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Abstract

Let (X,A) be a normal pair with a projective morphism X — Z and let A be a relatively ample R-divisor on X.
We prove the termination of some minimal model program on (X, A + A)/Z and the abundance conjecture for its
minimal model under assumptions that the non-nef locus of Kx + A + A over Z does not intersect the non-Ic locus
of (X, A) and that the restriction of Kx + A + A to the non-Ic locus of (X, A) is semi-ample over Z.
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2 K. Hashizume

1. Introduction

Throughout this paper, we work over the complex number field C.

1.1. Minimal model theory

The minimal model theory is a fundamental tool to construct a variety with good geometric properties.
The theory is indispensable to the recent development of birational geometry, especially, partial res-
olutions of singularities, boundedness and finiteness of various invariants, and moduli problems. For
inductive arguments on the dimension of varieties, we usually deal with pairs of a variety (or a scheme)
and a linear combination of divisors. Currently, the minimal model theory is discussed in the category
of log canonical (Ic, for short) pairs.

The minimal model theory consists of three principal pieces; running a minimal model program
(MMP, for short), the termination of the MMP, and the abundance conjecture. The first one has been
completely established ([BCHM10], [F11], [B12], [HX13], [H19]). Though the other two pieces are
still open, it is expected that they hold true for all Ic pairs, and remarkable progress has been made
([BCHM10], [HH20]).

There are research works on the minimal model theory in the framework beyond Ic pairs. Semi-log
canonical pairs appear in the compactification of moduli of Ic pairs and inductive arguments to study
the abundance conjecture for lc pairs. Partial results of minimal model theory for semi-log canonical
pairs hold ([F14], [AK17]). On the other hand, generalized pairs, introduced by Birkar—Zhang [BZ16],
appear as the structures of base varieties of lc-trivial fibrations and normal pairs whose log canonical
R-divisor is anti-nef. The minimal model theory for generalized Ic pairs is developed ([BZ16], [CLX23],
[HL23], [H22a], [H22b], [LT22], [LX23a], [LX23b], [TX24], [X24]), and some relationships between
the minimal model theory for generalized Ic pairs and that for Ic pairs are known ([LP20]). Unfortunately,
there exist some examples showing that the minimal model theory cannot be established in full generality
for pairs beyond Ic pairs. For example, we cannot construct a step of an MMP for semi-log canonical
pairs in general ([F14], [AK17]), and we have to take a polarization when we discuss the abundance
conjecture or the non-vanishing conjecture for generalized Ic pairs ([H22b], [X24], [CLX23]).

In this paper, we discuss the minimal model theory for normal pairs that are not necessarily Ic.
As shown in Section 6, the existence of a step of an MMP, the existence of a minimal model, and the
abundance conjecture do not always hold for normal pairs in general. For a projective normal pair (X, A),
to construct a step of a (Kx + A)-MMP, we need the cone and contraction theorem and the existence of
a relative Ic model with respect to a (Kx + A)-negative extremal contraction. The cone and contraction
theorem for normal pairs (more generally, quasi-log schemes) have been established by Fujino [F17],
and the existence of a relative lc model with respect to a (Kx + A)-negative extremal contraction is a
local problem (cf. [KM98, Corollary 6.7]) and known for Ic pairs by the author [H19] (see [B12] by
Birkar and [HX13] by Hacon—Xu in the case of Q-divisors). Hence, if any (Kx + A)-negative curve
does not intersect the non-Ic locus of (X, A), then we can construct a step (X,A) --» (X’,A’) of a
(Kx + A)-MMP. If, furthermore, any (Kx- + A’)-negative curve is disjoint from the non-lc locus of
(X’,A’), then we can construct a next step (X’,A’) --> (X"",A”) of a (Kx + A)-MMP. By repeating
this discussion, if Kx + A has a special positivity around the non-lc locus of (X,A), we can run a
(Kx + A)-MMP.

The special positivity condition in the previous paragraph is satisfied if the non-nef locus (see
Definition 2.11) of the log canonical R-divisor is disjoint from the non-lc locus. The non-nef locus
of the log canonical R-divisor contains all curves whose intersection number with the log canonical
R-divisor is negative (Theorem 2.14), and any MMP does not modify the complement of the non-nef
locus of the log canonical R-divisor. For a projective normal pair (X, A), assuming that the non-nef
locus of Kx + A does not intersect the non-Ic locus of (X, A), then we can always construct a sequence
of steps of a (Kx + A)-MMP (Corollary 3.12). Then it is natural to consider the termination of the
(Kx + A)-MMP. More specifically, we may consider the following question.
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Question 1.1. Let 7: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair such that Kx + A is m-pseudo-effective. Suppose that the non-nef locus of Kx + A over
Z (Definition 2.11) does not intersect the non-Ic locus of (X, A). Then, is there a finite sequence of steps
of a (Kx + A)-MMP over Z

(X, A) =2 (X1, A1) = - o (Xiy Aj) = oo = (X, A)

such that Kx, + A, is nef over Z?

