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We generalize the known collision results for a solid in a 3D compressible Newtonian
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1. Introduction

We consider the compressible Navier—Stokes equations governing the motion of
a fluid in some bounded domain © C R3, where we additionally insert a simply
connected compact obstacle B C R3. Denoting F = Q \ B the fluid’s domain, the
equations take the form

Op + div(pu) =0 in F,
O¢(pu) +div(pu ®@ u) — divS + Vp = pf in F,
mG(t) = — [,5(S — pI)n do + [, psf dz in F,
L(Jw) =[5z —G) x (S—phn do + [4(z — G) x psf dx in F,
u=G(t)+wt) x (z—G(t)) on 9B,
u=0 on 99,
p(0,-) = po, (pu)(0,-) =myg, G(0) = Gy, G(0) = Vo, w(0) =wy in F(0).

(1.1)
Here, p and u denote the fluid’s density and velocity, respectively, p is the fluid’s
pressure given by p(p) = p? for some v > 3/2, S the (viscous) stress tensor and
f e L>((0,T) x Q) a given external force density. Furthermore, pg is the solid’s
density, G the centre of mass of the body B, w its rotational velocity, m > 0 the
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1632 S. Necasovd and F. Oschmann
object’s mass given by
m = / pg dz,
B

and J is the inertial tensor (moment of inertia) given by
I= / ps(lz — GPI— (2 — G) ® (z — G)) da.
B

The question of whether or not a solid body collides with its container has been
addressed by several authors. Without claiming completeness, we refer to [9-14]
for recent results in this direction. The aim of this short note is to generalize
these results to non-Newtonian fluids, as well as to heat-conducting fluids with
temperature-growing viscosities. Lastly, let us also mention the related, though
different, work [6], where the authors considered a so-called k- or multi-polar com-
pressible fluid, and showed that collisions do not occur for k£ > 3 since the velocity
and, accordingly, the density enjoy higher regularity. Together with the no-collision
results given in the references above, this can be roughly summarized as ‘high
regularity forbids collision’.

Notations:. Lebesgue and Sobolev spaces will be denoted in the usual way as LP(£2)
and W1P(Q), respectively. We will also denote them for vector- and matrix-valued
functions as in the scalar case, that is, LP(f2) instead of LP(Q;R3). The Sobolev
space of trace-zero functions will be denoted by W, (). For each A, B € R3*3,
we set the Frobenius inner product A : B = Z? j=1AijBij. Further, we define the
Frobenius norm by |A]? = A : A. To lean the notation, we will write a < b if there is
a generic constant C' > 0 which is independent of a, b, and the variables of interest
such that a < Cb. The constant might change its value wherever it occurs. The
domains occupied by the solid and fluid at time ¢ > 0 are denoted by B(t) and
F(t) = Q\ B(t), respectively.

2. General assumptions

Let us start by making precise the assumptions on the fluid and solid. First, the
stress tensor S will depend on the symmetrized velocity gradient D(u) = 1/2(Vu +
VTu) in a way described in (S1)-(S3) below. Second, we assume that the solid is
homogeneous with constant mass density pp > 0. The mass and centre of mass of
the rigid body are given by

1
m=pp|BO)|, G(t)=— - ppT dz.

We will also assume that the solid’s mass is independent of time, that is,
m = pg|B(t)| for any t > 0, leading to the density-independent expression G(t) =
|B(t)]~! fB(t) x dz.

2.1. The stress tensor and uniform bounds

The crucial part in analysing collisions is to investigate the form of the stress
tensor S. We will make the following assumptions:
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(S1) Continuity: S is a continuous mapping from RZ%3 to itself depending only on

the symmetric gradient D(u) = 1/2(Vu + VT u) € R3%3

Sym *

(S2) Monotonicity: For any M, N € R3X3, we have [S(M) — S(N)] : (M — N) > 0.

sym?’

(S3) Growth: There are absolute constants 6 > 0 and 0 < ¢y < ¢ < oo such that
for some p > 1 and all M € R2%3, we have co|M|P — § < S(M) : M < ¢; |[MP.

sym ?

