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In this paper, we consider the flow of a nematic liquid crystal in the domain exterior
to a small spherical particle. We work within the framework of the Q-tensor model,
taking into account the orientational elasticity of the medium. Under a suitable regime of
physical parameters, the governing equations can be reduced to a system of linear partial
differential equations. Our focus is on precise far-field asymptotics of the flow velocity
with an emphasis on its anisotropic behaviour. We are able to analytically characterize the
flow pattern and compare it with that of the classical isotropic Stokes flow. The expression
for velocity away from the particle can be computed numerically or symbolically.
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1. Introduction
This paper analyses the flow pattern around a small spherical particle immersed in a
nematic liquid crystalline environment. Although a similar phenomenon in a classical
isotropic fluid has been well-studied (Acheson 1990, Chapter 7), the understanding in
the case of this complex fluid is far from complete, despite the fact that it is of utmost
importance in many physical and biological systems (Stark 2001; Spagnolie 2015).

A typical nematic liquid crystal consists of molecules that possess a degree of
orientational order but no positional order, so that this medium can be thought of
as an anisotropic Newtonian fluid with additional elastic properties. Hence, in order
to understand the flow field around a particle, one needs to analyse the behaviour of
solutions to a coupled system of partial differential equations that describes both flow
and orientational elasticity.
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In a broader context, we are interested in multiparticle systems such as colloidal
suspensions of both passive and active particles in complex media (Muševič 2017;
Smalyukh 2018). The overall behaviour of these systems certainly depends on the particle–
fluid and particle–particle interactions. As a typical initial step, one would consider a
dilute system in which particles are distributed away from each other in an attempt to
understand far-field interactions between these particles. We refer to Batchelor & Green
(1972), Guazzelli & Morris (2012) and Russel, Saville & Schowalter (1992) for extending
approaches for modelling flows around a single particle to flows in a multiparticle system.

As a starting point, one needs to investigate the case of a single particle in a host medium
and determine the far-field asymptotics of the corresponding flow patterns. Here, these
asymptotics should also include the far-field orientational information about the liquid
crystal. In our work, we concentrate on the parameter regime in which we are able to
obtain explicit asymptotics, in the same spirit as those known for the classical Stokes flow.
Our work seems to be the first to give a precise characterization of the flow around a
particle immersed in a nematic liquid crystal.

First, we briefly discuss prior work on liquid crystalline flows, both with and without
particles. The theory of nematic flows has proceeded along two somewhat different, but
related directions that rely on distinct continuum descriptions of the nematics. The first and
most widely used approach, due to Ericksen (1961, 1987) and Leslie (1979, 1992), is based
on the S2-valued nematic director n. The director is used to represent the local orientation
of the nematic molecules and, along with the velocity v of the flow, it describes the local
state of the nematic. The corresponding system of equations is derived by (a) assuming
local balances of mass as well as linear and angular momenta and (b) specifying the energy
dissipation density in the form that conforms with the second law of thermodynamics. As
a result, the system of governing equations consists of a Navier–Stokes equation coupled
with an equation for harmonic maps. The Ericksen–Leslie model has been a subject of
numerous studies (Lin & Liu 1995, 2000; Liu & Walkington 2000; Du, Guo & Shen 2001;
Walkington 2011).

Another approach relies on the Landau–de Gennes description of orientational elasticity
which is designed to take into account certain symmetry properties of the orientational
distribution of nematic molecules. The Landau–de Gennes variational theory replaces the
nematic director n by a so-called Q-tensor – a symmetric traceless 3 × 3 matrix – the
eigenvectors of which encode orientational properties of the medium (De Gennes & Prost
1993). We refer to Sonnet & Virga (2012, Chapter 1) for the derivation of the Q-tensor
model from a molecular perspective.

An alternative to the Q-tensor model – that can also be thought of as an extension of
the Ericksen–Leslie model – was proposed by Ericksen in Ericksen (1991). This model
is known as Ericksen’s model for nematics with variable degree of orientation and it is
based on the state variables (s, n), where n is the director and s is a scalar measuring
the degree of local orientational order. We refer to Ball (2017a,b), Wang, Zhang & Zhang
(2021) and Borthagaray & Walker (2021) for the overview of the mathematical theory of
liquid crystals and simulation methods.

Regardless of the choice of state variables, the behaviour of a nematic in the absence
of flow is captured by minimizing an underlying energy functional. This is given by the
following:

FOF(n) =
∫

W (n, ∇n) dx, or FLdG(Q) =
∫

ELdG(Q, ∇Q), (1.1)

within the Oseen–Frank director-based and the Landau–de Gennes Q-tensor-based
theories, respectively. In the most general setting, W takes the following form:

1024 A41-2

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
82

1 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10821


Journal of Fluid Mechanics

W (n, ∇n) = K1

2
(∇ · n)2 + K2

2

(
n · (∇ × n)

)2 + K3

2

∣∣n ∧ (∇ × n)
∣∣2

+(K2 + K4)

2

(
tr(∇n)2 − (∇ · n)2). (1.2)

The analogous component in ELdG(Q, ∇Q) is given by

L1

2
∂xk Qij∂xk Qij + L2

2
∂x j Qij∂xk Qik + L3

2
∂xk Qij∂x j Qik + L4

2
Qmn∂xm Qij∂xn Qij. (1.3)

We refer to Ball (2017b) and Selinger (2018) for a general discussion on the elastic
constants Ki and Li and the relationship between the constants that appear in different
models. Within the so called one-constant approximation, the elastic constants are chosen
in such a way that (1.2) and (1.3) take the form (K/2)‖∇n‖2 and (L/2)‖∇Q‖2. We will
make this as a standing assumption in this paper. The full expression of ELdG(Q, ∇Q) in
this case is given by (2.2)–(2.3) in § 2.

When extended to describe nematic flow, the evolution of Q and the velocity v of
the nematic is given by a coupled system of the Landau–de Gennes and Navier–Stokes
equations and can be derived following the procedure outlined by Sonnet and Virga on
the basis of the principle of minimum constrained dissipation (Sonnet & Virga 2001;
Sonnet, Maffettone & Virga 2004; Sonnet & Virga 2012). This is captured by a dissipation
functional R(Q; A, Q) where A is the symmetric part of ∇v and Q is an invariant version
of ∂tQ (see (2.10)–(2.12)). Another related but more popular model, due to Beris and
Edwards (Beris & Edwards 1994), was obtained by making use of the concept of a Poisson
bracket with dissipation. (In a later work, we will in fact show that the Beris–Edwards
model is a specific example of the Sonnet–Virga formulation.) The Beris–Edwards model
has been studied extensively in recent years, see for example, Abels, Dolzmann & Liu
(2016), Wu, Xu & Zarnescu (2019) and Du, Hu & Wang (2020), just to name a few.

Particulate flows in a classical fluid is another widely studied subject, see Galdi (2002,
2011) for overview of relevant literature and mathematical theory. Motion of particles in
a complex fluid, and in particular in a nematic host, has also attracted attention of many
investigators, especially with the expanding interest in motion of immersed active particles
(Lavrentovich 1998; Peng et al. 2016; Zhou et al. 2014, 2017). The experimental and
modelling work in this field has so far outpaced the analysis effort (Ruhwandl & Terentjev
1996; Stark 2001; Stark & Ventzki 2001). The goal of the present paper is to make
inroads into a rigorous understanding of a nematic flow around a single particle within
the framework of a Q-tensor-based model. We believe this choice is most appropriate for
studying nematic flows (cf. Ravnik & Žumer 2009).

The details of the model are given in § 2. Here we highlight some key physically
justifiable assumptions that we make in order to obtain precise asymptotics of the
flow pattern. These assumptions allow us to reduce the overall dynamics to a linear
system of partial differential equations describing an anisotropic Stokes flow with elastic
contribution. We emphasize that the distinction with the standard isotropic Stokes flow
is not only due to orientability of the medium (described by Q) that makes the flow
anisotropic, but also because the flow is coupled to the elastic properties of the medium
(described by ∇Q).

Our principal assumptions are as follows. We set both Ericksen (Er) and Reynolds (Re)
numbers to be small. This means that the dynamics is dominated by the elastic effects
of the nematics and the flow is highly dissipative in the sense that inertial effects are
negligible. As the result, our model becomes a partially decoupled system (2.32) in which
Q satisfies an equation that does not involve v. The solution of this equation can then be
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treated as a prescribed function which enters into an inhomogeneous linear Stokes-like
equation describing the evolution of v.

To obtain an explicit solution for Q, we further take advantage of the small particle
limit considered in Alama, Bronsard & Lamy (2016) which appears to be the first work to
rigorously analyse the solution for Q in the exterior of a particle. In this regime, Q solves
a Laplace equation. By imposing a weak homeotropic boundary condition of ‘hedgehog
type’ on the surface of the particle, an exact analytical solution for Q can be produced.
We refer to § 2.3 and § 2.4 for more a detailed description of the assumptions used in this
paper.

With the above, our first key observation is that the equation for the velocity field v takes
the following form (see (4.18)):

−(�v + div
[Bγ [∇v] +Aγ (x) + Cγ (x)

])+ ∇ p =Dγ (x), (1.4)

where Aγ ,Bγ , Cγ and Dγ are the extra contributions coming from the Q-tensor field.
Using the above equation, our main result is the precise characterization of the far-
field asymptotics for v by computing its deviation from the classical Stokes flow v0
(see (5.28)),

v ∼ v0 + ϕγ . (1.5)

We are able to obtain an analytical expression for ϕγ . This is stated in (5.30),

ϕγ (x) = Iγ (x) + E(x)Jγ + O

(
1

|x |2
)

, (1.6)

where Iγ and Jγ are some explicit bulk and boundary integrals (5.31) and (5.32), and
E is the Green’s function (3.9) for the classical Stokes system. All the relevant quantities
of ϕγ can be computed symbolically or numerically. In particular, we have that v retains
the (1/r)-far field decay property as the classical Stokes flow.

Here we mention some earlier works in the problem of nematic flows around a particle.
In Diogo (1983), flows of a nematic fluid are considered when Er = ∞ so that the
nematic is essentially an isotropic fluid. Analysis is performed in Kneppe, Schneider &
Schwesinger (1991), Heuer, Kneppe & Schneider (1992), Gómez-González & del Álamo
(2013) and Kos & Ravnik (2018), but they consider the director n-model, where the
director is taken to be uniform in space. Numerical simulations for the director model
for similar parameter regimes (low Ericksen and Reynolds numbers) as in our work are
discussed in Ruhwandl & Terentjev (1996) and Stark & Ventzki (2001). Simulations were
also performed for intermediate parameter regimes in Fukuda et al. (2004). Our present
work seems to be the first to incorporate a genuine Q-tensor field which is an exact
minimizer of the Landau–de Gennes energy with suitable boundary condition. Its effect
on the far-field behaviour of the velocity field v has not been rigorously analysed prior to
this work.

As a follow-up to this work, it would be interesting to consider a system of multiple
particles in a nematic environment. Note that the interaction between particles in this
case is mediated via the elastic forces in the nematic medium. These interactions have
been considered from a purely energetic perspective analogous to electrostatic potential
(see for example Kishita et al. (2010, 2011) and Izaki & Kimura (2013)). Complex
variables techniques have been used in two-dimensions to compute the nematic fields
between particles (Chandler & Spagnolie 2023, 2024a). There has also been a recent
effort to understand defect structures around a particle (for example, Saturn ring or dipole
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configurations) in relation to the anchoring conditions on the surface and also external
magnetic fields (Stark 1999; Alouges, Chambolle & Stantejsky 2021). See also Chandler &
Spagnolie (2024b) for an overview from an energetic perspective in both the director and
Q-tensor models for bodies immersed in a nematic environment. However, these works
consider static configurations only, with no associated flow present. We believe that our
current contribution can provide information about the effects of the fluid flow away from
a single particle. Our approach can then be generalized to understand the flow behaviour
in systems of many particles immersed in a nematic medium.

The outline of this paper is as follows. In § 2, we provide a detailed description of our
model and the relevant parameter regimes. In § 3, we recall the explicit solutions for a
Q-tensor and the classical Stokes flow in the exterior of a small particle that we use in
subsequent sections. In § 4, we analyse the structure of our anisotropic Stokes system.
Then, in § 5, we investigate the precise far-field asymptotic behaviour of the velocity
flow, in particular its deviation from the isotropic Stokes flow. Finally, in § 6, we present
numerical results. Given the generality of the model considered in this work, the analysis
relies on some tedious but routine computations that we summarize in the Appendices A
and B. In Appendix C, we provide validation of our numerical procedure by carrying
it out for a Stokes flow in a bounded annular domain. The mathematical proof of the
existence of the velocity field v is given in the Supplementary materials is available at
https://doi.org/10.1017/jfm.2025.10821.

We conclude this section with the list of notations and conventions that will be used
throughout the paper. We remind the reader that we work with the fields defined in R3.
(a) Given a vector u = (u1, u2, u3) ∈R3, we define û := u/|u| = (u1/|u|, u2/|u|, u3/|u|)

to be the unit vector in the same direction as u (we will simplify the notation by
dropping the hat, whenever there is no ambiguity).
Euclidean inner product between two vectors u, v ∈R3 will be denoted by u · v and
the symbols e1, e2 and e3 will be used to represent the coordinate vectors in R3.

(b) A symbol such as x = (x1, x2, x3)
T will denote either a generic point or a dummy

integration variable in R3. For convenience, we will also use

r := |x | =
√

x2
1 + x2

2 + x2
3 , (1.7)

to denote the magnitude of x .
(c) The (three-dimensional (3-D)) volume integration element will be denoted by

dx = dx1dx2dx3. (1.8)

The (two-dimensional (2-D)) area integration element will be denoted by

dσx , or simply dσ (if the variable is clear from context). (1.9)

The unit outward normal to the domain Ω occupied by the liquid crystal will be given
by ν.

(d) For any pair of 3 × 3 matrices B, C ∈ M3×3, their dot product will be defined via
B · C = tr (CT B) so that |B|2 = B · B.

(e) The Einstein convention for repeated indices will be used whenever possible.
( f ) For any matrix (or a second-order tensor) field T = (Tij)1≤i, j≤3, the symbol Ti will

denote its i th row. The divergence div T is to be taken rowwise, i.e. (div T)i :=
div Ti = ∂x j Tij for all i .

(g) Sometimes we find it advantageous to use the symbol 〈matrix, vector〉 and
〈vector, vector〉 to denote the matrix–vector multiplication and the dot product,
respectively.
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The symbol ‘ :’ will be used to denote a generic tensor contraction. It will be explicitly
defined whenever necessary.

(h) The symbol O(A) will refer to a quantity of order A in the sense that |O(A)| ≤
C A for some (positive) constant C . The notation o(A) represents a quantity that is
asymptotically small compared with A in the sense that lim(|o(A)|/A) = 0 where the
limit will be clear from the context. The expression A � B means that A ≤ C B for a
generic positive constant C that might change from one line to another.

2. Problem formulation

2.1. A model for the dynamics of nematic liquid crystals
Suppose that a nematic liquid crystal occupies a region Ω in R3 and let the Q-tensor and
the velocity field v,

Q : Ω →M := {
Q ∈ M3×3(R) : QT = Q, tr Q = 0

}
, v : Ω →R3, (2.1)

describe the local state of the nematic. We introduce the Landau–de Gennes energy density
and the corresponding energy functional as

ELdG(∇Q, Q) = L

2
|∇Q|2 + f (Q), FLdG(Q) =

∫
ELdG(∇Q, Q) dx . (2.2)

The parameter L is the elastic constant of the liquid crystal. Note that as mentioned in
the Introduction, this form of ELdG(∇Q, Q) makes use of the one-constant approximation
of (1.3).

The nonlinear Landau–de Gennes potential f is given by

f (Q) = − A

2
tr Q2 + B

3
tr Q3 + C

4

(
tr Q2)2, (2.3)

with A, C > 0. The minimum of f over M is attained at the nematic states given by

s∗
(

n∗ ⊗ n∗ − 1
3

I
)

, where n∗ ∈ S2 and s∗ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
− B + √

B2 + 24AC

4C
for B > 0,

−B + √
B2 + 24AC

4C
for B < 0.

(2.4)
Let

Q = Q̇ + QW − WQ, A = 1
2

(∇v + ∇vT ), W = 1
2

(∇v − ∇vT ), (2.5)

where Q̇ denotes the convective derivative

Q̇ = ∂tQ + v · ∇Q. (2.6)

The quantity Q is used instead of Q̇ because it is frame indifferent (Sonnet & Virga
2012, § 2.1.3, (2.87), § 4.1.3). Expressions such as QW and so forth refer to matrix
multiplications. The 3 × 3-matrices A and W are, respectively, symmetric and skew-
symmetric. From the form of Q, we infer that it is also a symmetric, traceless matrix.

