is weakly convergent to z € H (),
strongly in L?(£2) and pointwisely a.e. in Q.

First suppose fi1(m) = 0. Then, by (i), fi1(m;)t,, weakly converges in H*(Q) to
pi(m)z = 0 = i1 (m)ty,. Moreover, ||z (1m)tm, ||r1 (o) = 1 (1) |[tm, || 71 (o) tends
to 0 = ||zt1 (m)tm || g1 (o). Therefore fiy(m;)im,, strongly converges to fiy(m)t, in
HY(Q).

Next, consider the case fi1(m) > 0. By (i) we have i1(m;) > 0 for all i large
enough. This implies 111 (m;) = ﬁ and Uy, = Um,,. Positiveness and pointwise

convergence of u,,, to z imply z > 0 a.e. in Q. Moreover, by (29) we have

o= 5
miuy, dr =
Q ‘ A1(m;)

and by (i), passing to the limit, we find

fymetae= 5
mz°dr = ,
Q A1(m)

which implies z # 0. By using (25) for u,,, we have

(Vm,, Vo) r2(0) = A (mi) (mitm,, ©) 2() = Al(mi)/ My, pdr Vo € HY(Q),
Q

and, letting i to oo, we deduce z = uy,. By (i) p1(m; )y, weakly converges in H'(Q)
to p1 (m)um and [|p1 (mi)um, || a1 @) = pa(m;) tends to pi(m) = |[p1(m)uml r1(0)-
Hence j11(m;)um, strongly converges to i (m)u,, in H(Q). The last claim is imme-
diate provided one observes that pi(m) > 0 implies f1(m;) > 0 for all i large
enough. O

LEMMA 4. Let m,q € L2 (), fi1(m) be defined as in (31) for k=1. Then

(i) the map m — fi1(m) is convex on LL(Q);
(ii) of m and q are linearly independent and 1 (m), 1(q) > 0, then

pa(tm + (1 —t)q) < tpi(m) + (1 — 1)1 (q)

forall0 <t < 1.
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Proof. (i) The Fischer’s Principle (20) and (33) both for k=1 yield

Jo mfide
su —_—— < m 47
fe}(;n?sz) fQ |Vf|2 dx — fm) (47)

for every m € L (). Moreover, if fi;(m) > 0, then the equality sign holds and the
supremum is attained when f is an eigenfunction of fi;(m) = p1(m). Let m,q €
LX(Q), 0 <t < 1. We show that

fir(tm + (1 =t)q) < tpa(m) + (1 —)p(q). (48)

If iy (tm + (1 — t)q) = 0, (48) is obvious. Suppose i1 (tm + (1 — t)g) > 0. Then, for
all f € Vimg(1—1q(R), f #0, we have

fQ(tm+(1—t)q)f2dx _y mef2dx S qudex

Jo IV fI?dx G IVf?dx Jo IV f|?dx

fQ mf? dx — (fffzﬂmn{ Zz)

<t
- Jo IV fI? dx
fQ Qf2 dr — o af dz)* (49)

fquw

Jo IV fI? dx
_ Jom(Pu()? do

Jo VPl D da
< tis(m) + (1= 7 (0),

+(1-1)

Jo 4(Pe(f))? da
fgz |qu(f)|2 dx

+(1-1)

where we used (iv) of Proposition 1 and (47) for m and ¢. Taking the supremum
in the left-hand term of (49) and using (47) again with equality sign, we find (48).

(ii) Arguing by contradiction, we suppose that equality holds in (48). We will
conclude that m and ¢ are linearly dependent. Equality sign in (48) implies fiy (tm—+
(1—1)q) > 0, then (by (47)) equalities also occur in (49) with f = u = Uy (1-1)q-
We get [, mudr = [, qudr = 0, thus u € V;,,(€2) N V,(Q), and then, by (iii) of
Proposition 1,

fQ mu? dx
Jo IVul? da

- JoquPde
= d _— — .
p1(m) an T [Vl da fi1(q)