We note that classical power-law fluids like S = |D(u)[P~2D(u), but also so-called
activated Euler fluids with S = max{|D(u)| — dp, 0}|D(u)|~*D(u) for some & > 0
fit into this setting. In contrast to the fact that we do not consider temperature in
here, we will give another example of temperature-growing viscosities in § 4. Note
moreover that condition (S3) implies by duality S € L¥'((0, T) x ) since

T
”SHLP’((QT)XQ) = sup / / S: M dx dt
IMllLe (0, myxy<1/0  JQ

T
< sup / / M dz dt < ¢;.
o Jo

[IM| P (0,1 x ) <1

(2.1)

REMARK 2.1. We remark that the question of existence of a weak solution to prob-
lem (1.1) is just solved in some special cases, see [3] for Newtonian fluids, and [5]
for a special non-Newtonian fluid with bounded divergence of the velocity. On the
other hand, for non-Newtonian incompressible fluids, existence is shown in [4], and
in [15] for incompressible heat-conducting fluids. In those two existence results,
collisions cannot occur due to a high regularity of the velocity, in particular, p > 4
there.

To start analysing the collision behaviour, one first needs uniform bounds on the
velocity and density. With a slight abuse of notation, we extend the velocity and
density as

_Jp inF " u in F,

P=\ps B, "G +wlt) x (- G(t) inB.

Noticing that the energy inequality obtained in [5] implies in our case
t=1 T T
L 2 P’
[/pu—i—dm} +//S:D(u)dxdt<//pf-udxdt
02 v—1 t=0 0 Ja 0o Ja

for almost any 7 € [0, T, an immediate consequence is the uniform estimate

3 2
v > 9 ||pHZOO((),T;L’Y(]-‘(‘))) + ||UHI;,,(07T;W01@(Q)) + [|plul ||L°<>(0,T;L1(Q)) S Eo+ 1.

(2.2)
Here, Ej is the initial energy of the system given by
jmy|* Py m 2 1
£ | P e+ VP 4 S0 -, (23)
Fo) 2p0 v —1 2 2
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Figure 1. The body B and fluid F in the container €.

and the ‘+1’ on the right-hand side of (2.2) is a sole remainder of the force f on
the right-hand side of (1.1)s. Moreover, the implicit constant appearing in (2.2) is
independent of the mass m and the final time T

We remark that such bounds also hold true for other models of non-Newtonian
fluids such as dissipative (measure-valued) solutions, see [1]. However, the additional
Reynolds stress appearing in the momentum equation for such type of solutions is
not regular enough for our purposes, in particular, we need to work with weak
solutions rather than dissipative ones. Since the present work does not focus on
existence of weak solutions, for the definition of such we refer the reader to [5].
2.2. The solid’s shape and main result

Throughout the paper, we consider a C1** solid moving vertically over a flat hor-
izontal surface under the influence of gravity. More precisely, we make the following
assumptions (see figure 1 for the main notations):

(A1) The source term is provided by the gravitational force f = —ges and g > 0.
(A2) The solid moves along and is symmetric to the zz-axis {21 = xo = 0}.

(A3) The only possible collision point is at x = 0 € 9€2, and the solid’s motion is
a vertical translation.

(A4) Near r = 0, 99 is flat and horizontal, where r = /2% + 3.
(A5) Near r = 0, the lower part of 0B(t) is given by

x3 = h(t) + T, r < 2r( for some small enough 7 > 0.
(A6) The collision just happens near the flat boundary of €:

. . . 2
t11>1£ dist (B(t), 02\ [-2r¢, 2r¢]* x {0}) = do > 0.

By (A2) and (A3), we may additionally assume that the position of the solid is
characterized by its height h(t), in the sense that

G(t) = G(0) + (h(t) — h(0))es and B(t) = B(0) + (h(t) — h(0))es.
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Note especially that this means that the solid rotates at most around the zs-axis,
and so w(t) = |w(t)|es. This assumption can be made rigorous for Newtonian
incompressible fluids and symmetric initial data in 2D, see [9].