We consider the incompressible flow of the nematic in Ω described by the following
system of equations:
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∂ELdG

∂Q
− div

[
∂ELdG

∂∇Q

]
− ΛI + ζ1Q + ζ2A + ζ3

2 (AQ + QA) + ζ9(A · Q)Q = 0,

ρ v̇ + div
[

pI − T v
SV − T el

]= 0,

div v = 0,

(2.7)
where

∂ELdG

∂Q
= −AQ + B

(
Q2 − 1

3
|Q|2I

)
+ C |Q|2Q, (2.8)

div
[
∂ELdG

∂∇Q

]
= L�Q. (2.9)

The parameter ρ denotes the density of the nematic and ζ1 through ζ11 are the
viscosity coefficients of the nematic with ζ8 being the isotropic viscosity. The pressure
p and the function Λ are the Lagrange multipliers corresponding, respectively, to the
incompressibility and tracelessness constraints for v and Q. (Note that there is no need
for an explicit Lagrange multiplier for the symmetry condition QT = Q as the individual
terms in (2.7) that involve the velocity field are already symmetric.) The viscous and elastic
stress tensors are

T v
SV = ζ1(QQ − QQ) + ζ2

(
Q + QA − AQ

)+ ζ3

2

(
QQ + QQ + Q2A − AQ2)

+ ζ4(QA + AQ) + ζ5
(
Q2A + AQ2)+ ζ6(A · Q)Q + ζ7|Q|2A + ζ8A

+ ζ9(Q · Q)Q + ζ10
((

Q2 · A
)
Q + (Q · A)Q2)+ ζ11|Q|2(A · Q)Q (2.10)

and

T el = − ∂ELdG

∂
(
∂ j Qmn

)(∂i Qmn
)
ei ⊗ e j = −L(∂ j Qmn)(∂i Qmn)ei ⊗ e j

= −L
(
∂i Q · ∂ j Q

)
ei ⊗ e j

=: −L
(∇Q � ∇Q

)
, (2.11)

respectively, so that componentwise, we have (∇Q � ∇Q)ij = ∂i Q · ∂ j Q.
The model (2.7) is established in Sonnet & Virga (2012, § 4.1.3), where a dissipation

function R = R(Q; A, Q) is introduced from which the viscous stress tensor (2.10) can be
derived. In particular, the following general form of a dissipation function is proposed in
Sonnet & Virga (2012, (4.23)):

R(Q; A, Q) = ζ1

2
Q · Q + ζ2A · Q + ζ3(QQ) · A + ζ4Q · A2 + ζ5Q2 · A2 + ζ6

2
(Q · A)2

+ ζ7

2
|A|2|Q|2 + ζ8

2
|A|2 + ζ9(Q · Q)(A · Q) + ζ10

(
Q2 · A

)
(Q · A)

+ ζ11

2
|Q|2(A · Q)2. (2.12)

We remark that Sonnet & Virga (2012) considers only the terms involving ζ1 to ζ8 so
that R is exactly quadratic in the rates Q and A and at most quadratic in Q but the idea
can certainly be generalized. In particular, R can involve a linear combination of nineteen
invariants of the tensor triple (Q, Q, A) (Sonnet & Virga 2012, p. 223). A simpler version
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of (2.12), introduced in Qian & Sheng (1998), given by ζ3 = ζ5 = ζ7 = 0, also appears
in Sonnet & Virga (2012, (4.25)). Here, we include the terms with coefficients ζ9 to
ζ11 because with these terms the model (2.7) subsumes the model in Beris & Edwards
(1994), derived by Beris and Edward. In a forthcoming work, we will show that the Beris–
Edward model is, in fact, a particular version of (2.7), corresponding to a specific choice
of dissipation constants ζi , i = 1, . . . , 11.

The above Sonnet–Virga model is derived using a variational framework together with
the principle of minimum constrained dissipation (Sonnet & Virga 2012, § 2.2, (2.172),
(2.178), (2.179)). Using R, we can rewrite (2.7) as (see also Sonnet & Virga (2012), (4.21)
and (4.22)) ⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂ELdG

∂Q
− div

[
∂ELdG

∂∇Q

]
− ΛI + ∂ R

∂Q
= 0,

ρ v̇ − div [T] = 0,

div v = 0,

(2.13)

where

T = −pI + Tv
SV + Tel (2.14)

with

T v
SV = ∂ R

∂A
+ Q

∂ R

∂Q
− ∂ R

∂Q
Q and Tel = −∇Q � ∂ELdG

∂
(∇Q

) . (2.15)

To complete the description of the model, we point out that the dissipation function R
has to be non-negative. The set of conditions satisfied by Q and ζi , i = 1, . . . , 11 to ensure
that this property holds is too complicated to list here but some of these conditions can be
found in Sonnet & Virga (2012, pp. 221–222). However, if R only has the terms associated
with ζ1, ζ2 and ζ8, i.e.

R(Q; A, Q) = ζ1

2
Q · Q + ζ2A · Q + ζ8

2
|A|2, (2.16)

then R is non-negative if and only if

ζ1 > 0 and ζ 2
2 ≤ ζ1ζ8. (2.17)

2.2. Non-dimensionalization
Suppose l is the characteristic length of the system and v is the characteristic velocity.
With these, we introduce

x̃ = x

l
, ṽ = v

v
, t̃ = vt

L
, f̃ (Q) = f (Q)

C
, and ẼLdG = l2

L
ELdG, (2.18)

so that

∂t = v

l
∂t̃ , ∂x = 1

l
∂x̃ , Q = Q̃, A = v

l
Ã, W̃ = v

l
W̃, Q̇ = v

l
˙̃Q, Q = v

l
Q̃,

(2.19)

f̃ (Q) = − A

2C
tr Q2 + B

3C
tr Q3 + 1

4

(
tr Q2)2, and ẼLdG(Q̃) = 1

2
|∇̃Q̃|2 + Cl2

L
f̃
(
Q̃
)
.

(2.20)
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The forms of f̃ and ẼLdG are consistent with the following change of variable relation for
the Ginzburg–Landau functional:

FLdG(Q) =
∫

L

2
|∇Q|2 + f (Q) dx = Ll

∫
1
2
|∇̃Q̃|2 + Cl2

L
f̃
(
Q̃
)

dx̃ = Ll
∫

ẼLdG
(
Q̃
)

dx̃ .

(2.21)

If we further introduce ε = 1
l

√
(L/C) as the ratio between the nematic correlation length√

(L/C) and the system length scale l, we can then write the energy density in the
following non-dimensional form:

ẼLdG
(∇̃Q̃, Q̃

)= 1
2

∣∣∇̃Q̃
∣∣2 + 1

ε2 f̃
(
Q̃
)
. (2.22)

If ε � 1, then the potential function imposes a heavy penalty on deviations of Q from the
nematic states (2.4).

The non-dimensional system of the governing equations (2.7) is then

∂ ẼLdG

∂Q̃
− d̃iv

[
∂ ẼLdG

∂∇̃Q̃

]
− Λ̃I + Er

(
γ1Q̃ + γ2Ã + γ3

2

(
ÃQ̃ + Q̃Ã

)+ γ9
(
Ã · Q̃

)
Q̃
)

= 0,

(2.23)

Re ˙̃v + d̃iv
[

p̃I − T̃ v

SV − 1
Er

T̃ el
]

= 0, (2.24)

d̃iv ṽ = 0, (2.25)

where the non-dimensional viscous and elastic stress tensors are

T̃ v

SV = γ1
(
Q̃Q̃ − Q̃Q̃

)+ γ2
(
Q̃ + Q̃Ã − ÃQ̃

)+ γ3

2

(
Q̃Q̃ + Q̃Q̃ + Q̃

2
Ã − ÃQ̃

2)
+γ4

(
Q̃Ã + ÃQ̃

)+ γ5

(
Q̃

2
Ã + ÃQ̃

2)+ γ6
(
Ã · Q̃

)
Q + γ7

∣∣Q̃∣∣2Ã + Ã

+γ9
(
Q̃ · Q̃

)
Q̃ + γ10

((
Q̃

2 · Ã
)
Q̃ + (

Q̃ · Ã
)
Q̃

2)+ γ11
∣∣Q̃∣∣2(Ã · Q̃

)
Q̃ (2.26)

and

T̃ el = −∇̃Q̃ � ∇̃Q̃, (2.27)

respectively. In the above, the non-dimensional groups

Er = ζ8vl

L
and Re = ρvl

ζ8
(2.28)

are, respectively, the Ericksen and Reynolds numbers with

γi = ζi

ζ8
, i = 1, . . . , 7, 9, . . . , 11. (2.29)

We note that the constant Er gives the ratio between the viscous and elastic forces while
Re gives the ratio between the inertial and viscous forces.

For the rest of the paper, we will refer to our non-dimensionalized system (2.23)–(2.25)
but for simplicity omit the tildes in all the variables.
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2.3. Decoupling of the governing equations
In this section, we introduce physical regimes in which the far-field behaviour of Q and v
can be explicitly characterized. In particular, we will assume that the Ericksen number is
small so that – as we will see shortly – the equation for the Q-tensor decouples from the
equation for the velocity v. To this end, observe that

div T el = −div
((

∂i Q · ∂ j Q
)
ei ⊗ e j

)= −∂ j (∂i Q · ∂ j Q)ei

= −∇
(

1
2
|∇Q|2

)
− (

∂i Q · �Q
)
ei , (2.30)

from which div T el can be eliminated. More precisely, using (2.23), we have

∂i Q · �Q = 1
ε2

∂ f

∂Q
· ∂i Q + Er

(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

)
· ∂i Q,

(2.31)
where the ΛI disappears as tr Q = 0: ΛI · ∂i Q = Λ∂i trQ = 0. Combining (2.30) and (2.31),
we have

div T el

= −∇
(

1
2
|∇Q|2 + 1

ε2 f (Q)

)
− Er

(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

) · ∂i Qei

= −∇ELdG(Q) − Er
(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

)
· ∂i Qei . (2.32)

Hence

div
(

−pI + T v
SV + 1

Er
T el

)
= div

(
−pI − 1

Er
ELdG(Q)I + T v

SV

)
−
(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

)
· ∂i Qei .

(2.33)

By absorbing the gradient of the Landau–de Gennes energy density into the pressure field,
our system (2.23)–(2.25) takes the following form:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂ELdG

∂Q
− div

[
∂ELdG

∂∇Q

]
− ΛI + Er

(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

)= 0,

Re v̇ + div
[

pI − T v
SV

]+ (
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

) · ∂i Qei = 0,

div v = 0.

(2.34)

With the above, we now consider a specific regime of the above system so that the
far-field behaviour can be revealed explicitly. This is described as follows.
(a) The Ericksen number is small, i.e. Er → 0, so that the elastic stress in the liquid

crystal dominates the viscous stress. Formally, this leads to⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂ELdG

∂Q
− div

[
∂ELdG

∂∇Q

]
= 0,

Re v̇ + div
[

pI − T v
SV

]+ (
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

) · ∂i Qei = 0,

div v = 0
(2.35)
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where there is no need for ΛI as the tracelessness condition for Q is already
incorporated in (2.8). Note that the first equation is the Euler–Lagrange equation for
the Landau–de Gennes energy and it is decoupled from the equation for the velocity.
In other words, the tensor field Q serves as the inhomogeneous source term for the
velocity field v.

(b) The characteristic length of the problem is much smaller than the nematic correlation
length, i.e. ε → ∞ so that (∂ELdG/∂Q) = (1/ε2)(∂ f (Q)/∂Q) ≈ 0. Hence, we are led
to the following system:⎧⎪⎪⎨⎪⎪⎩
−�Q = 0,

Re v̇ + div
[

pI − T v
SV

]= −
(
γ1Q + γ2A + γ3

2

(
AQ + QA

)+ γ9(A · Q)Q
)

· ∂i Qei ,

div v = 0.

(2.36)
We remark that the non-negativity of the dissipation function is ensured if among
others, the inequality (2.17) is satisfied. However, as Q is fixed or actually ‘prescribed’
by (2.36) in our asymptotic regime, these inequalities can simply be replaced by the
condition that all the coefficients, γ1 through γ11 are sufficiently small.

(c) The Reynolds number is small and the system has reached stationarity, i.e. Re → 0
and ∂tQ = ∂tv = 0. Hence, the system (2.36) becomes⎧⎪⎪⎨⎪⎪⎩

−�Q = 0,

div
[

pI − T v
SV

]= −
(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

)
· ∂i Qei ,

div v = 0.

(2.37)

Note that in this case, we have Q = v · ∇Q + QW − WQ. We record T v
SV (2.26) here

again for convenience,

T v
SV = γ1

(
QQ − QQ

)+ γ2
(
Q + QA − AQ

)+ γ3

2

(
QQ + QQ + Q2A − AQ2)

+γ4
(
QA + AQ

)+ γ5
(
Q2A + AQ2)+ γ6(A · Q)Q + γ7|Q|2A + A

+γ9(Q · Q)Q + γ10
((

Q2 · A
)
Q + (

Q · A
)
Q2)+ γ11|Q|2(A · Q)Q. (2.38)

REMARK 1. Here we provide some typical values of the parameters to justify the above
assumptions. Using the values from Ravnik & Žumer (2009) and Ruhwandl & Terentjev
(1995), we have

η8 ∼ 10−1 Pa s, L ∼ 10−11 N and C ∼ 106 J m−3. (2.39)

Hence, for Er � 1, we would need vl � 10−10 m2 s−1. This can be satisfied if l �
10−6 m and v � 10−4 m s−1. With these, we have Re ∼ 10−9 � 1. For ε � 1, we need
l �√

L/C ∼ 10−8 m leading to l � 10 nm.
Note that the requirement that the particle size l � 10 nm seems quite restrictive. This

choice is mainly due to mathematical reasons as this assumption allows us to use an
explicit formula for Q to facilitate our analysis. We expect both our approach and our
results to remain valid for particles of larger sizes (see Remark 3 in § 3.1).

To conclude, the current paper analyses the stationary system (2.37) in the domain
exterior to a particle. We are particularly interested in the far-field behaviour of the flow.
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To complete the description of the system, we need to incorporate boundary conditions for
v and Q which are discussed next.

2.4. Boundary conditions
We will solve the system (2.37) in the exterior domain Ω =R3\Ba(0) in a moving frame.
The following boundary conditions will be imposed for Q and v:

Q −→ Q∗, v −→ v∗ as |x | −→ ∞, (2.40)

on ∂Ω :
{ 1

w

∂Q
∂ν

= Qb − Q,

v = vb.
(2.41)

In the above, Q∗, v∗ are the far-field states for Q and v, Qb is some M-valued function
defined on ∂ Ba(0) and ν is the outward unit normal to ∂Ω (or inward to Ba(0)). The
number w represents the anchoring strength.

Note that the Robin boundary condition for Q in (2.41) is associated with the following
surface anchoring energy:

Fs(Q) = w

2

∫
∂Ω

|Q − Qb|2 dσ. (2.42)

We refer to Willman et al. (2007) for a discussion of surface anchoring phenomena.
Recalling (2.2), the combined total energy of the system for the liquid crystal part is then
given by

E(Q) =FLdG(Q) +Fs(Q). (2.43)

Following the same non-dimensionalization procedure leading to (2.21), using a = l, we
have

Ẽ(Q̃) := E(Q)

Ll
=
∫
R3\B1(0)

1
2

∣∣∇̃Q̃
∣∣2 + 1

ε2 f̃
(
Q̃
)

dx̃ + w̃

∫
∂ B1(0)

∣∣Q̃ − Qb
∣∣2 dσ̃ (2.44)

where w̃ = wl/2L . Typically w ranges from 10−7 to 10−3 J m−2 (Ravnik & Žumer 2009;
Blinov, Kabayenkov & Sonin 1989). Using L ∼ 10−11 N and l ranging from 10−9 m to
10−6 m, we have w̃ ranging from 10−5 to 102. From now on, we will omit the tilde and
refer to w as the non-dimensional anchoring strength.

The first condition in (2.41) is called a weak anchoring condition for Q. Naturally, in
the case of infinite anchoring strength, w = ∞ the boundary conditions reduces to the
Dirichlet problem Q = Qb on ∂Ω . In this case Q is said to satisfy a strong anchoring
condition. In § 3.1, we will choose Qb a ‘hedgehog’ type so as to have an explicit solution
for Q.

REMARK 2. The problem (2.36), (2.40), (2.41) describes the flow of a nematic liquid
crystal in the exterior of a colloidal particle under various scenarios. We emphasize that
the quantity vb is defined in the frame associated with the moving particle.

(a) For a passive particle, the condition vb = 0 describes no-slip boundary conditions
on the surface of a particle that is stationary with respect to an inertial frame. The
second condition in (2.40) imposes the constant velocity v∗ of the flow at infinity.

(b) Now suppose the passive particle moves in the nematic fluid with an externally
imposed velocity vc subject to the no-slip boundary condition, while the nematic is
stationary at infinity, then the velocity on the boundary of the particle and at infinity
equals vb = vc and v∗ = 0, respectively. In this case, if we go to a frame moving
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with the particle, then the velocity of the nematic liquid crystal at infinity will equal
v∗ = −vc and the velocity on the surface of the particle will vanish, that is, vb = 0.
However, this change of frame will induce an additional forcing term in (2.32) due
to the presence of the convective derivative v · ∇Q of Q. This term will be described
more explicitly in § 4, in particular, (4.28) and the discussion afterward.

(c) For a general active particle, vb is typically prescribed and non-constant on the
surface of the particle. Similar to the previous paragraph, if the particle moves with
constant velocity vc, then changing to a frame moving with the particle, we can
replace vb and v∗ by vb − vc and v∗ = −vc. The value of vc can be determined by
solving the problem (2.36), (2.40)–(2.41) and choosing vc so that the total stress on
the surface of the particle vanishes.