The simplicity of the principal eigenvalue, the positiveness of v and the normaliza-

tion (28) imply that u = u,, = uq. By using (25) with A = ﬁ and A = ﬁ%@) we

have
1
2(q) = 2 HY(Q
(Vu, V) 20y ) (mu, p)r2) Yo € H (Q),
and
1
Vu, Vo) r20) = = (qu, @) 12 Ve HY (D
< <P>L Q) ,u1(q) (q <P>L (Q) ® ( )
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respectively. Taking the difference of these identities we find

o a B 1
<</71(m) ﬁ1<q)> ’9”>L2(Q) 0 Vo (@),

which gives mi1(q) — gii1(m) = 0 a.e. in Q, i.e. m and ¢ are linearly dependent. O

COROLLARY 2. Let my € L2 (), fi1(m) be defined as in (31) for k=1 and G(my)
the weak* closure in L () of the class of rearrangements G(mg) introduced in
Definition 7. Then the map m — [i1(m) is convex but not strictly convex on G(my).

Proof. By (ii) of Proposition 15 and (i) of Corollary 3, we have that G(mg) is convex

and G(mg) C LZ(§2). Then, by Lemma 4, the map m + fi;(m) is convex on G(my).
Applying Proposition 13, we find that the constant function ¢ = \slT| fQ mo dx is

in G(myg). By convexity of G(myg), tmo + (1 —t)c € G(my) for every t € [0, 1]. From
the inequality

tmo + (1 —t)c < tl|mol| o) + (1 —t)c a.e. in Q,

we obtain

tmog+(1—t)c<0 ae.in Vi< —m-——.
c— ||m0||Loc(Q)

Note that c/(c — |[mollr=(2)) € (0,1). Therefore, by (31), we conclude that
f1(m) = 0 for any m in the line segment, contained in G(myg), that joins ¢ and

m o —m
;mo + (1 _ C) _ [mol| Lo () 0
€ — Hm0||L°°(Q) c— ||m0HL°C(Q) ||m0||L°°(Q) —-cC
This shows that the map m +— fi;(m) is not strictly convex. O

For the definitions and some basic results on the Gateaux differentiability we
refer the reader to [24].

LEMMA 5. Letm € L¥(Q), f11(m) be defined as in (31) for k=1 and un, denote the
relative unique positive eigenfunction of problem (1) normalized as in (28). Then,
the map m — f1(m) is Gateauz differentiable at any m such that p(m) > 0, with
Gateaur differential equal to u2,. In other words, for every direction v € L= () we
have

ﬁ'l(m;v):/gufnvd:r. (50)

Proof. Let us compute
. pa(m A+ tv) — fix(m)
lim .
t—0 t

Note that m+tv € L2 (Q) for |t| sufficiently small and by (i) of Lemma 3, 11, (m+tv)
converges to fi1(m) as t goes to zero for any m € L (Q) and v € L>°(). Therefore,
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g1 (m +tv) > 0 for |¢| small enough. The eigenfunctions wy,, and w44, satisfy (see
o)
[ (1) (Vtm, Vo) 12(0) = (M, @) 12(0) YV € H'(Q)
and
fi (m + ) (Vim0 Vo) 12(0) = (M 4 t0) im0, @) 2(0) Vo € H ().

By choosing ¢ = 14, in the former equation, ¢ = u,, in the latter and comparing
we get

/71 (m + t’l)) <mum7 um+tv>L2(Q) = ﬁl (m)<(m + tv)um+tv, Um)LQ(Q) .
Rearranging we find

fir(m+tv) — i N
i (m Ut) fii(m) / M U, Ui +-to dx:m(m)/ U U440V AT (51)
Q Q

If t goes to zero, then by (ii) of Lemma 3 it follows that w44, converges to uy,,
in H'(Q) and therefore in L?((2). Passing to the limit in (51) and using (29) we
conclude

_fu(m +tv) — n(m) 2
lim = [ u;vdx,
t—0 t Q

i.e. (50) holds. O

THEOREM 3. Let my € L2 (), G(mo) be the weak™ closure in L>°(2) of the class
of rearrangements G(mo) introduced in Definition 7 and fi1(m) defined as in (31)
for k=1. Then

i) there exists a solution of the problem

max  fi1(m); (52)
meg(mo)

