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ON CUSTOMER FLOWS IN JACKSON
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Abstract

Melamed’s theorem states that, for a Jackson queueing network, the equilibrium flow
along a link follows a Poisson distribution if and only if no customers can travel along
the link more than once. Barbour and Brown (1996) considered the Poisson approximate
version of Melamed’s theorem by allowing the customers a small probability p of
travelling along the link more than once. In this note, we prove that the customer flow
process is a Poisson cluster process and then establish a general approximate version of
Melamed’s theorem that accommodates all possible cases of 0 < p < 1.
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1. Introduction and the main results

We consider a Jackson queueing network with J queues and the following specifications
(see Barbour and Brown (1996) for more details). First, we assume that customers can move
from one queue to another, and that they can enter and leave from any queue. We assume that
the exogenous arrival processes are independent Poisson processes with rates v;, 1 < j < J.
Service requirements are assumed to be exponential random variables with parameter 1, and
when there are m customers in queue j, the service effort for queue j is ¢ (im), where ¢ (0) = 0,
¢;(1) > 0, and ¢;(m) is a nondecreasing function of m. Second, we define the switching
process as follows. Let A;; be the probability that an individual moves from queue i to queue
J, and let u; be the exit probability from queue i. It is natural to assume that

J
Z)Lij'F,U«i:l, I1<i=</J.
j=1

Without loss of generality, we may assume that the network is irreducible in the sense that all
customers can access any queue with a positive probability. Set «; as the total rate of arriving
customers (including both exogenous and endogenous arrivals) to queue j. Then the rates {«}
satisfy the equations

J
Olj=Vj+ZOli)»ij, I1<j=<J,
i=1
and they are the unique solution of the equations with «; > 0 for all j.
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For convenience, we define state O as the outside of the network, that is, the point of arrival
and departure of an individual into and from the system. We define § := {(j, k): 0 < j, k < J}
as the set of all possible direct links, and we use &7k to record the transitions of individuals
moving from queue j to queue k. Then E= {éjk , 0<j,k <J} gives a full account of
customer flows in the network, where departures are transitions to 0 and arrivals are transitions
from 0. If pjyi is the rate of equilibrium flow along the link (j, k) then pjx = oA and the

mean measure of  is
A(ds, (j, k) = pjrds,  seR, (j,k) €3

For the point process & with locally finite mean measure A(ds, (j, k)), we may consider it
as a random measure on the metric space R x 4 equipped with the metric

d((u1, (1, j2)), (w2, (k1, k2))) = lur — uz| 1¢j,, jp) %k k)

for uy,uy € R and (ji, j2), (k1, k) € 4, so that we can define the Palm distribution at o €
R x & as the distribution of E conditional on the presence of a point at «, that is,

. Ellz, E(da)]
PO = — ——

— , axeR x4, A-almost surely;
A(da)

see Kallenberg (1983, p. 83) for more details. A process B¢ is called the Palm process of Z at
«a if its distribution is P¥. In applications, it is often more convenient to work with the reduced
Palm process, e — 34 (see Kallenberg (1983, p. 84)), where §,, is the Dirac measure at .

l;“)or two random elements 7; and 7> having the same distribution, we write for brevity
m =n2.

Proposition 1.1. For each (j, k) € 4, there is a point process £0-GK) on R x 8 independent

of & such that
EO.GR) 4 & 2 50.GHh)

Let 65, s € R, denote the shift operator on R x 4 which translates each point in R x 4§
by s to the left, i.e. 6;((u, (j, k))) = (u — s, (j, k)), and use 5(5’(j’k)) to stand for a copy of
£0.GR) 50 s €R.

Our interest is in the customer flows along the links in C C 4 for the time interval [0, ¢],
so we set the carrier space as I'c; = [0, ] x C. With the metric d, I'c; is a Polish space and
B(I'c,;) denotes the Borel o-algebrain I'c ;. Let Hc ; denote the class of all finite nonnegative
integer-valued measures on I'c;, and let #¢ ; be the o-algebra in Hc; generated by the sets
{§ €« Hc,:&B) =i}, i € Zy :=1{0,1,2,...},and B € B(I'c;) (see Kallenberg (1983,
p- 12)). 5

We use Ec; to denote the transitions along the links in C for the period [0, #]. Then the
mean measure of éc,z is

Aei(ds, (k) =pjeds,  0<s<t, (j,k) eC.