As a final remark, we point out that it is certainly advantageous to consider our problem
in the frame of the (moving) particle so that the domain does not change in time. Thus, in
the case of passive particle which is the emphasis of the current paper, we set vb = 0 and
v∗ to be some prescribed value. (As mentioned above, the extension to active particle in
the current framework is achieved by setting vb to be some general non-constant function.
See Lighthill (1952) for examples of such a function.) Our goal is then to compute and
analyse the flow pattern of the nematic fluid.

3. Preliminary information
Here we describe known explicit solutions for Q and v, which will be used in
determining the flow pattern in our anisotropic Stokes system. At this point, we have
non-dimensionalized the system so that the domain Ω is now taken to be R3\B1(0).

3.1. Stationary state for Q
Under the physical regime and boundary conditions considered in the § § 2.3 and 2.4, we
are looking for a Q-tensor function satisfying

�Q = 0, in Ω, (3.1)

1
w

∂Q
∂ν

= Qb − Q on ∂Ω , (3.2)

Q = Q∗ at |x | = ∞ (3.3)

where w = O(1) is the non-dimensional anchoring strength. The work Alama–Bronsard–
Lamy (Alama et al. 2016) gives the following explicit solution:

Q =
(

1 − w

1 + w

1
r

)
Q∗ + w

3 + w

1
r3 Qb, r > 1, (3.4)

where Q∗ = s∗
(

n∗ ⊗ n∗ − I
3

)
, with a given unit vector n∗, (3.5)

and Qb = s∗
(

x̂ ⊗ x̂ − I
3

)
, x̂ = x

|x | , (3.6)

with parameters s∗ > 0. Note that the boundary function Qb is of ‘hedgehog’ type.
This boundary behaviour corresponds to Q satisfying the so-called weak homeotropic
anchoring condition. Note that the above Q is harmonic and has the following far-field
asymptotics:
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Q ∼ Q∗ + O

(
1
r

)
and ∇Q ∼ O

(
1
r2

)
, for r � 1. (3.7)

REMARK 3. We remark that Alama et al. (2016) derives the above equation in the
small particle regime a2 � L , corresponding to ε � 1. For large particle, a2 � L ,
corresponding to ε � 1, the solution Q tends to a map taking the form, Q(x) = s∗(n(x) ⊗
n(x) − (I/3)) for some unit vector field n(·). We point out here the work (Alama et al. 2023)
in which it is shown that in the director model, n(x) decays as (1/r) in the region away
of a particle. This result is fairly robust with respect to the boundary condition – it relies
mostly on the energy minimizing property of the director field. The explicit formula (3.4)
for Q(x) is consistent with this behaviour. We expect that similar asymptotics will also hold
in the intermediate particle size regime as Q satisfies (2.35). Due to the stabilizing term
∂ELdG(Q)/∂Q, Green’s function for the linearized system has better decay properties.
It is certainly of interest to make this statement more precise and also investigate the
asymptotics and expansions of the solution as a function of Er and ε.

On the other hand, the decay property of the velocity field v is much more involved and
requires a different consideration. It depends on the interaction between Green’s function
for Stokes system and the inhomogeneous terms which are directly linked to the explicit
expression for Q in (3.4). The main technical component of the rest of this paper is to
understand this interaction.

3.2. Green’s function for classical isotropic Stokes system
We introduce here the fundamental solution (E, q) of the Stokes system which solves the
following system of equations:⎧⎪⎨⎪⎩

−�Eij(x) − ∂

∂xi
q j (x) = δijδ0(x),

∂

∂xi
Eij(x) = 0.

(3.8)

Following Galdi (2011, Chapter 4.2, p. 238), (E, q) is given as

E(x) = 1
8π

[
I
r

+ x ⊗ x

r3

]
, i.e. Eij(x) = 1

8π

[
δij

r
+ xi x j

r3

]
, i, j = 1, 2, 3, (3.9)

q(x) = − 1
4π

x

r3 , i.e. qi (x) = − xi

r3 , i = 1, 2, 3. (3.10)

Note that

E(x) ∼ 1
r
, and q(x) ∼ 1

r2 for r � 1. (3.11)

The above fundamental solution can be used to produce solutions of Stokes system on
the entire space. More precisely, if (u, p) solves

−�u + ∇ p = f , on R3,

div u = 0, on R3,

u = 0, at |x | = ∞, (3.12)

then it is given by

u(x) =
∫
R3

E(x − y) f (y) dy and p(x) =
∫
R3

−q(x − y) · f (y) dy. (3.13)
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The above integrals are well-defined for f with sufficient spatial decay (Galdi 1999, 2011).
Similarly, in the case of a Stokes system in an exterior domain, for example,

−�u + ∇ p = f , on Ω,

div u = 0, on Ω ,

u = 0, at |x | = ∞, (3.14)

then u and p can be represented by

u(x) =
∫

Ω

E(x − y) f (y) dy

+
∫

∂Ω

〈
E(x − y), T(u, p)(y)νy

〉
dσy −

∫
∂Ω

〈
T(E, q)(x − y)νy, u(y)

〉
dσy,

(3.15)

p(x) =
∫

Ω

−q(x − y) · f (y) dy

−
∫

∂Ω

〈
T(u, p)(y)νy, q(x − y)

〉
dσy + 2

∫
∂Ω

〈∇xq(x − y)νy, u(y)
〉
dσy, (3.16)

where T is the stress tensor defined for any given vector and scalar fields w and π as

T(w, π) = ∇w + (∇w)T − π I, (3.17)

and for any matrix and vector fields M and g and vector v, T(M, g)v is a matrix with its
i th row given by (

T(M, g)v
)

i = T(M i , gi )v. (3.18)

We also recall the convention as stated in item (g) at the end of the Introduction.
In the above and the bulk of this paper, we will be dealing with solutions u that converge

to their far-field limits with rate (1/r). With this in mind, we expect the following estimates
for the boundary integrals:∣∣∣∣∫

∂Ω

〈
E(x, −y), T(u, p)(y)νy

〉
dσy

∣∣∣∣� 1
r
, (3.19)∣∣∣∣∫

∂Ω

〈
T(E, q j )(x − y)νy, u(y)

〉
dσy

∣∣∣∣� 1
r2 , (3.20)∣∣∣∣∫

∂Ω

〈
T(u, p)(y)νy, q(x − y)

〉
dσy

∣∣∣∣� 1
r2 , (3.21)∣∣∣∣∫

∂Ω

〈∇xq(x − y)νy, u(y)
〉
dσy

∣∣∣∣� 1
r3 . (3.22)

Clearly (3.19) gives the dominating far-field behaviour. It can be decomposed as∫
∂Ω

〈
E(x − y), T(u, p)(y)νy

〉
dσy

=
〈
E(x),

∫
∂Ω

T(u, p)(y)νydσy

〉
+
∫

∂Ω

〈
E(x − y) − E(x), T(u, p)(y)νy

〉
dσy

= 〈E(x),F〉 + O

(
1
r2

)
(3.23)
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where

F :=
∫

∂Ω

T(u, p)(y)νydσy (3.24)

denotes the boundary stress or drag force on the particle. The decomposition (3.23) is the
same as Chang & Finn (1961, Theorem 1, (4.2a)).

A word of caution is in order. The anticipated (1/r) rate of decay for u relies crucially
on the mean-zero condition on the inhomogeneous function f which appears in the bulk

integral
∫

Ω

E(x − y) f (y) dy in (3.15). This and other related far-field asymptotics of the

bulk integrals and the method of solution for the Stokes system (2.32) will be given in the
Appendices and Supplementary materials. In particular, see Appendix A.3 and A.4.

3.3. Uniform Stokes flow
Here we provide the solution of a uniform Stokes flow U with far-field velocity U∗, passing
a sphere of radius a. It solves the following system of equations:

−�U + ∇ p = 0, for |x | > a; (3.25)

div U = 0, for |x | > a; (3.26)

U = 0, at |x | = a; (3.27)

U = U∗, at |x | = ∞. (3.28)

Using the spherical coordinates (following the physicists’ convention) with θ being the
polar angle (measured from the polar axis) and φ being the azimuthal angle (measured
from the meridian plane), we can write the velocity flowing along the polar axis as U =
(ur , uθ , uφ = 0). Following Acheson (1990, § 7.2), we have

ur = 1
r2 sin θ

∂Ψ

∂θ
, and uθ = − 1

r sin θ

∂Ψ

∂r
, (3.29)

where

Ψ (r, θ) = f (r) sin2 θ, f (r) = V

4

(
2r2 − 3ar + a3

r

)
, V = |U∗|, (3.30)

ur = V

4

(
2 − 3a

r
+ a3

r3

)
2 cos θ, (3.31)

uθ = −V

4

(
4 − 3a

r
− a3

r3

)
sin θ. (3.32)

We note that the form of f is found by solving ((∂2/∂r2) − (2/r2))2 f (r) = 0. The method
of finding f in a bounded (annular) domain will be presented in Appendix C.

If the flow is in the direction of the x1-axis, i.e. U∗ = V e1, then we have in Cartesian
coordinates that
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U = V

(
e1 − 3a

4

(
x1x + r2e1

r3

)
− a3

4

(
r2e1 − 3x1x

r5

))
= V

(
e1 − 3a

4

(
2x2

1 + x2
2 + x2

3 , x1x2, x1x3

r3

)

−a3

4

(
−2x2

1 + x2
2 + x2

3 , −3x1x2, −3x1x3

r5

))
, (3.33)

p = p∞ − 3
2

V a

r2 cos θ = p∞ − 3
2

V a

r2
x1√

x2
1 + x2

2

. (3.34)

More generally, in vector form, we have

U = U∗ − 3a

4

(
x ⊗ xU∗ + r2U∗

r3

)
− a3

4

(
r2U∗ − 3x ⊗ xU∗

r5

)
=
[
I − 3a

4

(
x ⊗ x + r2I

r3

)
+ a3

4

(
3x ⊗ x − r2I

r5

)]
U∗. (3.35)

Making use of Green’s function E (3.9) and upon introducing

F(x) = 3x ⊗ x − r2I
r5 , (3.36)

we have

U = U∗ − 6πaE(x)U∗ + a3

4
F(x)U∗, (3.37)

or more compactly,

U = ESU∗, where ES = I − 6πaE(x) + a3

4
F(x). (3.38)

We note the following asymptotics:

E(x) ∼ O

(
1
r

)
, F(x) ∼ O

(
1
r3

)
, (3.39)

so that

U ∼ U∗ + O

(
1
r

)
, and ∇U, A, W ∼ O

(
1
r2

)
, for r � 1. (3.40)

Next, we compute the drag force F (3.24) on the moving particle. For this purpose, the
components of T(u, p) on ∂ Ba , expressed in spherical coordinates are

Trr = −p + 2
∂ur

∂r
= −p∞ + 3

2
V

a
cos θ,

Trθ = r
∂

∂r

(uθ

r

)
+ 1

r

∂ur

∂θ
= −3

2
U

a
sin θ,

Trφ = 0. (3.41)

With the above, F , in the direction of U∗, is given by

F =
∫ 2π

0

∫ π

0

(
Trr cos θ − Trθ sin θ

)
a2 sin θdθdφ = 6πaV (3.42)
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or in vector form, written as

F = 6πaU∗, (3.43)

which is the celebrated Stokes Law.

REMARK 4. The classical isotropic Stokeslet fundamental solution given by

vs = Eα, ps = q · α, (3.44)

for any α ∈R3 corresponds to Stokes flow driven by a point source of strength α located at
the origin. Note that the far-field behaviour of the Stokeslet is the same as the leading-order
asymptotics of classical Stokes flow in the exterior of a spherical domain. See Chwang &
Wu (1975) for an explanation and application of such a notion.

4. Structure of the anisotropic Stokes (2.37)
Here we start our analysis for the stationary system (2.37) with boundary conditions
(2.40)–(2.41). The main conclusion of this section is that we can write the (2.37) in the
form (4.18) which is that of a second-order, linear system of equations with constant
coefficients. All the inhomogeneous terms can be explicitly expressed in terms of the
tensor field Q which is given by (3.4)–(3.6). Equation (4.18) is then used to understand the
far-field behaviour (r � 1) of v.

To proceed, we first substitute form (3.4) for Q into (2.37) for v and estimate various
quantities for r � 1.

(a) Recall the decay property (3.7) of Q : Q = Q∗ + O(1/r) and ∇Q = O(1/r2). We
look for a solution v satisfying v = v∗ + O(1/r) and ∇v = O(1/r2). Hence, we
expect

A, W ∼ O

(
1
r2

)
,

Q = v · ∇Q + QW − WQ
= v∗ · ∇Q + Q∗W − WQ∗︸ ︷︷ ︸

O
(

1
r2

) + (v − v∗) · ∇Q + (Q − Q∗)W − W(Q − Q∗)︸ ︷︷ ︸
O
(

1
r3

)
∼ O

(
1
r2

)
. (4.1)

(b) With the above, the right-hand side of (2.37) becomes

Dγ := −
(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

)
· ∂i Qei ∼ O

(
1
r4

)
. (4.2)

(c) Next, we analyse the terms constituting the viscous stress T v
SV given by (2.38).

(i) The γ1-term:[
QQ − QQ

]= [
Q
(
v · ∇Q + QW − WQ

)− (
v · ∇Q + QW − WQ

)
Q
]

= [
Q
(
v · ∇Q

)− (
v · ∇Q

)
Q
]+ [

Q2W − 2QWQ + WQ2]. (4.3)
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For the first bracketed term in (4.3), we have the following decomposition:[
Q
(
v · ∇Q

)− (
v · ∇Q

)
Q
] = [

Q∗(v∗ · ∇Q) − (v∗ · ∇Q)Q∗
]

+ [
Q∗(v − v∗) · ∇Q − (v − v∗) · (∇Q)Q∗

]
+ [

(Q − Q∗)v · ∇Q − (v · ∇Q)(Q − Q∗)
]

= [
Q∗(v∗ · ∇Q) − (v∗ · ∇Q)Q∗

]+ O

(
1
r3

)
=:A1(x) + O

(
1
r3

)
. (4.4)

For the second bracketed term in (4.3), we have[
Q2W − 2QWQ + WQ2]= [

Q2∗W − 2Q∗WQ∗ + WQ2∗
]+ O

(
1
r3

)
=:B1[∇v] + O

(
1
r3

)
. (4.5)

In the above, A1 and B1 are linear in v∗ · ∇Q and ∇v, respectively, both having
coefficients depending only on Q∗. Furthermore, both A1 and B1 decay as r−2. A
similar structure exists for all the remaining terms in the stress tensor as it will become
clear while we proceed through the rest of this computation.

(ii) The γ2-term:[
Q + QA − AQ

]
= [

v · ∇Q + Q∇v − (∇v)Q
]

= [
v∗ · ∇Q + Q∗∇v − (∇v)Q∗

]+ [
(v − v∗) · ∇Q + (Q − Q∗)∇v − ∇v(Q − Q∗)

]
=A2(x) +B2[∇v] + O

(
1
r3

)
, (4.6)

where

A2(x) := v∗ · ∇Q and B2[∇v] := Q∗∇v − (∇v)Q∗. (4.7)

(iii) The γ3-term:

1
2

(
QQ + QQ + Q2A − AQ2)

= 1
2

(
Q∗
(
v∗ · ∇Q + Q∗W − WQ∗

)+ (
v∗ · ∇Q + Q∗W − WQ∗

)
Q∗

+ Q2∗A − AQ2∗
)+ O

(
1
r3

)
= 1

2

(
Q∗(v∗ · ∇Q) + (v∗ · ∇Q)Q∗ + Q2∗(∇v) − (∇v)Q2∗

)+ O

(
1
r3

)
=A3(x) +B3[∇v] + O

(
1
r3

)
, (4.8)
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where

A3(x) := 1
2

(
Q∗(v∗ · ∇Q) + (v∗ · ∇Q)Q∗

)
,

B3[∇v] := 1
2

(
Q2∗(∇v) − (∇v)Q2∗

)
.

(4.9)

(iv) The γ4-term:

QA + AQ = Q∗A + AQ∗ + O

(
1
r3

)
=:B4[∇v] + O

(
1
r3

)
. (4.10)

(v) The γ5-term:

Q2A + AQ2 = Q2∗A + AQ2∗ + O

(
1
r3

)
=:B5[∇v] + O

(
1
r3

)
. (4.11)

(vi) The γ6-term:

(A · Q)Q = (A · Q∗)Q∗ + O

(
1
r3

)
=:B6[∇v] + O

(
1
r3

)
. (4.12)

(vii) The γ7-term:

|Q2|A = |Q2∗|A + O

(
1
r3

)
=:B7[∇v] + O

(
1
r3

)
. (4.13)

(viii) The γ9-term:

(Q · Q)Q =
(
(v · ∇Q + QW − WQ) · Q

)
Q =

(
(v · ∇Q) · Q

)
Q

=
(
(v∗ · ∇Q) · Q∗

)
Q∗ + O

(
1
r3

)
=A9(x) + O

(
1
r3

)
, (4.14)

where we have used the fact that (QW − WQ) · Q = 0 as (CD − DC) · C = 0 for
any C, D ∈ M3×3 with C symmetric.