(ii) if |{mo > 0} > 0, any solution thy of (52) belongs to G(my), more explicitly,
we have fiu(m) < fi1(the) for all m € G(mo) ~ G(myg) (note that, in this case, by
Proposition 5 i1 () = p1(mhy) > 0);

(iii) of {mo > 0} > 0, for every solution 1 € G(mg) of (52) there exists an
increasing function Y such that

m1 = P(Um,) a.e. in €,

where um, is the positive eigenfunction relative to ui (1) normalized as in (28).

Proof. i) By (i) of Corollary 3 we have G(mg) C LZ(Q). By (iii) of Proposition
14 and (i) of Lemma 3, G(my) is sequentially weakly* compact and the map m —
1 (m) is sequentially weakly™ continuous respectively. Therefore, there exists Thy €
G(myp) such that

fir(mi) = max fir(m).
meg(mg)

(ii) Note that, by Proposition 5, the condition [{mg > 0}| > 0 guarantees i1 (m) > 0
on G(mg) and then fi1(hy) > 0. Let 7h; be an arbitrary solution of (52), let us

https://doi.org/10.1017/prm.2025.10074 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10074

Optimization of the principal eigenvalue of the Neumann Laplacian 25

show that 4 actually belongs to G(mg). Proceeding by contradiction, suppose
that My & G(myg). Then, by (iii) of Proposition 15 and by Definition 8, 7h; is not
an extreme point of G(mg) and thus there exist m,q € G(mg) such that m # ¢ and

1y = 24 By (i) of Lemma 4 and, being 77, a maximizer, we have

1 (m) + fi1(q)

5 < pir ()

fa(my) <
and then, equality sign holds. This implies p1(m) = f1(q) = f1(mq1) > 0, that
is m and ¢ are maximizers as well. Now, applying (ii) of Lemma 4 to m and ¢
with ¢t = % , we conclude that m and ¢ are linearly dependent and then, by (ii) of
Corollary 3, we reach the contradiction m = ¢. Thus, we conclude that m, € G(my)
and (ii) is proved. https://epubs.siam.org/doi/book/10.1137/1.9781611971088
(iii) Let m1 € G(mo) be a solution of (52). We prove the claim by using
Proposition 17; more precisely, we show that

miul, de > [ muZ, dx (53)

Q Q

for every m € G(myg) ~ {rh1}. By exploiting the convexity of fi;(m) (see Lemma
4) and its Gateaux differentiability in 771 (see Lemma 5) we have (for details see
[24])

fr(m) = i i) + [ (m = )i, do (54)

for all m € G(my).
First, let us suppose fi1(m) < p1(my). Comparing with (54) we find

/Q(m — 1y )ug,, dr <0,

that is (53).

Next, let us consider the case i1 (m) = i1 (1), m € G(mg) \ {m1}. By (ii) there
are not maximizers of i1 in G(mg) \ G(my), therefore m € G(myg). Being 1y # m,
by (ii) of Corollary 3, they are linearly independent. Then, (ii) of Lemma 4 implies

= ().

i <m1;—m> - /71(7711);/71(7”)

Then, arguing as in the previous case with ﬁ“;m in place of m we find (53). This

completes the proof. O

We are now able to prove Theorem 1.

Proof of Theorem 1. Being |{mo > 0}| > 0, we have

1 1

pa(m)  fa(m)

)\1 (m) =

for all m € G(myg). Therefore, (i) and (ii) immediately follow by Theorem 3.
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(iii) Given that fQ mgdz < 0, then, by Proposition 13 and Proposition 15, the

negative constant function ¢ = ﬁ fﬂ mo dx belongs to G(mg). Therefore, by def-

inition of gy (m), minmem f1(m) =0 which, in turns, being G(mg) dense in

G(mo) and fi1(m) sequentially weak™ continuous, implies inf,,eg(mq) p1(m) = 0
and, finally, Sup,,cg(m,) A1(m) = +o0.