Melamed’s theorem states that éC,t is a Poisson process if and only if no customers travel along
the links in C more than once. Barbour and Brown (1996) considered the Poisson approximate
version of Melamed’s theorem by allowing the customers a small probability (loop probability)
of travelling along the links more than once, and they concluded that the accuracy of the Poisson
approximation depends on how small the loop probability is.
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Theorem 1.1. The process éc,z is a Poisson cluster process. More precisely, let {n;, i > 0}
be independent and identically distributed random measures on I'c ; having the distribution

Plno(Te,) = 11 =1,

Lz G)|r,. €Al 1.1
Paoe A)=E Y / o s Pik g5, Aewne, D
(I Bec g(s UGN y) Oc.t

where 5(3’(j’k))|rc_[ is the restriction ofé‘;(s’(j’k)) to I'c s (see Kallenberg (1983, p. 12)) and

0c; =E Z / $<S<Jk>>(l“cf) i ds. (1.2)

(j.keC

Let M be a Poisson random variable with mean 6c ; and independent of {n;, i > 0}. Then

M

= D

ooy = E ni.
i=1

Despite the fact that 6¢ ; is specified by (1.2), since the Palm process £6:U0) js generally
intractable, it is virtually impossible to express 6¢ ; explicitly in terms of the specifications of
the Jackson queueing network. We now consider a general approximate version of Melamed’s
theorem. Noting that (R x 4, d) is a Polish space and that, for each bounded Borel subset B
of R x &,

E[E(B)]? =E/B E(B)E(da) :E/B E*(B)A(da) > E/B(é(3)+ Di(da),

we obtain var[é(B)] >E @(B). Hence, suitable approximate models for the distribution of
Ec.: = Ec(I'c,) should necessarily possess the same property. We consider the negative
binomial, NB(r, ¢), r > 0 and 0 < g < 1, with distribution function
rer+i) , :
7=—>q" (1 —¢q), i €Zy,
B TR I-9) +
as the approximate distribution. The advantage of using the negative binomial approximation
is that it suffices to estimate the mean and variance for the approximate distribution, as is often
done when applying the central limit theorem based on the normal approximation.
To state the error estimate of the approximate version of Melamed’s theorem, we define

(b =BECUM®Rx ) =1 and ec= > “Eec(jii.
(ec PC

In other words, ec (j, k) is the average number of visits in C by the extra customer crossing the
link (j, k) and ec is the weighted average number of visits by an extra customer crossing links
in C. We also need

: (0. 2(0.(j Pjk ..
oc(j k) = BECURNR x O)EOUMR x )~ 1] and oc= Y. chac(J, k).
(j.k)eC

Thatis, oc (j, k) is the second factorial moment of the number of visits in C by the extra customer
crossing the link (j, k) and oc is the weighted average of the second factorial moments of the
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number of visits by an extra customer crossing links in C. Let w¢ (j, k) be the probability that
alink (j, k) crossing customer has never crossed links in C before and will not pay more visits
in C in the future. Define
we(j, Dpjk
ve= 3 DL

(j.beC pc

the weighted probability of customers crossing links in C only once.

Theorem 1.2. Let
_ (pct)? g = Pt
var(Ec,s) — pct’ var(Ec,)
Then

drv(Ec,:, NB(r,q)) := sup |P(Ec; € A) —NB(r, ¢)(A)|
ACZy

1
< ——(2¢2 4 00). 13
_m(ec oc) (1.3)

Remark 1.1. If the loop probability in C is 0 then the negative binomial is reduced to a Poisson
distribution and the upper bound in Theorem 1.2 becomes 0. This implies half of Melamed’s
(1979) theorem.

Remark 1.2. If the loop probability is between 0 and 1, then both €c and o¢ are finite, so the
negative binomial approximation error bound is of order O(1/4/t). Furthermore, if the loop
probability is small then both €c and o¢ are small, so the negative binomial approximation to
the distribution of Ec ; is even faster.