(ix) The γ10-term:(
Q2 · A

)
Q + (Q · A)Q2 = (

Q2∗ · A
)
Q∗ + (Q∗ · A)Q2∗ + O

(
1
r3

)
=:B10[∇v] + O

(
1
r3

)
. (4.15)

(x) The γ11-term:

|Q|2(A · Q)Q = |Q∗|2(A · Q∗)Q∗ + O

(
1
r3

)
=:B11[∇v] + O

(
1
r3

)
. (4.16)

From the above, we note that

A4 =A5 =A6 =A7 =A10 =A11 = 0 and B9 = 0. (4.17)

Taking into account the items (a)–(c) above, we can now write (2.37) as

− (
�v + div

[Bγ [∇v] +Aγ (x) + Cγ (x)
])+ ∇ p =Dγ (x) (4.18)
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where

Bγ [∇v] =Bγ,Q∗[∇v] :=
11∑

i=1,�=8,9

γiBi [∇v], (4.19)

Aγ (x) =Aγ,Q∗[v∗ · ∇Q] :=
∑

i=1,2,3,9

γiAi (x) = O

(
1
r2

)
, (4.20)

Cγ (x) = Cγ (v, x) := Tv
SV − A −Bγ [∇v] −Aγ (x) = O

(
1
r3

)
, (4.21)

Dγ (x) =Dγ (v, x) := −
(
γ1Q + γ2A + γ3

2
(AQ + QA) + γ9(A · Q)Q

)
· ∂i Qei

= O

(
1
r4

)
. (4.22)

In the above and what follows, we will use the symbol γ to denote an expression or quantity
that genuinely depends on γ1, . . . , γ11. Furthermore, we set

|γ | := max{|γ1|, . . . , |γ11|}. (4.23)

We might omit γ if the dependence is clear from the context.
The advantage of representation (4.18)–(4.22) is highlighted as follows.

(a) The linear operator Bγ [·] in ∇v corresponds to the leading-order far-field
contribution to the diffusivity matrix originating from the stress tensor. In particular,
div [Bγ [∇v]] is linear in D2v with constant coefficients depending only on Q∗. More
explicitly, (4.19) can be written as

div
[Bγ [∇v]]=Mγ : D2v (4.24)

for some constant fourth-order tensor Mγ . Upon introducing the coordinates Mγ =
(Mi, j;k,l), the right-hand side of the above is understood as(Mγ : D2v

)
i =Mi, j;k,l∂klv j , for i = 1, 2, 3. (4.25)

(b) The term div [Aγ (x)] decays as r−3 for r � 1. It can be treated as a purely
inhomogeneous forcing term involving D2Q, v∗ and Q∗. Note that it is linear in
the expression v∗ · ∇Q so it vanishes if v∗ = 0.

(c) The terms div [Cγ (x)] and Dγ (x) decay as r−4 for r � 1 and hence they are
integrable in the exterior domain Ω ,∫

Ω

∣∣div [Cγ (x)]∣∣ dx,

∫
Ω

∣∣Dγ (x)
∣∣ dx < ∞. (4.26)

The explicit calculation of div [Aγ (x)], div [Bγ [∇v]], div [Cγ (x)] and Dγ (x) will be
presented in Appendix B. We point out that the presence of Aγ and Dγ is due to the
dependence of the interacting potential function R on Q so that only γ1, γ2, γ3 and γ9
appear in the expressions for Aγ and Dγ . (See the form (2.12) of R.)

For the purpose of analysing (4.18), we will keep div [Bγ [∇v]] in the left-hand side but
move Aγ , Cγ ,Dγ to the right of that equation which now becomes

− �v − div
[Bγ [∇v]]+ ∇ p = div

[Aγ (x)
]+ div

[Cγ (x)
]+Dγ (x). (4.27)
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Note that −�v − div [Bγ [∇v]] is a second-order differential operator in v with constant
coefficients. Its Green’s function can be computed using Fourier transform and enjoys
similar properties as the Newtonian potential. This is performed in the Supplementary
materials § D.

Combining the above with the explicit expression (3.4) of Q, the terms on the right-hand
side of (4.27) take the following forms:

div Aγ (x) = γ
F(x̂)

r3 + O

(
1
r4

)
, (4.28)

div Cγ (x) +Dγ (x) = γ

(
G(x̂)

r4 + H(x̂) : (v − v∗)
r3 + I(x̂) : Dv

r2 + J(x̂) : D2v

r

)
+ O

(
1
r5

)
(4.29)

where F, G, H, I, J are some bounded vector or tensor fields defined on the unit sphere
S2 depending only on Q and Q∗ but not on v and v∗. We again recall the convention
about the symbol ‘:’ stated in item (g) at the end of the Introduction. The precise forms
of the contractions between tensors are not too important for our analysis. The key is the
homogeneity in r leading to appropriate spatial decay. The presence of γ on the right-hand
side refers to the fact that the terms are multiplied by γi . In particular, Aγ ,Bγ , Cγ ,Dγ are
all bounded in magnitude by O(|γ |). Hence, if |γ | = 0, then (4.27) simply becomes the
classical isotropic Stokes (3.25).

Relating back to § 2.4, Remark 2, note that the system (2.37) with boundary conditions
(2.40)–(2.41) is solvable for any vb and v∗. From the form of Aγ written in (4.28), it seems
the system becomes simpler by setting v∗ = 0. This can be achieved by a change of frame
or simply consider the new vector field v′ = v − v∗. However, due to the presence of the
convective derivative v · ∇Q of Q, either of these procedures will necessarily give rise to
the term v∗∇Q which at leading order is embedded in Aγ .

5. Properties of the anisotropic Stokes flow (2.37)
Collecting the expressions from (4.28) and (4.29), we rewrite (4.27) as

Lγ v + ∇ p = f γ (v), for |x | > a, (5.1)

div v = 0, for |x | > a, (5.2)

v = vb (= 0), on ∂ Ba, (5.3)

v = v∗, at |x | = ∞; (5.4)

where

Lγ v := −(�v +Mγ : D2v
)
, (5.5)

f γ (v) := div Aγ (x) + div Cγ (x) +Dγ (x),

= γ

(
F(x̂)

r3 + G(x̂)

r4 + H(x̂) : (v − v∗)
r3 + I(x̂) : Dv

r2 + J(x̂) : D2v

r

)
+ O

(
1
r5

)
. (5.6)
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Note that given Q, the dependence of f γ in its argument is in fact linear so that

f γ (u1) − f γ (u2) = f γ (u1 − u2) (5.7)

making the above a linear system which we designate as our anisotropic Stokes system.
We remark again that the above system describes the flow in the moving frame attached

to the particle. The far-field velocity v∗ is prescribed. For passive particle which is the
case in this paper, we take vb = 0 while for active particle, it is in general some prescribed,
non-constant function. Note also that if vb = 0 and v∗ = 0, then we have only the trivial
solution v = 0.

Upon introducing

Tγ (w, π) = ∇w + (∇w)T +Bγ (∇v) − π I, (5.8)

we can also write (5.1) as

− div Tγ (v, p) = f γ (v). (5.9)

Similar to classical Stokes solution (3.40), we look for a solution v for (5.1) with spatial
decay v − v∗ ≈ (1/r). The existence of such a v will be provided in the Supplementary
materials. Here we will concentrate on its representation formula and its usage in analysing
properties of the solution.

As Lγ is a second-order differential operator, we infer that there are functions Gγ and
hγ with homogeneous degrees −1 and −2,

Gγ (x) = Gγ (x̂)

|x | and hγ (x) = hγ (x̂)

|x |2 (5.10)

such that v can be represented as

v(x) =
∫

Ω

Gγ (x − y) f γ (v(y)) dy +
∫

∂Ω

〈
Gγ (x − y), Tγ (v, p)(y)νy

〉
dσy

−
∫

∂Ω

〈
Tγ (Gγ , hγ )(x − y)νy, v(y)

〉
dσy + v∗. (5.11)

The functions Gγ and hγ will be constructed using Fourier transform in the
Supplementary materials. The above integral representation of v will be used to analyse
its far-field decay property and deviation from the classical Stokes flow.

First, similar to (3.19)–(3.22), for the boundary integrals in (5.11), we have∣∣∣∣∫
∂Ω

〈
Gγ (x − y), Tγ (v, p)(y)νy

〉
dσy

∣∣∣∣� 1
r
, and∣∣∣∣∫

∂Ω

〈
Tγ (Gγ , hγ )(x − y)νy, v(y)

〉
dσy

∣∣∣∣� 1
r2 . (5.12)

In order to have v − v∗ ≈ r−1, we need that the bulk term satisfies the following estimate:∫
Ω

Gγ (x − y) f γ (v(y)) dy � 1
r
. (5.13)

This crucially depends on the decay property of f γ (v). Note that by (5.6), the dominant
term of f γ is given by

div Aγ (x) = γ

(
F(x̂)

r3

)
≈ 1

r3 . (5.14)
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According to (A21), the validity of (5.13) requires F to satisfy the mean zero condition:∫
S2

F(x̂) dσ = 0. (5.15)

That it is true will be shown in Appendix A.4.
Second, we investigate the precisely far-field behaviour of v, in particular, its deviation

from the classical Stokes solution. For this purpose, we rearrange (5.11) in the following
form:

v − v∗ =
〈
Gγ (x),

∫
∂Ω

Tγ (v, p)(y)νy dσy

〉
(5.16)

+
∫

Ω

Gγ (x − y)div Aγ (y) dy + Gγ (x)

(∫
Ω

(
div Cγ (v) +Dγ (v)

)
(y) dy

)
(5.17)

+
∫

∂Ω

〈
Gγ (x − y) − Gγ (x), Tγ (v, p)(y)νy

〉
dσy (5.18)

−
∫

∂Ω

〈
Tγ (Gγ , hγ )(x − y)νy, v(y)

〉
dσy (5.19)

+
∫

Ω

(Gγ (x − y) − Gγ (x))
(
div Cγ (v) +Dγ (v)

)
(y) dy. (5.20)

Note that for |x | � 1, we have

(5.17) = O(1)

|x | ,

(5.18) = O(γ )

|x | ,

(5.1) and (5.20) = O(1)

|x |2 ,

(5.21) = O(γ ) log |x |
|x |2 (by (A5)). (5.21)

Hence, up to O(γ ), (5.16) and (5.17) are the dominant terms in the expression for the
anisotropic flow.

We next describe asymptotically (5.16) and (5.17) for γ � 1.

5.1. Precise asymptotics: deviation from isotropic Stokes flow
The purpose of this section is to reveal more clearly the difference between v and the
classical Stokes flow v0 which is set to satisfy

−�v0 + ∇ p0 = 0, for |x | > a,

div (v0) = 0, for |x | > a,

v0 = 0, on |x | = a,

v0 = v∗, at |x | = ∞. (5.22)
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Define ϕγ := v − v0. Then we have

−�ϕγ + ∇(p − p0) = −Mγ : D2v + f γ (v)

= −Mγ : D2v0 + f γ (v0)

+
(

f γ (v) − f γ (v0) −Mγ : (D2v − D2v0
))

. (5.23)

Note that |Mγ |, | f γ (v0)|� |γ | and | f γ (v) − f γ (v0)| = | f γ (v − v0)|� |γ |‖v − v0‖S .
Now let ϕγ solve

−�ϕγ + ∇(pγ ) = −Mγ : D2v0 + f γ (v0), (5.24)

div(ϕγ ) = 0, for |x | > a, (5.25)

ϕγ = 0, on |x | = 0 and at |x | = ∞. (5.26)

Then the same approach in deriving estimates for v gives

‖ϕγ ‖S � O(γ ), and ‖ϕγ − ϕγ ‖S � O
(
γ 2). (5.27)

Hence, we have

v = v0 + ϕγ + O
(
γ 2). (5.28)

Finally, using Green’s function E (3.9) for the classical Stokes flow, we have the
following representation of ϕγ :

ϕγ (x) =
∫

Ω

E(x − y)
(−Mγ : D2v0 + f γ (v0(y))

)
dy

+
∫

∂Ω

〈
E(x − y), T(ϕγ , pγ )(y)νy

〉
dσy

=
∫

Ω

E(x − y)
(−Mγ : D2v0 + f γ (v0(y))

)
dy + E(x)

∫
∂Ω

T(ϕγ , pγ )(y)νy dσy

+
∫

∂Ω

〈
E(x − y) − E(x), T(ϕγ , pγ )(y)νy

〉
dσy, (5.29)

where T is the Stokes stress tensor (3.17). Note that the last term in the above decays as
1

|x |2 . Hence, we have

ϕγ (x) = Iγ (x) + E(x)Jγ + O

(
1

|x |2
)

, (5.30)

where Iγ (x) :=
∫

Ω

E(x − y)
(−Mγ : D2v0 + f γ (v0(y))

)
dy, (5.31)

Jγ :=
∫

∂Ω

T(ϕγ , pγ )(y)νydσy . (5.32)

The rest of this section will describe more explicitly the bulk and boundary integrals Iγ

and Jγ .
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5.1.1. Estimating Iγ

Recalling from (3.38) that v0 = ESv∗, we have

Iγ (x) =
∫

Ω

E(x − y)
[−Mγ : D2v0 + f γ (v0(y))

]
dy

=
∫

Ω

E(x − y)
[
6πaMγ : D2E(y)v∗ − a3

4
Mγ : D2F(y)v∗

+ div Aγ (y) + div Cγ (y) +Dγ (y)
]

dy

=
∫

Ω

E(x − y)
[
6πaMγ : D2E(y)v∗ + div Aγ (y)

]
dy (5.33)

+ E(x)

∫
Ω

[
−a3

4
Mγ : D2F(y)v∗ + div Cγ (y) +Dγ (y)

]
dy

+
∫

Ω

(E(x − y) − E(x))

[
−a3

4
Mγ : D2F(y)v∗ + div Cγ (y) +Dγ (y)

]
dy

=: I1 + I2 + I3. (5.34)

Note that I2 decays as E(x) ∼ (1/|x |) because the integrand ∼ (1/|x |4) is integrable. By
(A5), the integral I3 decays as (log |x |/|x |2).

For I1, we show in Appendix A.4 that D2E(x) ≈ (1/r3) satisfies the mean zero
condition, ∫

S2
D2E(x̂) dσ = 0. (5.35)

By (A21), we can then infer that I1(x) decays as 1
|x | . (Recall that such a condition is also

verified for div Aγ in Appendix A.4.)
With the above, we can conclude that

Iγ (x) = 1
|x |

∫
S2

H(x̂, ω)
[
6πaMγ : D2E(ω)v∗ + div Aγ (ω)

]
dσω (5.36)

+ E(x)

∫
Ω

[
−a3

4
Mγ : D2F(y)v∗ + div Cγ (y) +Dγ (y)

]
dy

+ O

(
log |x |
|x |2

)
. (5.37)

In § 5.2, we will demonstrate that all the terms in the above expression either have
symbolic representations or are amenable to numerical computation.

5.1.2. Estimating Jγ

To obtain an explicit formula for the boundary integral Jγ associated with ϕγ , we multiply
(5.24) by a test function given by ṽ0 − ṽ∗ where ṽ0 solves the following equation:

−�ṽ0 + ∇ p̃0 = 0, for |x | > a,

div (ṽ0) = 0, for |x | > a,

ṽ0 = 0, on |x | = a,

ṽ0 = ṽ∗, at |x | = ∞, (5.38)
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with an arbitrary ṽ∗. Using integration by parts (see Ladyzhenskaya (1969, p.53 (10), (11)),
we obtain

−
∫

∂Ω

〈
T
(
ϕγ , pγ

)
νy,

(
ṽ0 − ṽ∗

)〉
dσy +

∫
∂Ω

〈
T
(
ṽ0, p̃0

)
νy, ϕγ

〉
dσy

=
∫

Ω

〈−Mγ : D2v0 + f γ (v0(y)), ṽ0 − ṽ∗
〉
dy. (5.39)

The above is justified by the decay estimates for ϕγ and ṽ0 − ṽ∗,∣∣∣∣∫{|x |=R}
〈
T
(
ϕγ , pγ

)
νy,

(
ṽ0 − ṽ∗

)〉
dσy

∣∣∣∣� 1
R2

1
R

R2 = 1
R∣∣∣∣∫{|x |=R}

〈
T
(
ṽ0, p̃0

)
νy, ϕγ

〉
dσy

∣∣∣∣� 1
R2

1
R

R2 = 1
R∫

{|x |>R}
∣∣−Mγ : D2v0 + f (v0(y))

∣∣∣∣ṽ0 − v∗
∣∣ dy �

∫ ∞

R

1
r3

1
r

r2 dr � 1
R

(5.40)

which all vanish as R −→ 0. Hence, we have∫
∂Ω

〈
T
(
ϕγ , pγ

)
νy,

(
ṽ0 − ṽ∗

)〉
dσy

=
∫

∂Ω

〈
T
(
ṽ0, p̃0

)
νy, ϕγ

〉
dσy −

∫
Ω

〈−Mγ : D2v0 + f (v0(y)), ṽ0 − ṽ∗
〉
dy. (5.41)

As ṽ0 = ϕγ = 0 on ∂Ω , the following holds for any ṽ∗:∫
∂Ω

〈
T
(
ϕγ , pγ

)
νy, ṽ∗

〉
dσy =

∫
Ω

〈−Mγ : D2v0 + f γ (v0(y)), ṽ0 − ṽ∗
〉
dy

=
∫

Ω

〈−Mγ : D2ES(y)v∗ + f γ (ES(y)v∗), (ES − I)ṽ∗
〉
dy.