4. Monotonicity of the minimizers in cylinders

In this section, we consider the optimization problem (3) in cylindrical domains.
Here, by (generalized) cylinder we mean a domain of the type Q = (0,h) xw C RY,
where h>0 and w C RV~ is a bounded polyhedral or smooth domain. In the
sequel, for x € RY we will write x = (z1,2’), with z; € R and 2’ = (29,...,7x) €
RN~-1, Exploiting the notion of monotone (decreasing and increasing) rearrange-
ment, we will able to prove that in a cylinder any minimizer of problem (3) is
monotone with respect to z1. For a comprehensive survey of the monotone rear-
rangement we use here, we refer the reader to the work of Kawhol (see [32]) and
Berestycki and Lachand-Robert (see [6]). In our paper, for the sake of simplicity,
we choose to define this rearrangement only when the domain is a cylinder and,
in order to deduce easily some of its properties, as a particular case of the Steiner
symmetrization. For a brief summary of the Steiner symmetrization see [2].

DEFINITION 2. Let Q = (0,h) x w where h >0 and w C RN™1 is a bounded polyhe-
dral or smooth domain, and u :  — R a measurable function bounded from below.
Let U be the “xi-even” extension of u onto (—h,h) X w obtained by reflection
with respect to the hyperplane {xr € RY : z; = 0} (i.e. U(zy,2') := U(—21,2'),
z1 € (—h,0), 2’ € w) and U* its Steiner symmetrization relative to the same hyper-
plane. We define the monotone decreasing rearrangement u* : 0 — R of u to be
the restriction of U on Q.

In a similar way it can be defined the monotone increasing rearrangement ..
Note that if m € G(myg), then m*, m, € G(myg).
From the theory of the Steiner symmetrization (see, for example [2]) and by
Definition 2, we obtain the following first two properties of the monotone decreasing
rearrangement.

a) Let Q = (0,h) X w, w as above, u : @ — R be a measurable function bounded
from below and ® : R — R an increasing function. Then

(®(u))* = B(u*) ae. in Q. (55)

b) Let © = (0,h) X w, w as above, u,v : @ — R two measurable func-
tions bounded from below such that uv € L'(Q), then the Hardy-Littlewood

inequality holds
/uv dr < / wv* dz. (56)
Q Q

Moreover, from [6, Theorem 2.8 and Lemma 2.10] and [32, Corollary 2.14] we
have
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c¢) Let Q = (0,h) X w, w as above and u € H!({2) a nonnegative function. Then
u* € HY(Q) and the Polya-Szegd inequality holds

/|Vu*|2dx§/ |Vu|? d. (57)
Q Q

More generally, we have

/|Vm/u*|2dx§/ |Vu|?de and /|(u*)zl\2dx§/ Uz, |? da. (58)
Q Q Q Q

An important ingredient of the next proof is the characterization of the equality
case of (57), which is addressed in Theorem 3.1 of [6].
We prove Theorem 2.

Proof of Theorem 2. In what follows we use the ideas of the proof of Theorem 2
in [2]. Let 72 be a minimizer of problem (3). By (ii) of Theorem 1, there exists an
increasing function ¢ such that m = ¥(u) a.e. in 2, where u,;, € V5 (£2) denotes
the unique positive eigenfunction normalized by |[usm||v,, ) = 1. Therefore, the
monotonicity of 7 is an immediate consequence of the monotonicity of u;. In
other words, it suffices to show that either w,; = uj, or w;, = (us),. By using (26)

we find
Jo mu, du
fin = pi(m) = fQ |V 2 dr’

The inequality (56), property (55) and Definition 1 yield

2
/mu dx</ dm—/ﬂm*(Pm*(u;l)fdx—i—w (/ mrurs, dx)

and (57) and (iv) of Proposition 1 give

/|Vum|2dx>/ |Vum|2dx—/ |V Pyis (ul,))? de.