This question is natural since we can give an affirmative answer under the assumption on the
termination of all MMP for klt pairs (see Remark 3.16).

1.2. Results
The following theorem is the main result of this paper.

Theorem 1.2 (cf. Theorem 5.3). Let m: X — Z be a projective morphism of normal quasi-projective
varieties. Let (X, A) be a normal pair and let A be a n-ample R-divisor on X such that Kx + A + A is
n-pseudo-effective. Suppose that the non-nef locus of Kx + A + A over Z does not intersect the non-lc
locus Nlc(X, A) of (X, A). Suppose in addition that (Kx + A + A)|Nic(x,n), which we think of as an
R-line bundle onNlc(X, A), is a finite R~ o-linear combination of m|nic(x,a)-globally generated invertible
sheaves on Nlc(X, A). We put (X1, By) := (X, A + A). Then there exists a diagram

(X1,B1))——>-——>Xi,Bi)) - —— - — — > (Xi+1, Biv1) — — =+ = = > (Xon, Bn)
x %
Wi

over Z, where all varieties are normal and projective over Z, satisfying the following.

i ®; .
o Foreach 1 < i < m, the diagram (X;, B;) 2, Wi «— (Xit1, Biy1) is a usual step of a (Kx, + B1)-
MMP over Z, in other words, ¢; is birational, p(X; /W;) =1, (,0; is small birational, and —(Kx, + B;)
and Kx,,, + Bi.1 are ample over Wi,

o (X1, B1) --» (Xyn, Bi) is an isomorphism on a neighborhood of Nlc(X, A),
o Kx,, + By, is semi-ample over Z.

Moreover, if X is Q-factorial, then all X; in the MMP are also Q-factorial.

If the non-Ic locus of (X,A) in Theorem 1.2 is empty, then the statement follows from [HH20,
Theorem 1.5 and Theorem 1.7]. Thus, Theorem 1.2 is a generalization of [HH20] and [BCHM10].
We note that the scheme structure of Nlc(X, A) in Theorem 1.2 is not defined to be the reduced scheme
structure. For the definition of Nlc(X, A) as a closed subscheme of X, see Definition 2.16. We also note
that the MMP in Theorem 1.2 and the results in the introduction are natural generalizations of the non-Q-
factorial MMP in [F17, 4.9.1] to normal pairs. However, in arguments throughout this paper we usually
adopt a definition of MMP weaker than [F17, 4.9.1], and the definition is different from [F17, 4.9.1]
or [K21]. More specifically, we do not assume the relative Picard number to be one in each extremal
contraction of MMP. For details, see Definition 3.5 and Remark 3.6. This is the reason why we say “a
usual step of a (Kx, + B;)-MMP” and we explicitly state the properties of the diagram in Theorem 1.2.

The following results are corollaries of Theorem 1.2.

Corollary 1.3 (= Corollary 5.5). Let n: X — Z be a projective morphism of normal quasi-projective
varieties. Let (X, A) be a normal pair and let A be a n-ample R-divisor on X such that Kx + A + A is
n-pseudo-effective. Suppose that the non-nef locus of Kx + A + A over Z does not intersect Nlc(X, A)
and that (Kx + A + A)|nic(x,a), which we think of as an R-line bundle on Nlc(X,A), is a finite
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Rso-linear combination of m|nic(x a)-globally generated invertible sheaves on Nlc(X,A). Then the
stable base locus Bs|Kx + A + A/ Z|r of Kx + A + A over Z is disjoint from Nlc(X, A).

Corollary 1.4 (= Corollary 5.6). Let n: X — Z be a projective morphism of normal quasi-projective
varieties. Let (X, A) be a normal pair and let A be a m-ample R-divisor on X such that Kx + A + A is
n-pseudo-effective. Suppose that Bs|Kx + A + A/ Z|g is disjoint from Nlc(X, A). We put (X1, By) :=
(X,A + A). Then there exists a diagram

(X1,B))——>-—=>(X;,B))——— — — = > (Xi+1, Biv1) — — =+ — — = (Xin, Bw)

i
over Z, where all varieties are normal and projective over Z, satisfying the following.

o Foreach1 < i < m, the diagram (X;, B;) i W; Adl (Xi+1, Bis1) is a usual step of a (Kx, + B1)-
MMP over Z (cf. Theorem 1.2),

o (X1, By) --» (Xyn, Byn) is an isomorphism on a neighborhood of Nlc(X, A),

o Kx,, + By, is semi-ample over Z.