Our main result regarding collision now reads as follows:

THEOREM 2.2. Let v>3/2, 2<p<3, 0<a<l1, and Q, BCR3 be bounded
domains of class C1*. Let (p, u, G) be a weak solution to (1.1) enjoying the bounds
(2.2), let' S comply with (51)-(53) and assume that (A1)-(A6) are fulfilled. If the
solid’s mass is large enough, and its initial vertical and rotational velocities are
small enough, then the solid touches 0S) in finite time provided

3—p 34py—3p—6
a < min p7 (4py — 3p — 6) with

2p—1" py+3p+ 6y (2.4)
3 6 '
- <v<3, 7 <p<3, or >3, 2<p<3.
2 4y —3

REMARK 2.3. The terms ‘large enough’ and ‘small enough’ should be interpreted
in such a way that inequality (3.8) is satisfied. More precisely, for some constant
Co > 0 which is independent of m and T, we ensure collision provided

Comax{m~1/2 m=3/2} (1 + E02+7+p> <1

REMARK 2.4. Let us mention a few facts about the above constraints. First, the
two expressions inside the minimum stem, as one shall expect, from estimating the
diffusive and convective part, respectively.

Second, the restriction p < 3 is due to the diffusive part, see the estimate of I
in § 3.2. Moreover, the requirement p > 2 stems from the convective term, since we
need to estimate the square of the velocity in time. Thus, our result as stated above
is just valid for shear-thickening fluids. Omitting convection, theorem 2.2 still holds
provided

3
¥> =, L<p<3, a<min{

> ST (2.5)

3—p 9py—-p—1)
20— 1" 2py+3p+ 3y [’

hence also allowing for shear-shinning fluids if v > 2.

Third, the first condition on p and ~ in (2.4) can be equivalently stated as
3p/(dp—6) <v<3,2<p<3.

Lastly, the first fraction inside the minimum in (2.4) wins precisely if v >
3p/(5p —9), and in (2.5) if v > 3p/(4p — 6). This seems to be optimal in the sense
that for p =2, & = 1/3 is a ‘borderline value’ for the incompressible case, which
would (loosely speaking) correspond to v = oo (see [10, Section 3.1] for details).
Moreover, the assumptions in (2.4) coincide with the requirements on « and ~
made in [14], where the compressible Newtonian case (corresponding to p = 2) was
considered.

REMARK 2.5. As will be immediate from the calculations, the same conclusion
holds for non-Newtonian heat-conducting fluids such that assumptions (S1)—(S3)
are replaced by

https://doi.org/10.1017/prm.2024.5 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.5

1636 S. Necasovd and F. Oschmann

(S1’) Continuity: S is a continuous mapping from (0, co) x R to R3%? depending
continuously on the temperature ¥ > 0 and the symmetric gradient D(u) =

1/2(Vu+ VTu) € RS

Sym*

(S2’) Monotonicity: For any 9 € (0, co) and any M, N € R2*3, we have [S(d), M) —
S, N)] : (M —N) > 0.

(S3’) Growth: There are absolute constants 6 > 0 and 0 < ¢y < ¢ < oo such that
for some p > 1, all ¥ > 0, and all Ml € R3%3, we have ¢o[M[? — ¢ < S(0), M) :
M < ¢q|MJP.

3. Construction of test function and proof of main result

In this section, we will define an appropriate test function for the momentum
equation that will ensure collision. Let (p, u, G) be a weak solution of (1.1) satisfy-
ing assumptions (A1)—(A6) in the time interval (0, T) before collision and enjoying
the bounds (2.2). From now on we denote By, = By (t) = B(0) + (h(t) — h(0))es and
Fn = Fn(t) =Q\ Br(t). As mentioned before, the assumption on B(t) especially
means that the whole configuration is cylindrically symmetric with respect to the
T3-axis.

Collision can occur if and only if limy;_7, h(t) =0. Note further that
dist(By,(t), 092) = min{h(t), dp} by assumptions (A2) and (A6).

3.1. Test function

We will make use of cylindrical coordinates (r, 6, x3) with the standard basis
(er, eg, e3). We take the same function as in [10] (see also [9, 12]), which is con-
structed as a function wy, associated with the solid particle By, frozen at distance h.
This function will be defined for h € (0, sup,¢jo 1, h(t)). We see that when h — 0,
a cusp arises in Fj,, which is contained in

Qg ={x € Fr: 0<r <1, 0< g <h 47", r? =af 4 a3} (3.1)

For the sequel, we fix h as a (small) positive constant and define ¢ (r) := h + r*+e.
Note that the common boundary 0€,,, N 0B is precisely given by the set
{0<r<rg, 23 =1(r)}.