(5.42)

To conclude, we have

Jγ =
∫

∂Ω

T
(
ϕγ , pγ

)
νy dσy

=
∫

Ω

(ES − I)
[−Mγ : D2ES(y)v∗ + f γ

(
ES(y)v∗

)]
dy

=
∫

Ω

(ES − I)
[−Mγ : D2ES(y)v∗

+ div Aγ (y) + div Cγ

(
ES(y)v∗, y

)+Dγ

(
ES(y)v∗, y

)]
dy. (5.43)

Again, similar to Iγ , as demonstrated in the next section, all the terms in the above
either have symbolic representations or are amenable to numerical computation.

5.2. Analytical expressions
In this section, we calculate explicitly (5.36), (5.37) and (5.43). In principle, we can handle
all the terms as they only involve homogeneous functions of negative integral degrees.
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More precisely, we have

E(x) (3.9) : δij

r
,

xi x j

r3 ,

F(x) (3.36) : δij

r3 ,
xi x j

r5

Q (3.4) : δij

r
,

δij

r3 ,
xi x j

r5 (5.44)

and v = ESv∗ with ES = I − 6πaE(x) + (a3/4)F(x) (3.38). Furthermore, the terms Cγ

and Dγ involve multiplications between the following matrices:

A, W, Q∗, Q, v∗ · ∇Q, v · ∇Q. (5.45)

For convenience, we introduce the following conventions:

[A, B, C, . . .] = arbitrary linear combinations and products between A, B, C ,
and their powers; (5.46)

{A, B, C, . . .} = linear combinations between A, B, C . (5.47)

From Appendix B.3, we have ,

Mγ : D2E(x) ∈ 1
r3

[
1, 〈n∗, x̂〉]{I, n∗ ⊗ n∗, n∗ ⊗ x̂, x̂ ⊗ n∗, x̂ ⊗ x̂

}
, (5.48)

Mγ : D2F(x) ∈ 1
r5

[
1, 〈n∗, x̂〉]{I, n∗ ⊗ n∗, n∗ ⊗ x̂, x̂ ⊗ n∗, x̂ ⊗ x̂

}
(5.49)

so that ,

Mγ : D2E(x)v∗ ∈ 1
r3

[
1, 〈n∗, x̂〉, 〈n∗, v∗〉, 〈x̂, v∗〉

]{
v∗, n∗, x̂

}
(5.50)

Mγ : D2F(x)v∗ ∈ 1
r5

[
1, 〈n∗, x̂〉, 〈n∗, v∗〉, 〈x̂, v∗〉

]{
v∗, n∗, x̂

}
. (5.51)

From Appendix B.1 and B.4, we have

div Aγ ∈
{

1
r3 ,

1
r4

} [
1, 〈x̂, n∗〉, 〈x̂, v∗〉, 〈n∗, v∗〉

]{
x̂, n∗, v∗

}
, (5.52)

Cγ ∈
[

1
r3 , . . . ,

1
r6

] [
1, 〈x̂, n∗〉, 〈x̂, v∗〉, 〈n∗, v∗〉

]× (5.53){
I, n∗ ⊗ n∗, n∗ ⊗ v∗, v∗ ⊗ n∗, n∗ ⊗ x̂, x̂ ⊗ n∗, v∗ ⊗ x̂, x̂ ⊗ v∗, x̂ ⊗ x̂

}
,

Dγ ∈
[

1
r4 , . . . ,

1
r9

] [
1, 〈x̂, n∗〉, 〈x̂, v∗〉, 〈n∗, v∗〉

]{
x̂, n∗, v∗

}
. (5.54)

All the terms above either have explicit analytical expressions or are amenable to symbolic
or numerical calculations.

Now we proceed to obtain symbolic representations of the bulk and boundary terms
appearing in (5.36), (5.37) and (5.43). For convenience, in what follows, we will
introduce quantities Ai (ŷ) for i ≥ 1 which are appropriate polynomial functions of
〈ŷ, n∗〉, 〈ŷ, v∗〉, 〈n∗, v∗〉.
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(i) Here
∫

Ω

E(x − y)[6πaMγ : D2E(y)v∗ + div Aγ (y)] dy. By (A21), we have∫
Ω

E(x − y)
[
6πaMγ : D2E(y)v∗ + div Aγ (y)

]
dy

= 1
|x |

∫
S2

H(x̂, ŷ)
[
6πaMγ : D2E(ŷ)v∗ + div Aγ (ŷ)

]
dσ(ŷ) + O

(
1

|x |2
)

= 1
|x |

∫
S2

H(x̂, ŷ)
[
A1(ŷ)ŷ + A2(ŷ)n∗ + A3(ŷ)v∗

]
dσ(ŷ) + O

(
1

|x |2
)

, (5.55)

where H given by (A19), is recorded here,

H(x̂, ŷ) = lim
ε→0

[∫ ∞

ε

E(x̂ − r ŷ)

r
dr + E(x̂) ln(ε)

]
. (5.56)

(ii) Here
∫

Ω

[−(a3/4)Mγ : D2F(y)v∗ + div Cγ (y) +Dγ (y)] dy. The terms D2F and Dγ

decay at least r−4 and hence are integrable. Using their forms, we have∫
Ω

[
−a3

4
Mγ : D2F(y)v∗ +Dγ (y)

]
dy =

∫
S2

[
A4(ŷ)ŷ + A5(ŷ)n∗ + A6(ŷ)v∗

]
dσ(ŷ).

(5.57)

For div Cγ = O(1/r3), it can be conveniently represented using divergence theorem,∫
Ω

div Cγ (y) dy =
∫
S2

〈Cγ (ŷ), ŷ
〉
dσ(ŷ) =

∫
S2

[
A7(ŷ)ŷ + A8(ŷ)n∗ + A9(ŷ)v∗

]
dσ(ŷ).

(5.58)

(iii) Here
∫

Ω

(ES − I)[−Mγ : D2ES(y)v∗ + div Aγ (y) + div Cγ (ES(y)v∗, y) +
Dγ (ES(y)v∗, y)] dy. As ES − I decays at least as r−1, the following integral is
integrable:∫

Ω

(ES − I)
[−Mγ : D2ES(y)v∗ + div Aγ (v∗, y) +Dγ

(
ES(y)v∗, y

)]
dy

=
∫
S2

[
A10(ŷ)ŷ + A11(ŷ)n∗ + A12(ŷ)v∗

]
dσ(ŷ), (5.59)

where we recall the form of ES from (3.38). The remaining term with div Cγ can also be
dealt with using the divergence theorem,∫

Ω

(ES − I)div Cγ

(
ES(y)v∗, y

)
dy

=
∫
S2

〈
(ES(ŷ) − I), Cγ (ŷ)ŷ

〉
dσ(ŷ) −

∫
Ω

〈∇ES(y), Cγ (y)
〉
dy

=
∫
S2

[
A13(ŷ)ŷ + A14(ŷ)n∗ + A15(ŷ)v∗

]
dσ(ŷ). (5.60)

Before moving onto the next section, we consider one ‘simplistic model’ in which Q is
taken to be uniform in space, i.e. it equals its end state Q∗. Such an approximation was in
fact used in some works (see e.g. Kneppe et al. 1991; Heuer et al. 1992; Gómez-González
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& del Álamo 2013; Kos & Ravnik 2018). In this case, all the terms Aγ , Cγ and Dγ vanish
as they involve either ∇Q or Q − Q∗. Then we have

Iγ (x) = 1
|x |

∫
S2

H(x̂, ω)
[
6πaMγ : D2E(ω)v∗

]
dσω

+ E(x)

∫
Ω

[
−a3

4
Mγ : D2F(y)v∗

]
dy, (5.61)

Jγ =
∫

Ω

(ES − I)
[−Mγ : D2ES(y)v∗

]
dy. (5.62)

As demonstrated numerically in § 6.1, we see that the actual velocity flow v does depend
on the overall structure of Q, not just its end state Q∗.

6. Numerical simulations
Here we provide numerical simulations to illustrate our analysis. The simulations
are performed using a commercial finite elements software package, COMSOL. For
validation, we used this package to compute the classical Stokes flow. The results are
benchmarked against analytical solutions in a finite domain, more precisely in the annulus
a ≤ r ≤ R. For details, we refer to Appendix C.

Next, we record our numerical results for the anisotropic Stokes system (2.37). We first
make the following remarks which apply to all of our simulations.

(a) For simplicity, we assume that only γ1 and γ2 are non-zero. For § § 6.1 and 6.2, they
are fixed to be γ1 = 1 and γ2 = 0.9. In § 6.3, they vary, in fact decrease to zero.

(b) Our analytical results (5.16)–(5.20) show that v = v∗ + O(1
r ). To better illustrate this,

we will plot rescaled versions of components of v. More precisely, if v∗ is along ei ,
then we plot the following quantity for a < r < R:

r

(
vi

|v∗| − 1
)

and r

(
v j

|v∗|
)

for j �= i (6.1)

along various 2-D cross-sections.
(c) All of our plots indicate that the quantities in (6.1) are of O(1) in the whole domain

numerically demonstrating the validity of our prediction v = v∗ + O(1
r ). However,

due to boundary effect, the numerical solution is only consistent with the true solution
for the range a < r � R. Such a phenomenon is made more precise in Appendix C.
For all of the following simulations, we set a = 1 and R = 105. For the zoomed-in
version of the figures, the results are plotted in the range: 1 < r < 20.

6.1. Far field condition: v∗ = e1, n∗ = e3

In this section, we choose v∗ and n∗ to be non-parallel to each other. Besides plotting
various (rescaled) components of vi , we aim to illustrate the clear differences between the
solution v of our anisotropic Stokes system when Q is set to be Q∗ and given by (3.4).
The choice of setting the order parameter to be spatially uniform is also used in the works
Kneppe et al. (1991), Heuer et al. (1992), Gómez-González & del Álamo (2013) and Kos
& Ravnik (2018). The rescaled version of v1 in yz-plane are shown in figures 1 and 2.
Note that the difference between the velocity fields for these two choices are at the order
of O(|γ |) and are clearly revealed by the distinction between the formulae (5.36), (5.37),
(5.43) and (5.61), (5.62).

The following figures 3–5 are 2-D zoomed-in plots (1 < r < 20) for different choices of
vi so as to remove the influence of the artificial boundary of the computational domain.
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Figure 1. A 3-D plot of the rescaled v1 in the yz-plane on the whole computational domain 1 < r < 105. Note
that the behaviour of interest is near the tip of the conical section of the surface plot. The remaining part of the
surface is determined by the finite size of the domain. Here (a) Q is set to be Q∗; (b) Q is given by (3.4).

(a) (b)

Figure 2. A 2-D plot of rescaled v1 in the yz-plane on the whole computational domain 1 < r < 105 (cf.
figure 1). Here (a) Q is set to be Q∗; (b) Q is given by (3.4). Note again the distinction between the two plots.
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Figure 3. Zoomed-in 2-D plot (1 < r < 20) of the rescaled v1 in the yz-plane (cf. figure 2). Here (a) Q is set
to be Q∗; (b) Q is given by (3.4).
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Figure 4. Zoomed-in 2-D, rescaled plot (1 < r < 20) of v2 in the xy-plane. Here (a) Q is set to be Q∗;
(b) Q is given by (3.4).
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Figure 5. Zoomed-in, 2-D, rescaled plot (1 < r < 20) of v3 in the xz-plane. Here (a) Q is set to be Q∗;
(b) Q is given by (3.4).

Note that the distinction between the two plots in each respective figure is evident.
Furthermore, in figures 1–3, there is reflection symmetry for v1 in the yz-plane with
respect to both the y- and z-axes. This is due to the fact that the yz-plane is perpendicular
to the xz-plane, the plane spanned by v∗ and n∗.

6.2. Far field condition: v∗ = e3, n∗ = e3

In this section, the v∗ and n∗ are parallel to each other, both pointing in the direction of
z-axis. In this case, v3 should be rotational symmetric with respect to the z-axis. This is
clearly demonstrated in figure 6, the plots for v3 in the xy-plane. See also figure 7 for v3
in the xz-plane.

Next, we plot several other velocity profiles to further illustrate the underlying
symmetry. Note that the behaviour of v1 in the xz-plane and v2 in the yz-plane should
be ‘identical’, as illustrated by figures 8 and 9.
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Figure 6. A 2-D, rescaled plot of v3 in the xy-plane: (a) whole computational domain, 1 < r < 105;
(b) zoomed-in version, 1 < r < 20.
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Figure 7. A 2-D, rescaled plot of v3 in the xz-plane: (a) whole computational domain, 1 < r < 105;
(b) zoomed-in version, 1 < r < 20.
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Figure 8. A 2-D, rescaled plot of v1 in the xz-plane: (a) whole computational domain, 1 < r < 105;
(b) zoomed-in version, 1 < r < 20.
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Figure 9. A 2-D, rescaled plot of v2 in the yz-plane: (a) whole computational domain, 1 < r < 105;
(b) zoomed-in version, 1 < r < 20.
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Figure 10. A 2-D, rescaled plot (1 < r < 20) of v1 − v01 in the yz-plane: (a) γ1 = 0.2, γ2 = 0.18;
(b) γ1 = 0.1, γ2 = 0.09; (c) γ1 = 0.05, γ2 = 0.045.

6.3. Far field condition: v∗ = e3, n∗ = e3

In this section, we demonstrate the decomposition (5.28). This is validated by plotting

r

(
vi − v0i

|v∗|γ1

)
= r

(
ϕγ i

|v∗|γ1

)
= r O

(
ϕγ

|γ |
)

, for i = 1, 2, 3, (6.2)
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Figure 11. A 2-D, rescaled plot (1 < r < 20) of v2 − v02 in the xy-plane: (a) γ1 = 0.2, γ2 = 0.18;
(b) γ1 = 0.1, γ2 = 0.09; (c) γ1 = 0.05, γ2 = 0.045.

with three samples of γ1 and γ2,

(a)γ1 = 0.2, γ2 = 0.18; (b)γ1 = 0.1, γ2 = 0.09; (c)γ1 = 0.05, γ2 = 0.045. (6.3)

As |γ | −→ 0, we expect that the expression r(ϕγ /|γ |) converges to some fixed function,
asymptotically determined by the property of (5.24). This is clearly demonstrated in
figures 10–12, in terms of both the pattern and order of magnitude.

7. Conclusion
In this work, we analyse the velocity flow v of a nematic liquid crystal medium in the
exterior of a small spherical particle in an anisotropic Stokes regime. The elastic energy
of the nematic is described by the Landau–de Gennes energy functional defined over the
exterior of a fixed spherical particle. Compared with previous results, in the limit of small
Ericksen and Reynolds Numbers, we make use of an exact expression for the energy-
minimizing Q-tensor field. This expression then enters into an inhomogeneous Stokes
system for v. We are able to obtain analytical expression for the far-field asymptotics of v,
in particular, revealing its deviation from the classical isotropic Stokes flow.

The results obtained here for a single particle can provide useful information to model
multiparticle systems in a complex fluid. Further investigations include characterization
of the drag force on the particle, understanding the effect of defect patterns on or near the
particle surface and the interaction between particles. From an analytical perspective, it
will also be useful to consider the asymptotics of the solution as a function or an expansion
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Figure 12. A 2-D, rescaled plot (1 < r < 20) of v3 − v03 in the xz-plane: (a) γ1 = 0.2, γ2 = 0.18;
(b) γ1 = 0.1, γ2 = 0.09; (c) γ1 = 0.05, γ2 = 0.045.

in terms of the Ericksen Number and/or particle size which might take on intermediate
values.

Supplementary material. Supplementary material is available at https://doi.org/10.1017/jfm.2025.10821.
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Appendix A. Far-field behaviour of bulk integrals
Here we analyse the asymptotics of the bulk integral

I (x) =
∫
R3\B1(0)

Gγ (x − y) f (y) dy (A1)

where Gγ = Gγ γ
. Such an integral appears in the representation (5.11) of the solution v

of (5.1). (The asymptotics of the boundary integrals is much simpler and will be given and
used in Supplementary materials § E, step (II) of the proof of the existence of solution v.)
The property of being homogeneous of degree −1 (5.10) for Gγ plays an important role in
our analysis. The precise asymptotics naturally also depends on the far-field behaviour of
f . We present these results in the following cases.
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A.1 Case I
We assume that ‖ f ‖L∞(R3\B1(0)) < ∞ and∫

R3\B1(0)

| f (y)| dy < ∞. (A2)

We compute∫
R3\B1(0)

Gγ (x − y) f (y) dy

= Gγ (x)

(∫
R3\B1(0)

f (y) dy

)
+
∫
R3\B1(0)

(Gγ (x − y) − Gγ (x)) f (y) dy

= Gγ (x)

(∫
R3\B1(0)

f (y) dy

)
+ 1

|x |
∫
R3\B1(0)

(
Gγ (x̂ − y

|x | ) − Gγ (x̂)

)
f (y) dy

= Gγ (x)

(∫
R3\B1(0)

f (y) dy

)
+ o

(
1
|x |
)

. (A3)

In order to characterize the o(1/|x |) term, we assume that

f (y)� 1
|y|4 . (A4)

Let L � 1. Then we have∣∣∣∣ 1
|x |

∫
R3\B1(0)

(
Gγ (x̂ − y

|x |) − Gγ (x̂)

)
f (y) dy

∣∣∣∣
=
∣∣∣∣∣∣ 1
|x |

∫
1≤|y|< |x |

L

+
∫

|x |
L ≤|y|<L|x |

+
∫

L|x |≤|y|

⎛⎝Gγ ( ˆ̂x − y
|x | )∣∣∣x̂ − y

|x |
∣∣∣ − Gγ (x̂)

⎞⎠ f (y) dy

∣∣∣∣∣∣
� 1

|x |
∫

1≤|y|< |x |
L

|y|
|x |

1
|y|4 dy + 1

|x |
∫

|x |
L ≤|y|<L|x |

1
|y|4 dy + 1

|x |
∫

L|x |≤|y|
|x |
|y|

1
|y|4 dy

� 1
|x |2

∫ |x |
L

1

r2

r3 dr + 1
|x |

∫ L|x |
|x |
L

r2

r4 dr +
∫ ∞

L|x |
r2

r5 dr

� log |x |
|x |2 + 1

|x |2
� log |x |

|x |2 . (A5)

Note that in the above, we have used the fact that (1/|x̂ − (y/|x |)|) is an integrable
singularity at y ∼ x in R3.