Moreover, if X is Q-factorial, then all X; in the MMP are also Q-factorial.

Corollary 1.5 (= Corollary 5.7). Let n: X — Z be a projective morphism of normal quasi-projective
varieties. Let (X, A) be a normal pair such that Kx + A is n-pseudo-effective. Suppose that the non-nef
locus of Kx + A over Z does not intersect Nlc(X, A). Let A be a mw-ample R-divisor on X. Then there
exists a diagram

(X,A) = (X1, A1) === === (Xp,A) - —— — — — > (Xiv1, Ajg1) — = >+

Wi
over Z, where all varieties are normal and projective over Z, satisfying the following.

o (X;,Ay) “, W; A (Xi+1,Aiv1) is a usual step of a (Kx + A)-MMP over Z with scaling of A (cf.
Theorem 1.2),

o the non-isomorphic locus (Definition 3.5) of the (Kx + A)-MMP is disjoint from Nlc(X, A), and

o if we put

A =inf{u € Ryo | Kx, + A; + pA; is nef over Z}

foreachi > 1, then lim;_,c,A; = 0.
Moreover, if X is Q-factorial, then all X; in the MMP are also Q-factorial.
For applications of Corollary 1.5, see Corollaries 5.8 and 5.9.

Corollary 1.6 (= Corollary 5.10). Let n: X — Z be a projective morphism of normal quasi-projective
varieties. Let (X, A) be a normal pair such that A is a Q-divisor on X. Let A be a n-ample Q-divisor
on X such that Kx + A + A is n-pseudo-effective. Suppose that the non-nef locus of Kx + A + A over Z
does not intersect Nlc(X, A) and that (Kx + A + A)|Nic(x,a), which we think of as a Q-line bundle on
Nlc(X, A), is semi-ample over Z. Then the sheaf of graded n.Ox -algebra

P m.O0x(Lm(Kx +A+A)))

meZsg

is finitely generated.
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1.3. Structure of this paper and idea of proofs

The contents of this paper are as follows.

In Section 2, we collect some definitions and basic results used in this paper. Relative non-nef locus for
R-Cartier R-divisors (Definition 2.11) and quasi-log schemes induced by normal pairs (Definition 2.25)
will be defined in this section.

In Section 3, we prove fundamental results to run an MMP for normal pairs. We first define minimal
models and a step of an MMP for normal pairs, and then we collect their basic properties. After that,
using the cone and contraction theorem for quasi-log schemes ([F17, Chapter 6]), we prove that we can
run an MMP for normal pairs if the non-nef locus of the log canonical R-divisor is disjoint from the
non-lc locus. We also show constructions of special kinds of MMP with scaling; MMP for normal pairs
with scaling whose nef threshold is not stationary, and another type is so called “MMP for quasi-log
schemes induced by normal pairs with scaling”. For details, see Theorem 3.11. These two kinds of
MMP will play crucial roles in Section 4 and Section 5. Furthermore, the second kind of the MMP is
used to construct the first kind of the MMP.