Let us derive how an appropriate test function inside €, ., might look like. In
order to get rid of the pressure term, we seek for a function wy, which is divergence-
free. Additionally, it shall be rigid on By, and comply with its motion. Thus, our
test function shall satisfy

Wh|Bh = €3, Wh‘BQ = O, diVWh = O’

hence we choose w;, =V x (¢rep) for some function ¢p(r, 23) to be determined.
In cylindrical coordinates, we write wy, as

1
wp = —03¢pe, + ;&(mbh)e;;. (3.2)
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The boundary conditions on wy, translate for ¢, into

1
03¢n(r,0) =0, ;3T(T(;5h)(’l”, 0) =0,
1
33¢h(7"71/)(7’)) =0 ;ar(r(bh)(rvq/}(r)) =1
Further, considering the energy
&= |Vwp,|? da
Fh

and anticipating that most of it stems from the vertical motion, that is, from the
derivative in z3-direction, we get

g~/|%mﬁm.
Fhn

The Euler-Lagrange equation for the functional € thus reads d3¢p(r, z3) = 0. A
simple calculation now leads to the general form

on(r,x3) = 3<FZ«1 r> (&%)2 + (T r) (wx(i>>3+ %, K1, K9 € R.

In order to get a smooth bounded function ¢ for all values of r and x3, we choose
K1 = ko = 0 to infer

on(r,xs) = ;¢<%) () =t*(3 — 2t).

Hence, inside €y, ,,, the so constructed function will take advantage of the precise
form of the solid. Extending ¢j, in a proper way, we thus can define a proper test
function wj, defined in the whole of €.
To achieve this, we use a similar method as in [9]: define smooth functions x, n
satisfying
x =1on (=rg,70)? x (0,70), x =0on Q\ ((—2r,2r)* x (0,2r9)),
n=1on Ny, s, n=0on Q\Ng,,

where dy > 0 is as in (A6), and Ny is a d-neighbourhood of B(0). With a slight
abuse of notation for ¢, set

1 on By,

(1 = x(r,x3))n(r,xs — h 4+ h(0)) + x(r, 235)P (w’”(i)) on Q\ By,
(3.3)

on(r,23) = ;{

and wj, = V X (¢peg). Observe that the function wy, satisfies
Wilos, = €3, Wploo =0, divw, =0.

Indeed, the divergence-free condition is obvious from the definition of wj,. Further,
since ¢, = 1/2 on By, we have wj, = e3 there. Moreover, by definition of x and
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n, we have ¢p = 0 on 9N\ ((—2rg, 2r9)? x {0}) as long as 79 and h are so small
that b+ 13T <do < ro. Lastly, ¢5, =0 on dQN (—rg, r0)? x {0} by definition
of x and ®(0) =0, and in the annulus ((—2rg, 2r9)? \ (=70, 70)?) x {0} we use
also n(r, h(0)) = 0 for r > vy for some vy € (do, 7o) to finally conclude wp|sq = 0,
provided h is sufficiently close to zero.

We summarize further properties in the following lemma, the proof of which is
given in [14, Lemma 3.1]:

LEMMA 3.1. wy, € C () and

[0n Wl Lo\ ) T [WhlWro (0, ,) S 1 (3.4)

Moreover,

3
||Wh||L4(Qh,TU) <1 foranyqg<1+ =

3+«
1420’

10nWhll Lo,y + IVWhIl Lo, ) S 1 for any q <

REMARK 3.2. The condition a(q — 1) < 3 coming from wy, is consistent with the
results of [16], where the author showed that collision is forbidden as long as a(q —
1) > 3. Especially, for shapes of class C'!*! like balls, this states that no collision can
occur as long as ¢ > 4, which fits the assumptions made in [4] and [15]. Moreover,
the difference ¢ — fj’;& occurs in the incompressible two-dimensional setting in [8,
Theorem 3.2] as an optimal value for the solid to move vertically; our fraction 13J:_20;
thus seems like a three-dimensional counterpart to this.