Note that, m* € G(mg) (in particular [, m*dz < 0) and Pp«(uf,) € Vins.
Exploiting (26) and the maximality of fi;, we can write

Jo g, dx fQ n*(uk,)? dz
fQ |V |2 dx fQ |Vu |2 dz
< % - 2
o (Bas( wp)) de - g (Jo uy, do)
B Jo IV P (u,)|2 dx

fQ V*( m* m)) dSC< fﬂm*(um*)de
- fQ|VPm*( m)|2d$ fQ|Vum*|2da:

=

= p1(m*) < fin.
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Therefore, all the previous inequalities become equalities and yield fQ m*uk, dr =0,

*
m
which implies u}, € Vi5,+, and

/mufhdarz/m*(u:ﬁfdx, /|Vum|2dx:/ |Vus, | de. (60)
Q Q Q Q

Furthermore, by (26), u}, is an eigenfunction associated to p1(m*). By the sim-
plicity of py (m*), u, being positive in  and, by (60), ||uy,||lv,.. ) = [lumlv,. ) =
1, we conclude that u}, = w;+. For simplicity of notation, we put v = uj, = Um~.
By (59), m* is a minimizer of (3) and v is the normalized positive eigenfunc-
tion of problem (1) associated to 1/ui(m*) = A;(1*) = A1. Moreover, by (ii) of
Theorem 1, there exists an increasing function ¥ such that m* = ¥(v) a.e. in Q.
Thus v satisfies the problem

(61)

Let G5, (2) = {¢ € C§°(Q?) : ¢ is nonnegative}.
From (61) in weak form we have

/ Vv -V, de = 5\1/ V(v)v e, dr Vo € G52 ().
Q Q

Being v € Wlicz () (see [27]), we can rewrite the previous equation as

7/ Vg, - Vodr = ;\1/ U(v)v @y, dr.
Q Q

Adding Ay [, ¥(v)v,, ¢ dz to both sides and since v € C*#(Q) for all 5 € (0,1)
(see [27]), it becomes

—/ Vg, - Vodx + 5\1/ U (v)vg, pdr = 5\1/ U (v)(vp)y, de. (62)
Q Q Q

Let us show that [, ¥(v)(v ¢)s, dz > 0. By Fubini’s Theorem we get

/Q‘I’(v)(v P)e, dr = /wdw’ /Oh V() (v p)e, dr1. (63)

For any fixed 2’ € w, let @ = a(x1) = v(x1,2") ¢(z1,2"). Since ¢ has compact
support, we can consider « trivially defined on the whole [0, h]. Since a(z1) is
continuous and ¥ (v) is decreasing with respect to z1, the Riemann-Stieltjes integral

foh U(v)da(xy) is well defined (see Theorem 7.27 and the subsequent note in [4]).
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Moreover, by using [4, Theorem 7.8] we have

h h
/ V() (vp)e, doy = / U(v) do(zy). (64)
0 0

By [4, Theorems 7.31 and 7.8] there exists a point zq in [0, k] such that

h

- [ wrdaten = w0 [ date) - w0, [ ot

0
h

— w(w(0,2) /0 00, dy — W(o(h, ') [ wordan.

0

Computing the integrals and recalling that ¢ € C§°, (), v is positive and ¥(v) is
decreasing with respect to 1, we conclude that

- / (o) da(r) = v, 2" Yoo, 2') [ (v(h 2)) — T(u(0,2'))] < 0.

Therefore, by the previous inequality and (64) it follows foh U(v)(vp)y, dry > 0
for any 2’ € w and, in turn, from (63) we obtain [, ¥(v)(vp)s, dz > 0. Hence, by
(62), vy, satisfies the differential inequality

Avg, + MU (v)vy, >0 in Q

in weak form. Then, applying [57, Theorem 2.5.3] and since v,, < 0 in Q, we
conclude that either v,, =0 or v, <O0.

In the first case, v, and then u,;, is constant with respect to z;.