A.2 Case II
Next, we assume that f has the following large spatial asymptotic behaviour:

| f | ≤ O

(
A + B ln r

rk

)
for some k ≥ 3 and all r � 1. (A6)
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Then we compute∣∣∣∣∫
R3\B1(0)

Gγ (x − y) f (y) dy

∣∣∣∣
�
∫
R3\B1(0)

A + B ln |y|
|y|k

1
|x − y| dy

� 1
|x |

∫
R3\B 1|x |

(0)

A + B ln |z| + B ln |x |
|x |k |z|k

1
|̂x − z| |x |3dz (where x̂ = x

|x | and z = y
|x | )

� 1
|x |k−2

[∫ ∞

1

A + B ln |r | + B ln |x |
rk+1 r2dr +

∫ 1

1
|x |

A + B ln |r | + B ln |x |
rk

r2dr

]
(note that the singularity at x̂ is integrable)

�

⎧⎪⎪⎨⎪⎪⎩
A ln |x | + B ln |x | + B(ln |x |)2

|x | , if k = 3,

A + B ln |x |
|x | , if k > 3.

(A7)

Similarly,∣∣∣∣∫
R3\B1(0)

−q(x − y) · f (y) dy

∣∣∣∣� ∫
R3\B1(0)

A + B ln |y|
|y|k

1
|x − y|2 dy (A8)

�

⎧⎪⎪⎨⎪⎪⎩
A ln |x | + B ln |x | + B(ln |x |)2

|x |2 , if k = 3,

A + B ln |x |
|x |2 , if k > 3.

(A9)
Note that for k = 3, even if B = 0, a ln |x | term can appear in the bulk integrals.

A.3 Case III
In order to do a more careful analysis of the case k = 3 of which we are concerned most,
we further assume that f is homogeneous of degree −3, i.e.

f (λx) = λ−3 f (x) so that f (x) = f (x̂)

|x |3 . (A10)

Note that the integrand Gγ (x − ·) f (·) ∼ (1/|y|4) is integrable in R3\B1(0). Hence, we
can use Fubini’s Theorem to compute dy iteratively as r2 dω dr , where r = |y| and ω = ŷ.
To this end, we have∫

R3\B1(0)

Gγ (x − y) f (y) dy =
∫
S2

[∫ ∞

1
Gγ (x − rω)

f (ω)

r3 r2 dr

]
dω

= 1
|x |

∫
S2

[∫ ∞

1
Gγ (x̂ − r

|x |ω)
1
r

dr

]
f (ω) dω

= 1
|x |

∫
S2

[∫ ∞
1
|x |

Gγ (x̂ − rω)
1
r

dr

]
f (ω) dω. (A11)
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For |x | > 2, we write∫ ∞
1
|x |

Gγ (x̂ − rω)
1
r

dr =
∫ ∞

1
2

Gγ (x̂ − rω)
1
r

dr +
∫ 1

2

1
|x |

Gγ (x̂ − rω)
1
r

dr. (A12)

Now for ω �= x̂ , define

H1(x̂, ω) :=
∫ ∞

1
2

Gγ (x̂ − rω)
1
r

dr = O(1). (A13)

Then we have∫
S2

[∫ ∞
1
2

Gγ (x̂ − rω)
1
r

dr

]
f (ω) dω =

∫
S2

H1(x̂, ω) f (ω) dω. (A14)

On the other hand, we have
∫ (1/2)

(1/|x |)
Gγ (x̂ − rω)(1/r) dr = O(ln |x |). To analyse this term,

we compute∫
S2

[∫ 1
2

1
|x |

Gγ (x̂ − rω)
1
r

dr

]
f (ω) dω

=
∫
S2

[∫ 1
2

1
|x |

Gγ (x̂)

r
dr

]
f (ω) dω +

∫
S2

[∫ 1
2

1
|x |

Gγ (x̂ − rω) − Gγ (x̂)

r
dr

]
f (ω) dω

= Gγ (x̂) ln
( |x |

2

) ∫
S2

f (ω) dω +
∫
S2

H2(x̂, ω) f (ω) dω

−
∫
S2

[∫ 1
|x |

0

Gγ (x̂ − rω) − Gγ (x̂)

r
dr

]
f (ω) dω (A15)

where

H2(x̂, ω) :=
∫ 1

2

0

Gγ (x̂ − rω) − Gγ (x̂)

r
dr = O(1) (A16)

because (Gγ (x̂ − rω) − Gγ (x̂)/r) = O(1) as r → 0+. Lastly, we have∫
S2

[∫ 1
|x |

0

Gγ (x̂ − rω) − Gγ (x̂)

r
dr

]
f (ω) dω = O

(
1
|x |
)

. (A17)

Combining (A13), (A15), (A16), we define

H(x̂, ω) := H1(x̂, ω) + H2(x̂, ω) − Gγ (x̂) ln(2)

=
∫ 1

2

0

Gγ (x̂ − rω) − Gγ (x̂)

r
dr +

∫ ∞
1
2

Gγ (x̂ − rω)

r
dr − Gγ (x̂) ln(2). (A18)

Note that the above does not depend on the choice of (1/2). Hence, it can also be
equivalently written as

H(x̂, ω) = lim
ε→0

[∫ ∞

ε

Gγ (x̂ − rω)

r
dr + Gγ (x̂) ln(ε)

]
. (A19)
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Then we have for |x | � 1 that∫
Ω

Gγ (x − y) f (y) dy = Gγ (x) ln |x |
∫
S2

f (ω) dω

+ 1
|x |

∫
S2

H(x̂, ω) f (ω) dω + O

(
1

|x |2
)

. (A20)

Hence, if
∫
S2

f (ω) dω = 0, then∫
Ω

Gγ (x − y) f (y) dy = 1
|x |

∫
S2

H(x̂, ω) f (ω) dω + O

(
1

|x |2
)

. (A21)

A.4 Mean zero condition of the inhomogeneous term
The conclusion of the previous section, in particular (A21), will be used to handle two
terms. One is the dominant term div Aγ (x) in fγ (v) (see (5.11)). Another is D2E in the
analysis of I1 in (5.34).

For div Aγ (x), recall its form (4.28), div Aγ (x) = γ (F(x̂)/r3) + O(1/r4). We will
show that ∫

S2
F(x̂) dσ = 0. (A22)

To this end, we write Aγ explicitly as

Aγ = γ1A1 + γ2A2 + γ3A3 + γ9A9

= γ1
(
Q∗(v∗ · ∇Q) − (v∗ · ∇Q)Q∗

)+ γ2
(
v∗ · ∇Q

)
+γ3

2

(
Q∗(v∗ · ∇Q) + (v∗ · ∇Q)Q∗

)+ γ9
(
(v∗ · ∇Q) · Q∗

)
Q∗. (A23)

By considering only the dominating term (1/r) in the expression (3.4) of Q, we have

Q − Q∗ =
(

− wQ∗
1 + w

)
1
r

+ O

(
1
r2

)
,

v∗ · ∇Q =
(

− wQ∗
1 + w

) 〈
v∗, ∇1

r

〉
+ O

(
1
r3

)
,

Q∗(v∗ · ∇Q), (v∗ · ∇Q)Q∗ =
(

− wQ2∗
1 + w

) 〈
v∗, ∇1

r

〉
+ O

(
1
r3

)
,

(
(v∗ · ∇Q) · Q∗

)
Q∗ =

(
−w|Q∗|2Q∗

1 + w

) 〈
v∗, ∇1

r

〉
+ O

(
1
r3

)
. (A24)

Hence, we can write for some constant 3 × 3 matrix M∗ = (mij) that

div Aγ = div
(〈

v∗, ∇1
r

〉
M∗

)
+ O

(
1
r4

)
. (A25)

Note that the term in Aγ multiplied by γ1 completely vanishes.
We next claim that ∫

S2
div

(〈
v∗, ∇1

r

〉
M∗

)∣∣∣∣
r=1

dσ = 0. (A26)
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To see this, let g(r) = (1/r), and we compute for i = 1, 2, 3,

div
(〈

v∗, ∇1
r

〉
M∗

)
i
= ∂ j

(
v∗k∂k g(r)mij

)= v∗kmij∂
2
k j g(r), (A27)

and

∂2
k j g(r) = g′′(r)∂kr∂ j r + g′(r)∂2

k j r

= g′′(r)
xk x j

r2 + g′(r)

r

(
δk j − xk x j

r2

)
= g′(r)

r
δk j +

(
g′′(r) − g′(r)

r

)
xk x j

r2

= − 1
r3

(
δk j − 3

xk x j

r2

)
(A28)

where we have used the facts that g′(r) = −(1/r2) and g′′(r) = (2/r3). As∫
S2

3x̂ ⊗ x̂ dσ = 4π I, (A29)

we have for all k, j that ∫
S2

∂2
k j g(r) dσ = 0. (A30)

Thus, (A26) holds and so does (A22).

For D2E, to show
∫
S2

D2E(x̂) dσ = 0, by (B39), we have∫
S2

∂klEij(x) dσ = 4π
(−δijδkl + δikδ jl + δ jkδil

)− 4π
(−δijδkl + δikδ jl + δ jkδil

)
−4π

(
δilδ jk + δ jlδik + δklδij

)+ 15
∫
S2

x̂i x̂ j x̂k x̂l dσ

= −4π
(
δilδ jk + δ jlδik + δklδij

)+ 15
∫
S2

x̂i x̂ j x̂k x̂l dσ. (A31)

Using spherical coordinates and considering symmetry, it suffices to check the following
cases:

(a) i �= j, k �= l, (k, l) = (i, j) or ( j, i)∫
S2

∂klEij(x) dσ = −4π + 15
∫
S2

x̂2
1 x̂2

2 dσ

= −4π + 15
∫ π

0

∫ 2π

0
(sin φ cos θ)2(sin φ sin θ)2 sin φ dφ dθ

= −4π + 15
∫ π

0
sin5 φ dφ

∫ 2π

0
cos2 θ sin2 θ dθ = 0; (A32)

(b) i �= j, k �= l, (k, l) �= (i, j), ( j, i)∫
S2

∂klEij(x) dσ = 0; (A33)

1024 A41-41

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
82

1 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10821


D. Golovaty and N.K. Yip

(c) i �= j, k = l = i or k = l = j∫
S2

∂klEij(x) dσ = +15
∫
S2

x̂3
1 x̂2 dσ = 0; (A34)

(d) i �= j, k = l, �= i, j ∫
S2

∂klEij(x) dσ = 0; (A35)

(e) i = j, k �= l ∫
S2

∂klEij(x) dσ = 0; (A36)

( f ) i = j, k = l, �= i, j∫
S2

∂klEij(x) dσ = −4π + 15
∫
S2

x̂2
1 x̂2

2 dσ = 0, as in (a); (A37)

(g) i = j = k = l∫
S2

∂klEij(x) dσ = −12π + 15
∫
S2

x̂4
3 dσ = −12π + 15

∫ π

0

∫ 2π

0
cos4 φ sin φ dθ dφ = 0.

(A38)

Thus, D2E does also satisfy the mean zero condition.

Appendix B. Calculation of divAγ , div [Bγ [∇v]],Mγ :D2E,Mγ :D2F, Cγ andDγ

These quantities appear in the final expressions (5.36), (5.37) and (5.43) for Iγ and Jγ .
Before proceeding, we recall the conventions (5.46) and (5.47).

B.1 Formula for div Aγ

By (A25), (A27) and (A28), we have for some matrix M∗ = (mij) that(
div (Aγ )

)
i = div

(〈
v∗, ∇1

r

〉
M∗

)
i
= −mij

(
δk j − 3x̂k x̂ j

)
v∗k = −mijv∗ j + 3mij x̂ j 〈v∗, x̂〉

(B1)

so that

div (Aγ ) = −M∗(I − 3x̂ ⊗ x̂)v∗. (B2)

Hence

div
(〈

v∗, ∇1
r

〉
M∗

)
=
{ (−〈v∗, n∗〉 + 3〈n∗, x̂〉〈v∗, x̂〉)n∗, if M∗ = n∗ ⊗ n∗,

−v∗ + 3〈v∗, x̂〉x̂, if M∗ = I.
(B3)

Using the form of Q∗ from (3.5), we have

M∗ = − w

1 + w

[(
γ2s∗ + γ3

3
s2∗ + 2γ9

3
s3∗
)

n∗ ⊗ n∗ − 1
3

(
γ2s∗ − γ3s2∗

3
+ 2γ9s3∗

3

)
I
]
.

(B4)
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Hence

div (Aγ ) = − w

1 + w

[(
γ2s∗ + γ3

3
s2∗ + 2γ9

3
s3∗
) (− 〈v∗, n∗〉 + 3〈n∗, x̂〉〈v∗, x̂〉)n∗

−1
3

(
γ2s∗ − γ3s2∗

3
+ 2γ9s3∗

3

) (− v∗ + 3〈v∗, x̂〉x̂)]
= − w

1 + w

[(
γ2s∗ + γ3

3
s2∗ + 2γ9

3
s3∗
) (− n∗ ⊗ n∗ + 3〈n∗, x̂〉n∗ ⊗ x̂

)
−
(

γ2s∗ − γ3s2∗
3

+ 2γ9s3∗
3

) (
x̂ ⊗ x̂ − 1

3
I
)]

v∗. (B5)

B.2 Formula for div [Bγ [∇v]]
In this section, we will identify Mi, j;k,l which appear in (4.24) and (4.25). We note the
following symmetry of Mi, j;k,l with respect to k and l,

Mi, j;k,l∂klv j =Mi, j;l,k∂klv j . (B6)

Furthermore, we emphasize that Mγ will only act on incompressible vector fields v:
∂ jv j = 0.

Before proceeding, using (3.5), we record that

Q∗ij = s∗
(

n∗i n∗ j − 1
3
δij

)
, Q2∗ij =

s2∗
3

(
n∗i n∗ j + 1

3
δij

)
, |Q∗|2 = 2s2∗

3
. (B7)

With that, we compute

(a) div(B1[∇v]):
div

([
Q2∗W + WQ2∗ − 2Q∗WQ∗

]
i

)= ∂ j
[
Q2∗W + WQ2∗ − 2Q∗WQ∗

]
ij

= ∂ j

[1
2

(
Q2∗
)

ik(∂ jvk − ∂kv j ) + 1
2

(
Q2∗
)

k j

(
∂kvi − ∂ivk

)− (
Q∗
)

ik(∂lvk − ∂kvl)
(
Q∗
)

l j

]
= 1

2

(
Q2∗
)

ik∂ j jvk + 1
2

(
Q2∗
)

k j

(
∂k jvi − ∂ijvk

)− (
Q∗
)

ik

(
Q∗
)

l j

(
∂ jlvk − ∂ jkvl

)
=
(

1
2
δk,l

(
Q2∗
)

ij
+ 1

2
δi, j
(
Q2∗
)

kl − 1
2
δi,l
(
Q2∗
)

jk − (
Q∗
)

ij

(
Q∗
)

lk + (
Q∗
)

ik

(
Q∗
)

l j

)
∂klv j

=:M1
i, j;k,l∂klv j , (B8)

where

M1
i, j;k,l = s2∗

[
1
6
δk,l

(
n∗i n∗ j + 1

3
δi, j

)
+ 1

6
δi, j

(
n∗kn∗l + 1

3
δk,l

)
−1

6
δi,l

(
n∗kn∗ j + 1

3
δk, j

)
−
(

n∗i n∗ j − 1
3
δi, j

)(
n∗kn∗l − 1

3
δk,l

)
+
(

n∗kn∗i − 1
3
δk,i

)(
n∗ j n∗l − 1

3
δ j,l

)]
= s2∗

2

(
δkln∗i n∗ j + δijn∗kn∗l − δikn∗ln∗ j

)
. (B9)
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In the above, we have used the symmetry property (B6) of M and the
incompressibility of v:

δiln∗kn∗ j∂klv j = δikn∗ln∗ j∂klv j and δilδk j∂klv j = δikδl j∂klv j = ∂ijv j = 0. (B10)

The above property will be used in several places in what follows.
(b) div(B2[∇v]):

div
[
Q∗∇v − (∇v)Q∗

]
i = ∂ j

[(
Q∗
)

ik∂ jvk − ∂kvi
(
Q∗
)

k j

]
= (

Q∗
)

ik∂ j jvk − (
Q∗
)

k j∂k jvi

=
(
δk,l
(
Q∗
)

ij − δi, j
(
Q∗
)

kl

)
∂klv j

=:M2
i, j;k,l∂klv j . (B11)