3.2. Estimates near the collision—proof of theorem 2.2

Let 0<T < T, and let ¢ € C([0, T)) with 0< (<1, (<0, and (=1 near
t = 0. We take ((t)wp (s as test function in the weak formulation of the momentum
equation (1.1)z with right-hand side f = —ge3, g > 0. Recalling divwy =0 and
6twh(t) = h(t)ahwh(t), we get

T T
/ (/pu@u:D(wh) dxdt—i—/ C’/pu-Wh dz dt
0 Q 0 Q
T T
+/ §h/pu~8hwhd:vdt—/ C/S:]D)(Wh)dxdt
0 Q 0 Q

T
:/ C/pgeg-whdxdt—/mo-whdx
0 Q Q

T T
= / ¢ pges - wy, dx dt —|—/ ¢ pges - wy dr dt — [ mg - wy, dz.
0 By, 0 Fr

Q
(3.5)
Observe that we have wy, = e3 on By, so for a sequence (, — 1 in L'([0, 7)),

T T
/ Ck/ pges - wp, dr dt = / Ck/ psg dx dt = mg||Ck|| L1 0,7y — myT.
0 Bh 0 Bh
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In particular, for a proper choice of (, it follows that
1 T T
fmng/ (/pu@u:ﬂ)(wh)dxdtJr/ ('/pu-whdxdt
2 o Ja 0 Q

T
+/ Ch/pu~8hwhdxdt
0 Q
T T
—/ C/S:]D)(Wh)dxdt—/ C/ pges - wy, dr dt
0 Q 0 Fi

6
+/m0-wh d.%':ZIj.
Q =1

(3.6)

We will estimate each I; separately, and set our focus on the explicit dependence
on T and m. For the latter purpose, we split each density-dependent integral into
its fluid and solid part I jf and [ ]B , respectively. The proof follows the same lines
as [14], so we will just state the estimates and highlight the differences due to the
non-Newtonian setting.

e For Ig, we have

3y —3
y+1°

|Ig| S (Eo + 1)%+% as long as a <

e For IZ, note that due to w(t) = +|w(t)|es, ulp, = G(t) + w x (z — G(t)), G(t) =
G(0) + (h(t) — h(0))es, plp, = ps > 0, and wy|s, = e3, we have

/ pu-wy da = pB/ [ives = wles x (x — G(0) — (h — h(0))es)] - e5 da = mih.
Bp, B,

Further, from the bounds (2.2), we infer

(Eo +1).

3w

. 2 . 2
sup [ = sup 2 [ pali? do < sp 2 [ paful o <
t€(0,T) te(0,7) M JB, te(o,7) M JB,

Hence, by the choice of ¢ such that |('| = —¢" and ¢(0) =1+ ¢{(T) =1, we get

T
15| < —/ C'mli) dt < Vim(Bo +1)3.
0

e For I3, observe that IB =0 due to Opwp|B, = Opes = 0. Next, by Sobolev
embedding and the bounds (2.2),

=

lallze 0,700 (@) S ”uHLp(O,T;WOl’p(Q)) S (Bo+1)7,
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where we set p* = 3p/(3 — p). Thus,

Iy = 1] < h(t . v ()19 d
=11 < [ ol ol o @l sy

< oo . . uj|r» . Lp* 8w p*y h p’
Slelc (0,73 L7 (F( )))H Iz (0,T;L (Q))” h h||Lw(07T;LW(Q))HC HL (0,T)

141 1 14141 1
< (Bo + D3 hllseon I o) S\ (Bo + D3 HHT,
where we have used estimate (2.2) and lemma 3.1 under the condition
* 3 2p*y — 3p*—3 Ipy—p—
S B b NN Mk o (P =—r—)
priy=1)-v 142 Py+pity 27 +3p+3y

e Regarding I, using that S € L¥' ((0, T') x Q) is bounded by ¢; > 0 (see (2.1)),
we calculate

T
L) < / NS (0 |9 ey

< <l ze o, T)HSHLP (0,7 xQ)HV"VhHLOo 0T:LP(Q) S TP
where we have used lemma 3.1 under the condition
3+ a o a< 3—p .
14 2a 2p — 1

From here, we get the restriction p < 3.
e For I5 = IE{ ,

p<

Is| < g(Eo +1)7T aslongas a<3(y—1).
e Similar to Ig, we have for Ig

Il < al
s < llm O”L +1(]-'(0))H h“Loo(O,T;L%(Q))

jmo |2 ||?