Let vy, < 0. By the second equality of (60) and (58) we obtain

/ () |? e = / ()., I da
Q Q

By Fubini’s Theorem it becomes

h h
/ da’ / |t ) 2 ey = / di’ / (s, |2 dey. (65)
w 0 w 0

Being u,; and uf, = us+ of class C15(9), the functions 2/ + foh |(wi)z, |2 dz1

and 2’ — foh |(u},),,|? dzy are continuous on w. Therefore, using identity (65) and
(57) in the one dimensional case we find

h h
/|(um)z1|2dx1:/ (), Py V' € w.
0 0

From Theorem 3.1 in [6], again in the one dimensional case, we conclude that for
all ¥’ € w either u;, = ukX, or w;y = (um ). This implies that for all 2’ € w either
(um)l’l = (u;ﬁ)zl = Uz < 0 or (um)l’l = ((um)*)ﬂﬁl = _(u;‘t)xl = Vg > 0. Being
(um )z, continuous in © and 2 an open connected set, it follows that (u;)., does
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not change sign in Q. Equivalently either u,;; = u}, or u; = ()« in the whole €.
Finally, by m = ¢(u,), we conclude that either m = h* or m = . This proves
the theorem. 0

REMARK 3. Similar results on the monotonicity of the minimizers can be found
in [30, Theorem 2.4] in the one dimensional case and for an arbitrary mg and in
[33, Proposition 5] in general dimension, for an orthotope and mgq of “bang-bang”
type. Both the previous results can be obtained from Theorem 2. We also mention
that other qualitative features of the minimizers are known. We refer the reader
again to [30], where a symmetry breaking result in dimension two when  is an
annulus is given, and to [33] for further qualitative properties of the minimizers in
the case of the orthotope and the ball. In particular, in this last case it is proved
that a minimizer cannot be a ball concentric to 2. Finally, it is worth noting that
the monotonicity property stated in Theorem 2 has also been numerically observed
by some authors (see [31, 33, 42]).
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Appendix A. Rearrangements of measurable functions

In this appendix we introduce the concept of rearrangement of a measurable func-
tion and summarize some related results we use in the previous sections. The idea
of rearranging a function dates back to the book [28] of Hardy, Littlewood and
Pélya, since than many authors have investigated both extensions and applications
of this notion. Here we relies on the results in [1, 10, 11, 20, 32, 43].

Let © be an open bounded set of RY.

DEFINITION 3. For every measurable function f : 8 — R the function dy : R —
[0, 2] defined by

dy(t) = {z € Q: f(z) >t}

is called distribution function of f.

The symbol p; is also used. It is easy to prove the following properties of dy.
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PROPOSITION 9. For each f the distribution function df is decreasing, right
continuous and the following identities hold true

im dp(t) =9, lim dg(f) = 0.

DEFINITION 4. Two measurable functions f,g : £ — R are called equimeasur-
able functions or rearrengements of one another if one of the following equivalent
conditions is satisfied

(i) {zeQ: f(x) >t} ={zreQ:g(x) >t} VteR;

(i) dy = d,.

Equimeasurability of f and ¢ is denoted by f ~ g. Equimeasurable func-
tions share global extrema and integrals as it is stated precisely by the following
proposition.

PropoSITION 10. Suppose f ~ g and let FF : R — R be a Borel measurable
function, then

D1~ lgl;
i) esssup f = esssupg and essinf f = essinf g;
iii) Fof~Fog;
iv) Fofe L) implies Foge L*(Q) and [, Fo fdx = [, Fogdz.

For a proof see, for example, [20, Proposition 3.3] or [11, Lemma 2.1].
In particular, for each 1 < p < oo, if f € LP(2) and f ~ g then g € LP(Q)) and

I fllr ) = llgllzr )

DEFINITION 5. For every measurable function f : Q — R the function f* :
(0,|92]) = R defined by

f*(s) =sup{t € R:d(t) > s}
is called decreasing rearrangement of f.
An equivalent definition (used by some authors) is f*(s) = inf{t € R : d¢(t) < s}.