Here

M2
i, j;k,l = s∗

(
δk,ln∗i n∗ j − δi, j n∗kn∗l

)
. (B12)

(c) div(B3[∇v]):
1
2

div
[
Q2∗∇v − (∇v)Q2∗

]
i
= 1

2

((
Q2∗
)

ik∂ j jvk − (
Q2∗
)

k j∂k jvi

)
= 1

2

(
δk,l
(
Q2∗
)

ij − δi, j
(
Q2∗
)

kl

)
∂klv j

=:M3
i, j;k,l∂klv j . (B13)

Here

M3
i, j;k,l = s2∗

6

(
δk,ln∗i n∗ j − δi, j n∗kn∗l

)
. (B14)

(d) div(B4[∇v]):

div
[
Q∗A + AQ∗

]
i = 1

2

(
Q∗
)

ik ∂ j jvk + 1
2

(
∂ijvk + ∂k jvi

) (
Q∗
)

k j

= 1
2

(
δk,l

(
Q∗
)

ij + δi,l
(
Q∗
)

jk + δi, j
(
Q∗
)

kl

)
∂klv j

=:M4
i, j;k,l∂klv j . (B15)

Here

M4
i, j;k,l = s∗

2

(
δk,l

(
n∗i n∗ j − 1

3
δi, j

)
+ δi,l

(
n∗ j n∗k − 1

3
δ j,k

)
+δi, j

(
n∗kn∗l − 1

3
δk,l

))
= s∗

2

(
δkln∗i n∗ j + δijn∗kn∗l + δikn∗ln∗ j − 2

3
δklδij

)
. (B16)
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(e) div(B5[∇v]):

div
[
Q2∗A + AQ2∗

]
i
= 1

2

(
Q2∗
)

ik∂ j jvk + 1
2

(
∂ijvk + ∂k jvi

) (
Q2∗
)

k j

= 1
2

(
δk,l
(
Q2∗
)

ij + δi,l
(
Q2∗
)

jk + δi, j
(
Q2∗
)

kl

)
∂klv j

=:M5
i, j;k,l∂klv j . (B17)

Here

M5
i, j;k,l = s2∗

6

(
δk,l

(
n∗i n∗ j + 1

3
δi, j

)
+ δi,l

(
n∗ j n∗k + 1

3
δ j,k

)
+δi, j

(
n∗kn∗l + 1

3
δk,l

))
= s2∗

6

(
δkln∗i n∗ j + δijn∗kn∗l + δikn∗ln∗ j + 2

3
δijδkl

)
. (B18)

( f ) div(B6[∇v]):

div
[
(A · Q∗)Q∗

]
i = 1

2

(
Q∗
)

ij

(
Q∗
)

kl

(
∂l jvk + ∂k jvl

)
= 1

2

((
Q∗
)

ik

(
Q∗
)

jl + (
Q∗
)

il

(
Q∗
)

k j

)
∂klv j

=:M6
i, j;k,l∂klv j . (B19)

Here

M6
i, j;k,l = s2∗

2

((
n∗i n∗k − 1

3
δi,k

)(
n∗ j n∗l − 1

3
δ j,l

)
+
(

n∗i n∗l − 1
3
δi,l

)(
n∗ j n∗k − 1

3
δ j,k

))
= s2∗

(
n∗i n∗ j n∗kn∗l − 1

3
δikn∗ln∗ j

)
. (B20)

(g) div(B7[∇v]):

div
[
|Q∗|2A

]
i
= div

[
2s2∗
3

A
]

i
=:M7

i, j;k,l∂klv j . (B21)

Here

M7
i, j;k,l = s2∗

3
δk,lδi, j . (B22)

(h) div(B10[∇v]):

div
[
(Q2∗ · A)Q∗ + (Q∗ · A)Q2∗

]
i
= 1

2

((
Q2∗
)

kl

(
Q∗
)

ij +
(
Q∗
)

kl

(
Q2∗
)

ij

) (
∂l jvk + ∂k jvl

)
=
((

Q2∗
)

jk

(
Q∗
)

il + (
Q∗
)

jk

(
Q2∗
)

il

)
∂klv j

=:M10
i, j;k,l∂klv j . (B23)
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Here

M10
i, j;k,l = s3∗

3

((
n∗ j n∗k + 1

3
δ j,k

)(
n∗i n∗l − 1

3
δi,l

)
+
(

n∗ j n∗k − 1
3
δ j,k

)(
n∗i n∗l + 1

3
δi,l

))
= 2s3∗

3
n∗i n∗ j n∗kn∗l . (B24)

(i) div(B11[∇v]):
div

[|Q∗|2(A · Q∗)Q∗
]

i = 2s2∗
3

(
Q∗
)

il

(
Q∗
)

jk ∂klv j =:M11
i, j;k,l∂klv j . (B25)

Here

M11
i, j;k,l = 2s4∗

3

(
n∗i n∗l − 1

3
δi,l

)(
n∗ j n∗k − 1

3
δ j,k

)
= 2s4∗

3

(
n∗i n∗ j n∗kn∗l − 1

3
δikn∗ln∗ j

)
. (B26)

Hence, the fourth-order tensor Mγ can be decomposed as

Mi, j;k,l =
∑

p=1,...,7,10,11

γpMp
i, j;k,l . (B27)

From (B9) to (B26), the Mp
i, j;k,l are effectively given by a linear combination of the

following tensors:

δklδij, δkln∗i n∗ j , δijn∗kn∗l , δikn∗ln∗ j (or equivalently, δiln∗kn∗ j ), n∗i n∗ j n∗kn∗l
(B28)

where δpq is the delta-function δpq = 1 for p = q and δpq = 0 for p �= q.

B.3 Formula for Mγ : D2 F

Here we list the formulae for Mγ : D2 F where F is some divergence free vector field
with homogeneous degree −k, for k = 1, 3, 5.

As a preparation, following (A28) for g(r) = 1
r , 1

r3 , 1
r5 , we compute

∂k g(r) = g′(r)
xk

r
, (B29)

∂kl g(r) = g′(r)

r
δkl +

(
g′′(r) − g′(r)

r

)
xk xl

r2 , (B30)

∂kl
(
g(r)δij

)=
(

g′(r)

r
δkl +

(
g′′(r) − g′(r)

r

)
xk xl

r2

)
δij, (B31)

∂k
(
g(r)xi x j

)= g(r)
(
δik x j + δ jk xi

)+ g′(r)

r
xi x j xk, (B32)

∂kl
(
g(r)xi x j

)= g(r)
(
δikδ jl + δ jkδil

)
+ rg′(r)

(δil x j xk + δ jl xi xk + δkl xi x j + δik x j xl + δ jk xi xl

r2

)
+ (r2g′′(r) − rg′(r))

xi x j xk xl

r4 . (B33)
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Hence,

∂kl

(
δij

r

)
= 1

r3

(−δkl + 3x̂k x̂l
)
δij, (B34)

∂kl

(
δij

r3

)
= 1

r5

(−3δkl + 15x̂k x̂l
)
δij, (B35)

∂kl

( xi x j

r3

)
= 1

r3

[(
δikδ jl + δ jkδil

)
− 3

(
δil x̂ j x̂k + δ jl x̂i x̂k + δkl x̂i x̂ j + δik x̂ j x̂l + δ jk x̂i x̂l

)
+ 15x̂i x̂ j x̂k x̂l

]
, (B36)

∂kl

( xi x j

r5

)
= 1

r5

[(
δikδ jl + δ jkδil

)
− 5

(
δil x̂ j x̂k + δ jl x̂i x̂k + δkl x̂i x̂ j + δik x̂ j x̂l + δ jk x̂i x̂l

)
+ 35x̂i x̂ j x̂k x̂l

]
. (B37)

The above are applied to E, F and Q :

(i) E(x) = 1
8π

[ I
r

+ x ⊗ x

r3 ],

∂kEij(x) = 1
8πr2

[−δij x̂k + δik x̂ j + δ jk x̂i − 3x̂i x̂ j x̂k
]
, (B38)

∂klEij(x) = 1
8πr3

[ (−δijδkl + δikδ jl + δ jkδil
)

− 3
(−δij x̂k x̂l + δik x̂ j x̂l + δ jk x̂i x̂l + δil x̂ j x̂k + δ jl x̂i x̂k + δkl x̂i x̂ j

)
+ 15x̂i x̂ j x̂k x̂l

]; (B39)

(ii) F(x) = 3x ⊗ x − r2I
r5 ,

∂kFij(x) = 1
r4

[
3
(
δij x̂k + δik x̂ j + δ jk x̂i

)− 15x̂i x̂ j x̂k
]
, (B40)

∂klFi j (x) = 1
r5

[
3
(
δikδ jl + δ jkδil + δklδi j

)
− 15

(
δi j x̂k x̂l + δil x̂ j x̂k + δ jl x̂i x̂k + δkl x̂i x̂ j + δik x̂ j x̂l + δ jk x̂i x̂l

)
+ 105x̂i x̂ j x̂k x̂l

]
(B41)

(iii) Q(x) =
(

1 − w

1 + w

1
r

)
Q∗ + w

3 + w

1
r3 Qb =

(
1 − w

1 + w

1
r

)
Q∗ + ws∗

3(3 + w)
F(x),

where Q∗ij = n∗i n∗ j − 1
3
δij,

∂kQij(x) = w

(1 + w)r2 x̂kQ∗ij

+ ws∗
(3 + w)r4

[
δij x̂k + δik x̂ j + δ jk x̂i − 5x̂i x̂ j x̂k

]
, (B42)
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∂klQij(x) = − w

(1 + w)r3

[− δkl + 3x̂k x̂l
]
Q∗ij

+ ws∗
(3 + w)r5

[(
δikδ jl + δ jkδil + δklδij

)
− 5

(
δij x̂k x̂l + δil x̂ j x̂k + δ jl x̂i x̂k + δkl x̂i x̂ j + δik x̂ j x̂l + δ jk x̂i x̂l

)
+ 35x̂i x̂ j x̂k x̂l

]
. (B43)

We now recall the operation (4.24), (4.25) and (B27) for Bγ :(
div

(Bγ [∇v]))i = (Mγ : D2v
)

i =
∑

p=1,...7,10,11

γpMp
i, j;k,l∂klv j . (B44)

Given any matrix valued function F(x) = {Fij(x)}1≤i, j≤3, upon introducing the
contraction (Mp : D2Fbig)ij =Mp

i,m;,k,l∂klFmj , (B45)

we have (Mp : D2(Fv∗)
)

i = (Mp
i,m;k,l∂kl Fmj

)
v∗ j . (B46)

Note that we will only consider those F such that Fv∗ is divergence free for all v∗, i.e.

∂i Fik = 0 for all k. (B47)

This condition is indeed satisfied by F = E (3.9), ES (3.38), and hence F (3.36).
With the above, we proceed to find the following expressions,

(i) Formula for (Mp : D2E)ij(x) =Mp
i,m;k,l∂klEmj (x). From (B28), we need to

compute the following:{
δklδim, δkln∗i n∗m, δimn∗kn∗l , δikn∗ln∗m, n∗i n∗mn∗kn∗l

}× ∂klEmj (x)

= {
δklδim, δkln∗i n∗m, δimn∗kn∗l , δikn∗ln∗m, n∗i n∗mn∗kn∗l

}×
1

8πr3

[ (−δmjδkl + δmkδ jl + δ jkδml
)

−3
(−δmj x̂k x̂l + δmk x̂ j x̂l + δ jk x̂m x̂l + δml x̂ j x̂k + δ jl x̂m x̂k + δkl x̂m x̂ j

)
+15x̂m x̂ j x̂k x̂l

]
. (B48)

We tabulate the result in the following:

δklδim∂klEmj (x) = 1
8πr3

[
2δij − 6x̂i x̂ j

]
δkln∗i n∗m∂klEmj (x) = 1

8πr3

[
2n∗i n∗ j − 6n∗i x̂ j 〈n, x̂〉]

δimn∗kn∗l∂klEmj (x) = 1
8πr3

[−δij + 2n∗i n∗ j + 3δij〈n∗, x̂〉2

− 6(n∗i x̂ j + n∗ j x̂i )〈n∗, x̂〉 − 3x̂i x̂ j + 15x̂i x̂ j 〈n∗, x̂〉2]
δikn∗ln∗m∂klEmj (x) = 1

8πr3

[
δij − 3δij〈n∗, x̂〉2 − 6n∗i x j 〈n∗, x̂〉 − 3x̂i x̂ j

+ 15x̂i x̂ j 〈a, x̂〉2]
n∗i n∗mn∗kn∗l∂klEmj (x) = 1

8πr3

[
n∗i n∗ j − 3n∗i n∗ j 〈n∗, x̂〉2 − 9n∗i x̂ j 〈n∗, x̂〉

+ 15n∗i x̂ j 〈n∗, x̂〉3]. (B49)
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With the above, we have explicitly,

M1 : D2E(x) = s2∗
8πr3

[− (
1 − 3〈n∗, x̂〉2)I + 2n∗ ⊗ n∗ − 3〈n∗, x̂〉(n∗ ⊗ x̂ + x̂ ⊗ n∗

)]
M2 : D2E(x) = s∗

8πr3

[(
1 − 3〈n∗, x̂〉2)I + 3

(
1 − 5〈n∗, x̂〉2)x̂ ⊗ x̂ + 6〈n∗, x̂〉x̂ ⊗ n∗

]
M3 : D2E(x) = 1

8πr3
s2∗
6

[(
1 − 3〈n∗, x̂〉2)I + 3

(
1 − 5〈n∗, x̂〉2)x̂ ⊗ x̂ + 6〈n∗, x̂〉x̂ ⊗ n∗

]
M4 : D2E(x) = s∗

8πr3

[− 2
3

I + 2n∗ ⊗ n∗ − (
1 − 15〈n∗, x̂〉2)x̂ ⊗ x̂

− 9〈n∗, x̂〉n∗ ⊗ x̂ − 3〈n∗, x̂〉x̂ ⊗ n∗
]

M5 : D2E(x) = 1
8πr3

s2∗
6

[4
3

I + 4n∗ ⊗ n∗ − 10
(
1 − 3〈n∗, x̂〉2)x̂ ⊗ x̂

− 18〈n∗, x̂〉n∗ ⊗ x̂ − 6〈n∗, x̂〉x̂ ⊗ n∗
]

M6 : D2E(x) = s2∗
8πr3

[
−
(

1
3

− 〈n∗, x̂〉2
)

I + (
1 − 3〈n∗, x̂〉2)n∗ ⊗ n∗

+ (
1 − 10〈n∗, x̂〉2)x̂ ⊗ x̂ − 7〈n∗, x̂〉n∗ ⊗ x̂ + 15〈n∗, x̂〉3n ⊗ x̂

]
M7 : D2E(x) = s2∗

8πr3

[2
3

I − 2x̂ ⊗ x̂
]

M10 : D2E(x) = 1
8πr3

2s3∗
3

[(
1 − 3〈n∗, x̂〉2)n∗ ⊗ n∗ − 9〈n∗, x̂〉n∗ ⊗ x̂

+ 15〈n∗, x̂〉3n∗ ⊗ x̂
]

M11 : D2E(x) = 1
8πr3

2s4∗
3

[−(
1
3

− 〈n∗, x̂〉2
)

I + (
1 − 3〈n∗, x̂〉2)n∗ ⊗ n∗

+ (
1 − 10〈n∗, x̂〉2)x̂ ⊗ x̂ − 7〈n∗, x̂〉n∗ ⊗ x̂ + 15〈n∗, x̂〉3n∗ ⊗ x̂

]
.