1 1,1
% Hp()”iw(}-(o)) S (Eo+ 1)2+2”~

~ ’

LY(F(0))
e For Ig, since mg - wy |5, = ppu(0)|s, -e3 = pgh7
151 S Vim(Eo +1)3.

e Let us turn to I;. Due to wy|p, = es, we see that [P =0 since D(wy) = 0
there. Hence, we calculate

T
L=< 2 IV dt
I=11S [ gl VWl
5 ||P||L°°(0,T;L”*(Fh))vah” (OTLW% Q))/ C”VUHL;:(Q) dt

1—2
S Bo+ VAN 2 o IV 0.1y S (Bo + DI T,
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by using estimate (2.2) and lemma 3.1 under the condition

Py Sta Wy =376y _ 3(py—3p—67)

pr(y—1)—2vy 142« Py + pr+2y Py + 3p + 6

Let us emphasize that this term is the only place where the assumption p > 2 is
needed.
Collecting all the requirements made above, we infer

>3
Y 5

which translates into

2<p<3, py>p+v, 4py>3p+6y,

3 6y

— <

3 <1S3 T3
3

Note further that for any v > 3/2 and any v/(y — 1) < p < 3,

<p<3, or >3, 2<p<3.

3(4py —3p—67) _ 9y —p—7) _3v -3

py+3p+6y 2y +3p+3y  y+1

and that all estimates are independent of the choice of (. Hence, we can take a

sequence ¢ — 1 in L"(]0, T')) for some suitable r > 1 without changing the bounds
obtained. In turn, collecting all estimates above, we finally arrive at

1 _
5 myT < Co(l+v/m + Vim 1)(1+(EO +1)3F5 4 (Bo+1)2 + (Bo+ 1)7

1 1 1 1 1 _2
+ (Bo+ 1)75% 4 g(By +1)7 + (Ep + 1)~+i> (A+TY +Tr + T % +T),

which, after dividing by %mg and using Young’s inequality on several terms, leads
to

141
T < max{m_l/g,m_3/2}(l +E5+~+p)<1 +T), (3.7)

where Cjy only depends on p, v, g, «, the bounds on wy, obtained in lemma 3.1, and
the implicit constant appearing in (2.2), provided

a<min{3p,3(4p73p67)} with

2p -1 py+3p—+ 6y

3 6

— < v <3, i <p<3, or v>3,2<p<3.
2 4v -3

Recalling the definition of Ey from (2.3) as

1 2 i 1
Bo= [ (GRS ot FIVoP + 53000 e,
F0) \2 o y—1 2 2

J(O):/B p3(|x—G0\2]I—(m—G0)®(x—GO)) de,

we see that collision can occur only if the solid’s mass in (3.7) is large enough,
meaning in fact its density is very high. Since Ey depends on the solid’s mass, we
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require the solid initially to have low vertical and rotational speed. More precisely,
choosing V and wq such that | V|, [wo| = O(m~1/?), and choosing m high enough
such that

172 . —3/2 s+i+s
Comax{m~ /= m >/} 1+ E; <1, (3.8)

the solid touches the boundary of 2 in finite time, finishing the proof of theorem
2.2.

REMARK 3.3. We see that if, by change, the constant Cy < 1 small enough, then
we can get rid of the assumption on the smallness of V and wy by also choosing
m < 1. Indeed, in this case max{m =2 m=3/2} = m=3/2 and Fy < 1. Hence, for
appropriate values m < 1 and Com™3/2 < 1, inequality (3.8) can still be valid.

4. Newtonian flow with temperature-growing viscosity
This section is devoted to investigate a different model for viscosity that does not
fit into assumptions (S1)—(S3). More precisely, let

S = 2u(¥) (]D)(u) - % div u]I) + n(V) div ul, (4.1)

where the viscosity coefficients p, n are assumed to be continuous functions on
(0, 00), p is moreover Lipschitz continuous, and they satisfy

L+9 Sp@), WIS 0<n)S1+7.