Example 1.1. To see how the loop probability appears in the upper bound, let us consider
the tandem M/M/1/co queues with feedback investigated in Barbour and Brown (1996). Let
J =2, 01(n) = ¢o(n) = L foralln > 1, A0 =1, A0 =1—u = p,v; < 1—p,
vy =0, and C = {(1, 2), (2,2)}. Direct computation gives pj2 = vi, p22 = vip/(1 — p),
ec(1,2) = p/(1 = p)ec(2,2) = (1+ p2)/(1 = p),oc(1,2) = 2p/(1 - p)%, and o (2,2) =
20+ p+ pdH/(1 = p)2,soec <2p/(1 — p) and o¢c = (4p +2p*)/(1 — p)%. Moreover,
we(l,2) =1 — p, we2,2) =0, and we = (1 — p)?. Therefore, the upper bound of (1.3)
becomes (4p + 8p% + 2p*) (1 — p) =23 evit) V2.

2. The proofs

Proof of Proposition 1.1. The proof is adapted from Barbour and Brown (1996, p. 480).
By Lemma 1 of Barbour and Brown (1996), the reduced Palm process %) —§¢ (; 1))
has the same distribution as that of é, except that the network on (0, co) behaves as if there
were an extra individual at queue k at time O and the network on (—o0, 0) behaves as if there
were an extra individual in queue j at time 0. Whenever the extra customer is at queue i with
the other m customers, we use independently sampled exponential service requirements with
instantaneous service rate ¢; (m + 1) — ¢;(m). Noting that this construction ensures that the
extra customer uses the ‘spare’ service effort and never ‘interferes’ with the flow of the main
traffic, we can see that its transitions are independent of &. The same procedure applies to the
construction of the backward route. Let £©-(/:K) be the transitions taken by the extra customer
on (—00, 0) U (0, 0o) plus the Dirac measure &o,(j,x)). Then 5(0’(j*k)) is independent of E and
the conclusion of the lemma follows from the construction.
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Proof of Theorem 1.1. By Theorem 11.2 of Kallenberg (1983) and Proposition 1.1, we can
conclude that Ec ; is inﬁni~tely divisible; hence, we obtain from Lemma 6.6 and Theorem 6.1
of Kallenberg (1983) that Ec ; is a Poisson cluster process, that is,

M

~ D

SCt = Z Ni,
i=1

where the n;, i > 0, are independent and identically distributed random measures on I'c ; such
that P[no(I'c;) > 1] = 1, and M is a Poisson random variable with mean Oc.:, independent
of {n;, i = 1}. The direct verification ensures that the Palm process of Z —1Miata € It is
wal ni +ng, where ng is the Palm(process of no at «, independent of {M, n;, i > 1}. This
in turn implies that &G0 |

Let fi(ds, (J, k)) denote the mean measure of the point process 9. Then some elementary
computation ensures that the mean measure of Zf‘i 1 Mi 18 B¢ ¢ ii(ds, (j, k)) for (j, k) € C and
0 < s < t. On the other hand, the mean measure of EC,, is Xc,,(ds, (j, k) = pjkds for
(j,k) € C and s € [0, t], so we obtain

fi(ds. (j.k)) = g’l‘ds, (. k) € C. s €10,1].
C,t

Representation (1.1) follows from the fact that P[no(I'c,;) > 1] =1 and

g(v (R | €A
Pl € A1 =E [ ALy ey —E Y f O b
re, Mo(Tey ) (i BeC é(ﬂ G)Te,) Oc.t

In particular, if we take A = Hc ; then the left-hand side becomes 1, so (1.2) follows.

The proof of Theorem 1.2 is based on the following lemma.

Lemma 2.1. We have drv(Ec;, Ec: + 1) < 1/4/2ewcpct.

Proof. We prove the claim by a coupling based on the ‘priority principle’ (cf. the proof of
Proposition 1.1). We refer to a customer as a single crossing (SC) customer if the customer
crosses links in C only once, otherwise, the customer is referred to as a multiple crossing
(MC) customer. We ‘manage’ the network by regrouping the customers at each queue into
SC customers and MC customers. Whenever there are my MC customers together with m
SC customers at queue j, we use independently sampled exponential service requirements
with instantaneous service rate ¢ ; (my + m2) — ¢;(my) for all of the MC customers, while the
service for the SC customers is carried out with instantaneous service rate ¢;(m1), that is, as
if there are no MC customers present in the queue. Since the SC customers take priority over
the MC customers and the MC customers use the ‘spare’ service effort and never interrupt the
traffic flow of the SC customers, we can see that the transmons made by the MC customers are
independent of the transitions of the SC customers. Let Z; 7k and Zé respectively denote the
transmons of SC and MC customers movmg from queue j to queue k in the period [0, ¢]. Then