(B50)

We note that M3 = (s∗/6)M2, M11 = (2s2∗/3)M6.
(ii) Formula for Mγ : D2F(x). Similarly, we need to compute the following:{

δklδim, δkln∗i n∗m, δimn∗kn∗l , δikn∗ln∗m, n∗i n∗mn∗kn∗l
}× ∂klFmj (x)

= {
δklδim, δkln∗i n∗m, δimn∗kn∗l , δikn∗ln∗m, n∗i n∗mn∗kn∗l

}×
1
r5

[
3
(
δmkδ jl + δ jkδml + δklδmj

)
−15

(
δmj x̂k x̂l + δml x̂ j x̂k + δ jl x̂m x̂k + δkl x̂m x̂ j + δmk x̂ j x̂l + δ jk x̂m x̂l

)
+105x̂m x̂ j x̂k x̂l

]
. (B51)

We again tabulate the result in the following:

δklδim∂klFmj (x) = 0
δkln∗i n∗m∂klFmj (x) = 0

δimn∗kn∗l∂klFmj (x) = 1
r5

[
3δij − 15δij〈n∗, x̂〉2 + 6n∗i n∗ j − 15x̂i x̂ j
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−30(n∗i x̂ j + n∗ j x̂i )〈a, x̂〉 + 105x̂i x̂ j 〈n∗, x̂〉2]
δikn∗ln∗m∂klFmj (x) = 1

r5

[
3δij − 15δij〈n∗, x̂〉2 + 6n∗i n∗ j − 15x̂i x̂ j

−30(n∗i x j + n∗ j x̂i )〈a, x̂〉 + 105x̂i x̂ j 〈n∗, x̂〉2]
n∗i n∗mn∗kn∗l∂klFmj (x) = 1

r5

[
9n∗i n∗ j − 45n∗i n∗ j 〈a, x̂〉2 − 45n∗i x̂ j 〈n∗, x̂〉

+105n∗i x̂ j 〈n∗, x̂〉3]. (B52)

Similar to Mγ : D2E, we have the following:

M1 : D2F(x) = 0

M2 : D2F(x) = − s∗
r5

[
3
(
1 − 5〈n∗, x̂〉2)I + 6n∗ ⊗ n∗ − 15(1 − 7〈n∗, x̂〉2)x̂ ⊗ x̂

−30〈n∗, x̂〉(n∗ ⊗ x̂ + x̂ ⊗ n∗
)]

M3 : D2F(x) = − s2∗
6r5

[
3
(
1 − 5〈n∗, x̂〉2)I + 6n∗ ⊗ n∗ − 15(1 − 7〈n∗, x̂〉2)x̂ ⊗ x̂

−30〈n∗, x̂〉(n∗ ⊗ x̂ + x̂ ⊗ n∗
)]

M4 : D2F(x) = s∗
r5

[
3
(
1 − 5〈n∗, x̂〉2)I + 6n∗ ⊗ n∗ − 15(1 − 7〈n, x̂〉2)x̂ ⊗ x̂

−30〈n∗, x̂〉(n∗ ⊗ x̂ + x̂ ⊗ n∗
)]

M5 : D2F(x) = s2∗
3r5

[
3
(
1 − 5〈n∗, x̂〉2)I + 6n∗ ⊗ n∗ − 15(1 − 7〈n∗, x̂〉2)x̂ ⊗ x̂

−30〈n∗, x̂〉(n∗ ⊗ x̂ + x̂ ⊗ n∗
)]

M6 : D2F(x) = s2∗
r5

[−(1 − 5〈n∗, x̂〉2)I + (
7 − 45〈n∗, x̂〉2)n∗ ⊗ n∗

+5
(
1 − 7〈n∗, x̂〉2)x̂ ⊗ x̂ + 35

(− 〈n∗, x̂〉 + 3〈n∗, x̂〉3)n∗ ⊗ x̂

+10〈n∗, x̂〉x̂ ⊗ n∗
]

M7 : D2F(x) = 0

M10 : D2F(x) = 2s3∗
3r5

[
9
(
1 − 5〈n∗, x̂〉2)n∗ ⊗ n∗ + (− 45〈n∗, x̂〉 + 105〈n∗, x̂〉3)n∗ ⊗ x̂

]
M11 : D2F = 2s4∗

3r5

[−(1 − 5〈n∗, x̂〉2)I + (
7 − 45〈n∗, x̂〉2)n∗ ⊗ n∗

+5
(
1 − 7〈n∗, x̂〉2)x̂ ⊗ x̂ + 35

(− 〈n∗, x̂〉 + 3〈n∗, x̂〉3)n∗ ⊗ x̂

+10〈n∗, x̂〉x̂ ⊗ n∗
]
. (B53)

From the above, we can conclude that M : D2E and M : D2F are linear combinations
of the following matrices:

I, n∗ ⊗ n∗, x̂ ⊗ x̂, n∗ ⊗ x̂, x̂ ⊗ n∗, (B54)
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with coefficients given by 〈n, x̂〉k for k = 0, 1, 2, 3. Concisely, we can write

Mγ : D2E(x)

= 1
r3

[
f1(〈n∗, x̂〉)I + f2(〈n∗, x̂〉)n∗ ⊗ n∗ + f3(〈n∗, x̂〉)x̂ ⊗ x̂ + f4(〈n∗, x̂〉)n∗ ⊗ x̂,

+ f5(〈n∗, x̂〉)x̂ ⊗ n∗
]

(B55)

and

Mγ : D2F(x)

= 1
r5

[
g1(〈n∗, x̂〉)I + g2(〈n∗, x̂〉)n∗ ⊗ n∗ + g3(〈n∗, x̂〉)x̂ ⊗ x̂ + g4(〈n∗, x̂〉)n∗ ⊗ x̂,

+g5(〈n∗, x̂〉)x̂ ⊗ n∗
]

(B56)

where the fi and gi ’s are polynomials of degree at most three.

B.4 Formula for Cγ and Dγ

Here we express Cγ and Dγ in more transparent forms.

(a) For Cγ , from (4.21), we compute

Cγ = Tv
SV − A −Bγ [∇v]] −Aγ (x)

= γ1

[(
Q
(
v · ∇Q

)− (
v · ∇Q

)
Q
)+ (

Q2W − 2QWQ + WQ2)
− (

Q∗(v∗ · ∇Q) − (v∗ · ∇Q)Q∗
)− (

Q2∗W − 2Q∗WQ∗ + WQ2∗
)]

+ γ2

[(
v − v∗

) · ∇Q + (
Q − Q∗

)∇v − (∇v)
(
Q − Q∗

)]
+ γ3

2

[ (
Q(v · ∇Q) + (v · ∇Q)Q + Q2∇v − (∇v)Q2

)
− (

Q∗(v∗ · ∇Q) + (v∗ · ∇Q)Q∗
)−

(
Q2∗(∇v) − (∇v)Q2∗

) ]
+ γ4

[
(Q − Q∗)A + A(Q − Q∗)

]
+ γ5

[
(Q2 − Q2∗)A + A(Q2 − Q2∗)

]
+ γ6

[
(A · Q)Q − (A · Q∗)Q∗

]
+ γ7

[ (
|Q2| − |Q2∗|

)
A
]

+ γ9

[(
(v · ∇Q) · Q

)
Q −

(
(v∗ · ∇Q) · Q∗

)
Q∗
]

+ γ10

[(
Q2 · A

)
Q + (Q · A)Q2 − (Q2∗ · A)Q∗ − (Q∗ · A)Q2∗

]
+ γ11

[|Q|2(A · Q)Q − |Q∗|2(A · Q∗)Q∗
]

∼ O

(
1
r3

)
. (B57)
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(b) For Dγ , from (4.2), we have

Dγ = −
[
γ1
(
v∗ · ∇Q + Q∗W − WQ∗ + (v − v∗) · ∇Q + (Q − Q∗)W − W(Q − Q∗)

)
+γ2A + γ3

2

(
AQ∗ + Q∗A + A(Q − Q∗) + (Q − Q∗)A

)
+γ9

(
(A · Q∗ + A · (Q − Q∗))Q∗ + (A · Q∗ + A · (Q − Q∗))(Q − Q∗)

)] · ∂i Qei

∼ O

(
1
r4

)
. (B58)

Note that given Q, both Cγ and Dγ are linear in v.
From the form of Cγ and Dγ , it can be seen that they involve multiplications between

the following matrices:

A, W, Q∗, Q, v∗ · ∇Q, v · ∇Q. (B59)

(i) For A, W, note that v = ESv∗ so that ∂ jvi = ∂ j (ESilv∗l) and ∂iv j = ∂i (ES jlv∗l).
From (3.38), we have

ESil ∈
[

1,
1
r
,

1
r3

] {
δil , x̂i x̂l

}
(B60)

∂ j ESil , ∂i ES jl ∈
[

1
r2 ,

1
r4

] {
δil x̂ j , δij x̂l , δ jl x̂i , x̂i x̂ j x̂l

}
. (B61)

Thus,

A, W ∈ {∂ j ESilv∗l , ∂i ES jlv∗l
}

=
[

1
r2 ,

1
r4

] {
δil x̂ jv∗l , δij x̂lv∗l , δ jl x̂iv∗l , x̂i x̂ j x̂lv∗l

}
=
[

1
r2 ,

1
r4

] [
1, 〈x̂, v∗〉

]{
I, v∗ ⊗ x̂, x̂ ⊗ v∗, x̂ ⊗ x̂

}
. (B62)

(ii) For Q, from (3.4)–(3.6), we have Q∗, Q ∈ [1, 1
r , 1

r3 ]{I, n∗ ⊗ n∗, x̂ ⊗ x̂
}
. Hence,

Q∗, Q2∗, Q, Q2 ∈
[

1,
1
r
, . . . ,

1
r6

] [
1, 〈x̂, n∗〉

]{
I, n∗ ⊗ n∗, n∗ ⊗ x̂, x̂ ⊗ n∗, x̂ ⊗ x̂

}
.

(B63)
Furthermore, as ∂lQij = [(1/r2), (1/r4)]{n∗i n∗ j xl , δijxl , xi x j xl , δil x j , δ jl xi },
(v∗ · ∇Q)ij = ∂lQijv∗l , and (v · ∇Q)ij = ∂lQijvl , we have

v∗ · ∇Q, v · ∇Q

∈
[

1
r2 ,

1
r4

] {
n∗i n∗ j xl , δijxl , xi x j xl , δil x j , δ jl xi

}{
v∗l , vl

}
∈
[

1
r2 ,

1
r4

] [
1, 〈x̂, v∗〉

]{
I, n∗ ⊗ n∗, v∗ ⊗ x̂, x̂ ⊗ v∗, x̂ ⊗ x̂

}
. (B64)

(iii) From the above, we have

A · Q∗, A · Q2∗, A · Q, A · Q2, |Q∗|2, |Q|2, Q∗ · (v∗ · ∇Q), Q · (v · ∇Q)

∈
[

1,
1
r2 , . . .

1
r6

] [
1, 〈x, v∗〉, 〈x, n∗〉, 〈v∗, n∗〉

]
. (B65)
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Hence, taking appropriate products of all the above, we have

Cγ ∈
[

1
r3 , . . . ,

1
r6

] [
1, 〈x̂, n∗〉, 〈x̂, v∗〉, 〈n∗, v∗〉

]×{
I, n∗ ⊗ n∗, n∗ ⊗ v∗, v∗ ⊗ n∗, n∗ ⊗ x̂, x̂ ⊗ n∗, v∗ ⊗ x̂, x̂ ⊗ v∗, x̂ ⊗ x̂

}
.

(B66)

For Dγ , note that Qij ∈ [1, (1/r), (1/r3)]{δij, n∗i n∗ j , x̂i x̂ j }, we have

∂kQij ∈
[

1
r2 ,

1
r4

] {
δijxk, n∗i n∗ j xk, δik x̂ j , δ jk x̂i , x̂i x̂ j x̂k

}
. (B67)

Hence

Dγ ∈
[

1
r4 , . . . ,

1
r9

] [
1, 〈x̂, n∗〉, 〈x̂, v∗〉, 〈n∗, v∗〉

]{
x̂, n∗, v∗

}
. (B68)

Appendix C. Solution of isotropic Stokes flow in bounded domain
Even though our analysis is in the exterior domain R3\Ba(0), the simulation domain is
assumed to be an annulus with the inner and outer radii a and R, respectively, with a � R.

As a validation of our numerical code, we verify that our simulations for the standard
isotropic Stokes flow match with the analytical solution in this finite domain. We also
establish that the solution in the bounded domain retains the same decay properties as that
in an infinite domain as long as we stay away from the outer boundary.

We first compute the analytical solution to the Stokes flow in an annular domain
Ωa,R := BR(0)\Ba(0). In this case, we still have (3.29) and the first part of (3.30). Now
the boundary conditions for ur , uθ become

at r = a: ur = uθ = 0;
at r = R: ur = V cos θ, uθ = −V sin θ (C1)

which are translated to

f (a) = 0, f ′(a) = 0, f (R) = V R2

2
, f ′(R) = V R. (C2)

The Stokes equation (−�u + ∇ p = 0) leads to following form of f :

f (r) = A

r
+ Br + Cr2 + Dr4 (C3)

where the coefficients are determined by the boundary conditions (C2). We then have the
following system of linear equations:

A + a2 B + a3C + a5 D = 0,

−A + a2 B + 2a3C + 4a5 D = 0,

2A + 2R2 B + 2R3C + 2R5 D = V R3,

−A + R2 B + 2R3C + 4R5 D = V R3. (C4)

Upon introducing λ= a

R
, the solution to above system is given by,

A = λ3 (1 + λ+ λ2)
(1 − λ)3

(
4 + 7λ+ 4λ2

) R3V =: ηA(λ)R3V, (C5)
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B = −3λ
(
1 + λ+ λ2 + λ3 + λ4)

(1 − λ)3
(
4 + 7λ+ 4λ2

) RV =: ηB(λ)RV, (C6)

C =
(
4 + λ(1 + λ) (4 + 9λ2))

2(1 − λ)3
(
4 + 7λ+ 4λ2

)V =: ηC (λ)V, (C7)

D = − 3λ (1 + λ)
2(1 − λ)3

(
4 + 7λ+ 4λ2

) V

R2 =: ηD(λ)
V

R2 . (C8)

Then we have

ur = 1
r2 sin θ

∂Ψ

∂θ
= 2 f (r)

r2 cos θ

= 2V

(
ηA(λ)

(
R

r

)3

+ ηB(λ)

(
R

r

)
+ ηC (λ) + ηD(λ)

( r

R

)2
)

cos θ, (C9)

uθ = −1
r sin θ

∂Ψ

∂r
= − f ′(r)

r
sin θ

= V

(
ηA(λ)

(
R

r

)3

− ηB(λ)

(
R

r

)
− 2ηC (λ) − 4ηD(λ)

( r

R

)2
)

sin θ. (C10)

We note the self-similarity or decay structures of the solution. These can be used to
benchmark the numerical solution. In particular, if a � R so that λ� 1, we have

ηA(λ) = λ
3

4
+ O

(
λ4), ηB(λ) = −3λ

4
+ O

(
λ2), ηC (λ) = 1

2
+ 9λ

8
+ O

(
λ2),

ηD(λ) = −3λ
8

+ O
(
λ2). (C11)

One can identify three distinct parameter regimes (a) r ∼ a, (b) a � r � R and (c) r ∼ R.
We will mostly interested in regime (b) as it corresponds to the flow far away from the
particle, yet it is unaffected by the boundary of the computational domain. From (C9) and
(C10), we have the following asymptotics:

(a) If r ∼ a, then r/R ∼ λ, then

ur ∼ V

(
1 − 3

2

(a

r

)
+ 1

2

(a

r

)3
)

cos θ (C12)

and

uθ ∼ V

(
−1 + 3

4

(a

r

)
+ 1

4

(a

r

)3
)

sin θ. (C13)

(b) If a � r � R, then λ� r/R � 1, then

ur ∼ V

(
1 − 3

2

(a

r

))
cos θ (C14)

and

uθ ∼ V

(
−1 + 3

4

(a

r

))
sin θ. (C15)
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Figure 13. Here g(r) = r((v1/V ) − 1) for classical Stokes flow on 1 < r < 105: (a) in yz-plane; (b) in
xy-plane.
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Figure 14. Radial profile (rescaled) v1 for classical Stokes flow (in the yz-plane) 1 < r < 105:
(a) g(r) = r((v1/V ) − 1); (b) zoomed-in version of (a).

1024 A41-56

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
5.

10
82

1 
Pu

bl
is

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/jfm.2025.10821


Journal of Fluid Mechanics

Finite domain

Infinite domain

0 20 000 40 000 60 000 80 000 100 000

−1.0

−0.8

−0.6

−0.4

−0.2

0

0.2

y

Finite domain

Infinite domain

10 20 30 40

−1.00

−0.95

−0.90

−0.85

−0.80

−0.75

y

r (
v 1

/
V 

−
 1

)
r (

v 1
/
V 

−
 1

)
(a)

(b)

Figure 15. Comparison between the exact analytical rescaled radial profiles (along the y-axis) of v1 for
classical Stokes flows, g(r) = r((v1/V ) − 1): (a) blue, finite domain (1 < r < 105); red, infinite domain
(1 < r < ∞); (b) zoomed-in version of (a).

(c) If r ∼ R, then

ur ∼ V

(
1 + 3

4

(a

r

) (
−2 + 3

( r

R

)
−
( r

R

)3
))

cos θ (C16)
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and

uθ ∼ V

(
−1 + 3

4

(a

r

) (
1 − 3

( r

R

)
+ 2

( r

R

)3
))

sin θ. (C17)

Note that due to the boundary of the computational domain, as expected, only regimes
(a) and (b) are consistent with the exact solution (3.31) and (3.32) in the exterior domain.

In the following, we compute classical Stokes’ flow on the domain 1 < r < 105 with
v∗ = V e1. We will plot v1 on the yz-plane demonstrating its radially symmetric behaviour.
To this end, note that v1 = ur cos θ − uθ sin θ . On the yz-plane, sin θ = 1 and hence by
(C10) we have

v1 = −uθ

∣∣∣
sin θ=1

= −V

(
ηA(λ)

(
R

r

)3

− ηB(λ)

(
R

r

)
− 2ηC (λ) − 4ηD(λ)

( r

R

)2
)

.

(C18)
Our numerical results recover the above three asymptotics (a), (b) and (c). To illustrate
this, we plot the rescaled radial profile of v1 for a ≤ r ≤ R,

g(r) := r
(v1

V
− 1

)
= −r

(
ηA(λ)

(
R

r

)3

− ηB(λ)

(
R

r

)
− 2ηC (λ) − 4ηD(λ)

( r

R

)2+ 1

)
.

(C19)
The results are depicted in figures 13 and 14.

As a further demonstration, in figure 15, we compare the radial behaviour along the
y-axis between the analytical solution of v1 in the finite and infinite domain calculations.
Although the overall profiles differ, due to the finite size effect, they do coincide very
well near the particle, i.e. in regimes r ∼ a and a � r � R indicating the accuracy of our
numerical scheme.
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