Note that this means we consider a Newtonian fluid with growing viscosities that
are not uniformly bounded in the temperature variable.
The equations governing the fluid’s motion are now given by

Op + div(pu) =0 in F,

O(pu) + div(pu ® u) — divS + Vp(p, ) = pf in F,

mG(t) = — [,5(S — pI)n do + [, psf d in F,

4(Jw) = — [o5(z — G) x (S—phn do + [4(x — G) x psf dz in F,

9 (ps) + div(psu) +div 3 = 1(S: Vu - 37) in F, (4.2)
u=G(t)+w(t) x (x—G(t)) on 9B,

u=20 on 0f),
qn=20 on 012,

p(0,-) = po, (pu)(0,-) = mo, ¥(0,-) = vo,

G(0) = Go, G(0) = Vo, w(0) = wo in 7(0),
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where now p(p, ¥) = p? + pd + 9%, the heat flow vector q = q(¥J, V) is given by
Fourier’s law

q(?, Vi) = —x(9)VYI
with the heat conductivity coefficient satisfying

k(9) ~ 1+ 97 for some > 1,

and the specific entropy s = s(p, 9) is connected to the pressure p(p, ¢) and the
internal energy e(p, 9) of the fluid by Gibbs’ relation

1
9¥Ds = De + pD (p) .

Note that this relation determines the internal energy and specific entropy as

v—1 94 93 Y
e(p,v) = P 435 4o, s(p,9) = 4— + log —,
y—1 P P P

where ¢, > 0 is the specific heat capacity at constant volume (see, e.g., [7]). Denot-
ing ¥ > 0 the solid’s temperature, we extend the temperature similarly to the
velocity and density as

9 — 9 in F,
’19[3 inB,

and we consider the continuity of the heat flux q(¢d, V9) -n = q(d¥, Vig) - n on
0B. Moreover, for simplicity we assume that the heat conductivity coefficient of
the solid is the same as the fluid’s one (this can be generalized, see [2, Equation
(4.23))).

Noticing that the existence proof of theorem 4.1.6 in [2] also works for any § > 2
instead of 3 = 3, in such case we have the uniform bound

g
192 122 0,75w1.20)) S o+ 1,

where this time

B |mg|? m 5
Ey = — + poe(po,’l?()) dz + *|V0| + J(O)WO S Wo- (43)
F0) 2P0 2

Thanks to Sobolev embedding, this yields
9% € L2(0,T; L5(Q)), thatis, o€ LP(0,T; L% (Q)),
in turn,

||7‘9||§/3(0’T;L35(Q)) S Ep+ 1L (4.4)
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Accordingly, the estimate for the stress tensor in I, changes into

T T
_ ) < .

| 14| /0 (/QS.th dz dt N/o C\Iﬂlle(Q)||Vu||L2(Q)||VWhHLSgEQ(Q) dt
< HCHL%EZ (07T)||19||LI3(0,T;L3ﬁ(Q))”vu”Lz((O,T)XQ)||vwh||Loo(O7T;L3ﬁﬁ,2(Q))

< (Bo+ )FHTas,
provided
6 3 —
B _dta . 3(3-2)
36—-2 142« 96 + 2

while all the other estimates stay the same. Hence, repeating the arguments from
§ 3, we can state the following

THEOREM 4.1. Lety > 3,3 >2,0<a <1, and Q, B CR3 be bounded domains of
class CH. Let (p, ¥, u, G) be a weak solution to (4.2) enjoying the bounds (2.2)
and (4.4), with the initial energy given by (4.3). Moreover, let' S be given by (4.1),
and assume that (A1)-(A6) are satisfied. If the solid’s mass is large enough, and its
initial vertical and rotational velocities are small enough such that inequality (3.8)
18 fulfilled, then the solid touches OS2 in finite time provided

3(v=3) 3(6-2)
<{ dvy+3 7 95+2 }

As can be easily seen, the same arguments can be used for temperature-dependent
non-Newtonian fluids, provided the stress tensor decomposes like

S(9, M) = p(9)S(M) + n(9)| div u|P~2 div ul

for some tensor S satisfying (S1)—(S3), and pu, n are as above. The details are left
to the interested reader.

REMARK 4.2. As a matter of fact, all the analyses in this article also hold
for the incompressible case, which (roughly speaking) corresponds to v = oc.
Thus, collision for this type of heat-conducting fluids occurs if g > 2 and a <
3(8—2)/(98 + 2). Also here, for constant temperature corresponding to a perfectly
heat-conducting fluid, we recover the borderline value o < 1/3 in the limit 8 — oo,
see remark 2.4.
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