{Z’ , (j,k) e C}and Zy = {Z2 , (j, k) € C} are independent, and

= D5 5
Ecr =21+ 2>
By Melamed’s theorem, the point process Z is a Poisson process with mean measure

hz,(ds, (j. k) = we(j, k)pji ds, (Jj,k)eC 0=<s=t,
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so Z1(I'¢ ;) follows a Poisson distribution with mean w¢ pct and Proposition A.2.7 of Barbour
et al. (1992, p. 262) ensures that

d = , o + 1) <d Z I . Z I + ) ——.
v ( Ct C,t ) v (Z1( C,l‘) 1(Te,r) ) P ewe Dot
This Completes the prOOf.

Proof of Theorem 1.2. Leta =r(1 —¢g) and b = 1 — g. Brown and Xia (2001) defined a
generator for NB(r, g) as

Bg(i)=(a+bi)gi +1)—ig(i) fori € Z4 and a function g on Z,
and established the Stein identity

Bg(i) = f@) —n(f)
for f € ¥ :={f:7Z4 — [0, 1]}, where 7(f)

2.1
Y ico f@)m;. It was shown in Brown and
Xia (2001) that, for each f € ¥, the solution g ¢ to the Stein equation (2.1) satisfies
1
lAgrll = =, (2.2)
a
where Agr(-) = gr(- + 1) — gr(-). The Stein identity (2.1) ensures that

sup [Ef(Ec,) — ()l = sup [EBgr(Ec,nl;
feF

hence, it suffices to estimate EBg((Ec,) for all f € F. For convemence we drop the
subscript f from gr. By Proposition 1.1 we can take a point process E
independent of E uc ¢ such that

on I'c;
26,0 _ & £(5. (k)
ucy[ = oC +§
Therefore, if we write E(S U k))(Fc D=1+ S(Y U:R) then

EBg(Sc) =aEg(Ec,+D+b Y /g(uct+2+s“<f">>>pkds
(j.JoeC

-y f g(Ec + 1+ pjds.

(j.k)eC

2.3)
Leta+ (b — 1)pct =0 and uCt = Ec, + 1. Then it follows from (2.3) that

EBg(Sc) =F Y /[b(g<uc,+1+s“ G0)) — g(Ec.)

(j.kyeC

— (g(Bcy +ECUR) — (8 ))pjids

/ g6-0UR) 1

Y [1 X waeEes+r+ ) - agEes +0]
(j.kec?? r=0

+ bAg(éc,t)}pjk ds.

2.4)

https://doi.org/10.1239/aap/1293113152 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1293113152

1100 S. TAN AND A. XIA

Now, set

t Gk ) -
b— Z(j,k)ec fo Eé(s G ))ij ds _ var(Ec,) — pct
Y bec Jo BECURpjds + pet var(Ec,)

where the last equality is due to

’

=2 — —
EEq, = Ef BciEc,(da)
FC,t

t
= ¥ B[ @t 14000
Ghec 70

t
— €S Hpct+E Y [ £
(j.kec 0

and so

t
E ). / 00U pjids = var(Ec,) — pt.
Goec 70

Using the fact that & (5.(K) jg independent of éc,r, we obtain, from (2.4),

g(x,(j-k»_l
t
EBg(Ec,) =E Z Z [bEAzg(Ec,,Jrr)
(j.oec O r=0
r—1
—(1- b)ZEMg(EC,, +l)“pjk ds.
=0

On the other hand, we apply (2.2) and Lemma 2.1 to obtain

IEA%g(Ec, + D) <2l Aglldrv(Ec,, Bcr + 1) <

2
a/2Zewcpct
which in turn implies that

[EBg(Ec.)| < (ay2ewcpct)”!

t
x E / [2bE§'(S’(]’k)) +(1— b)EE(S’(j’k))(%'(S’(j’k)) _ 1)],0jk ds.
. 0
(j,k)eC

Finally, (1.3) follows from the definitions of €c and o¢ since
t .
E ) / 80U i ds < ecpct
(jlec O

and

t
3 / E£G-UR 6000 _ 1) o ds < ocpet.
. 0
(bec

This completes the proof.
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