PRroPOSITION 11. For each f its decreasing rearrangement f* is decreasing, right
continuous and we have

lim f*(s) =esssup f and lim f*(s) =essinf f.

s—0 s—|9Q|

Moreover, if F : R — R is a Borel measurable function then F o f € L*(Q) implies

Fo f*e LY(0,]Q|) and
2]
/Fofd:v:/ Fo f*ds.
Q 0

Finally, dg» = dy and, for each measurable function g we have f ~ g if and only if
ff=9.
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Some of the previous claims are simple consequences of the definition of f*, for
more details see [20, Chapter 2].
As before, it follows that, for each 1 < p < oo, if f € LP(Q2) then f* € LP(0,|9|)

and || fllze ) = I1f*l e (0,102))-

DEFINITION 6. Given two functions f,g € L'(Q), we write g < f if

t t 12l 12
/ g*dsg/ frds V0<t<|Q and / g ds = [ ds.
0 0 0 0

Note that g ~ f if and only if ¢ < f and f < ¢g. Among many properties of the
relation < we mention the following (a proof is in [20, Lemma 8.2]).

PROPOSITION 12. For any pair of functions f,g € L*()) and real numbers o and
B,ifa< f<pBae inQandg < f thena<g<p ae. in.

PROPOSITION 13. For f € L1(Q) let g = ﬁ fQ fdx. Then we have g < f.
DEFINITION 7. Let f: Q) — R a measurable function. We call the set
G(f)=1{9:Q—=R:g is measurable and g ~ f}

the class of rearrangements of f or the set of rearrangements of f.

Note that, for 1 < p < oo, if f is in LP(Q2) then G(f) is contained in LP(12).

In this paper we are interested in studying the optimization of a functional which
is defined on a class of rearrangements G(mg), where mg belongs to L (). For
this reason, although almost all of what follows holds in a much more general
context, hereafter we restrict our attention to classes of rearrangements of functions
in L>°(02). We need compactness properties of the set G(my), with a little effort it
can be shown that this set is closed but in general it is not compact in the norm
topology of L>°(Q). Therefore we focus our attention on the weak* compactness.
By G(myg) we denote the closure of G(myg) in the weak* topology of L™ (€2).

PROPOSITION 14. Let my be a function of L>° (). Then G(my) is

i) weakly* compact;
ii) metrizable in the weak™* topology;
iii) sequentially weakly® compact.

For the proof see [3, Proposition 3.6].
Moreover, the sets G(mg) and G(mg) have further properties.

DEFINITION 8. Let C be a convex set of a real vector space. An element v in C is

. . . . . . _ +
said to be an extreme point of C if for every uw and w in C the identity v = *5*

implies u=w.
A vertex of a convex polygon is an example of extreme point.

PROPOSITION 15. Let my be a function of L>°(S)), then
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i) G(mo) ={f € L=(Q) : f <mo},
1) G(mo) is convez,

(
iti) G(mg

is the set of the extreme points of G(my).

Proof. The claims follow from [20, Theorems 22.13, 22.2, 17.4, 20.3]. O

An evident consequence of the previous theorem is that G(myg) is the weakly™*
closed convex hull of G(my).

COROLLARY 3. Let mg € L*(Q) and m,q € G(mg). Then

i) [omdr = [,modz;
it) assuming fQ modz # 0, m=q if and only if m and q are linearly dependent.

Proof. (i) Tt follows immediately by (i) of Proposition 15, Definition 6 and
Proposition 11 with F' equal to the identity function.

(ii) If m and ¢ are linearly dependent, then, without loss of generality we can
assume that m = aq, for some a € R. Integrating over {2 and using (i) we find
m=q. O

The following is [20, Theorem 11.1] rephrased for our case.

PROPOSITION 16. Let u € LY(Q) and mg € L>(Q). Then

9] 9]
/0 my(|Q — s)u*(s)ds < / mudr < /0 my(s)u*(s)ds Vm € g(mo)(, |
66

and moreover both sides of (66) are achieved.

The previous proposition implies that the linear optimization problems

sup / mu dz (67)

meg(mg)

and
inf / mu dx
meg(mo)
admit solution.

Finally, we recall the following result proved in [10, Theorem 5].

PROPOSITION 17. Let u € LY(Q) and mg € L>(Q). If problem (67) has a unique
solution myy, then there exists an increasing function 1 such that ma = Y ou a.e.
in Q.
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