In Section 4, we study the minimal model theory for polarized normal pairs such that the non-nef
locus of the log canonical R-divisor is disjoint from the non-klt locus. This section can be divided
into three pieces. Firstly, we will prove the existence of a good minimal model for polarized normal
pairs assuming the non-vanishing theorem. In the proof, the circle of ideas in [BCHM 10, Section 5]
and the special termination in [FO7b] play important roles. Secondly, we will prove the termination of
some MMP with scaling assuming the existence of good minimal models. This result is a variant of
[B12, Theorem 4.1 (iii)], and we partially borrow the idea in its proof. Despite the bad singularities
of a given normal pair, an appropriate partial resolution of singularities as in Proposition 4.1 enables
us to make use of the ideas in [BCHM 10, Section 5], [FO7b], and [B12, Proof of Theorem 4.1 (iii)].
Finally, we will prove the non-vanishing theorem. Using the idea from [BCHM 10, Section 7], we will
reduce the non-vanishing theorem to the extension of sections from the non-klt locus. To explain the
strategy, consider a special case that does not appear in the proof, which we introduce for convenience,
where we are given a projective polarized normal pair (X, A + A) such that A and A are Q-divisors,
Bs|Kx + A + (1 +1)A|g is disjoint from the non-klt locus Nklt(X, A) of (X, A) for any ¢ € R, and the
Q-line bundle (Kx+A+A)|nki(x,a) is semi-ample. The goal is to prove Bs|Kx +A+A[r NNkIt(X, A) = 0.
We run a (Kx + A + A)-MMP with scaling of A whose nef threshold is not stationary, constructed in
Section 3. By an argument, we may assume that the nef threshold goes to zero, and for any integer
p > 2, we get anormal pair (X', A’ + A”) such that Kx- + A’ + %A’ is nef and log big with respect to
(X’,A”). Choosing p so that p(Kx +A + A) is a Weil divisor, we can apply a vanishing theorem for quasi-
log schemes (Theorem 2.29) to p(Kx- + A’ + A’). Then we can extend the sections from Nklt(X’, A”)
to X’. From this and the construction of the MMP, we obtain Bs|Kx + A + A|g N Nklt(X,A) = 0,
as desired.

In Section 5, we prove Theorem 1.2 and corollaries. For a polarized normal pair as in Theorem 1.2,
we will run an MMP and use the argument of the special termination as in [FO7b] to reduce an MMP
along kit locus, proved in Section 4. The main difficulties to carry out the idea are that the ampleness
of the polarization is not preserved under an MMP and that we cannot directly use the adjunction for
Ic centers. Hence, we deal with quasi-log schemes induced by normal pairs such that Ic centers of the
normal pair are geometrically well shaped, and we consider MMP for quasi-log schemes induced by
normal pairs with scaling. Roughly speaking, this is a sequence of quasi-log schemes induced by normal
pairs fi: (Yi,Ai + ffA;) — [Xi,wi + A;] (i = 1,2, --+) such that (Y;, A; + fA;) (resp. X;) form a
sequence of steps of a (Ky, + A + f]A;)-MMP with scaling (resp. an (w; + A1)-MMP with scaling).
These two MMP are deeply linked, and thus the terminations of the two MMP are equivalent. By making
use of the MMP proved in Section 3, we construct an MMP for quasi-log scheme induced by normal
pair with scaling such that the nef threshold of the MMP is not stationary, A; is ample (after replacing
suitably), and we can apply the adjunction to any Ic center of each (¥;, A;). The (Ky, +A; + f;'A1)-MMP
is used for the special termination. On the other hand, the (w; + A1)-MMP is used for the abundance by
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using the base point free theorem for quasi-log schemes. Regarding the given normal pair (X, A + A) as
a quasi-log scheme induced by a normal pair (X,A + A) — [X,Kx + A + A], we prove Theorem 1.2
by using the above MMP. Corollaries are direct consequences of Theorem 1.2.

In Section 6, we collect some examples. We construct examples for which a step of an MMP does
not exist, a minimal model does not exist, and the abundance conjecture does not hold.

2. Preliminaries

Throughout this paper, a scheme means a separated scheme of finite type over C. A variety means an
integral scheme, that is, an irreducible reduced separated scheme of finite type over C.

2.1. Divisors and morphisms

Let 7: X — Z be a projective morphism from a normal variety to a variety. We will use the standard
definitions of m-nef R-divisor, m-ample R-divisor, m-semi-ample R-divisor, and w-pseudo-effective R-
Cartier R-divisor. The set of R-divisors on X is denoted by WDivg (X). For a prime divisor P over X,
the image of P on X is denoted by cx (P).

A contraction f: X — Y is a projective morphism of varieties such that f,Ox = Oy. For a variety
X and an R-divisor D on X, a log resolution of (X, D) is a projective birational morphism g: W — X
from a smooth variety W such that the exceptional locus Ex(g) of g is pure codimension one and
Ex(g) U Supp g; ' D is a simple normal crossing divisor.

A birational map ¢: X --» X’ of varieties is called a birational contraction if $~' does not contract
any divisor. We say that ¢ is small if ¢ and ¢~ are birational contractions.

Definition 2.1 (R-line bundle on scheme, relative ampleness, relative semi-ampleness). Let X be a
(not necessarily reduced or irreducible) scheme and let Pic(X) be the Picard group of X. A Q-line
bundle on X is an element of Pic(X) ®z Q. Let 7: X — Z be a projective morphism to a scheme Z.
A Q-line bundle £ on X is m-ample or ample over Z if L is a finite Qs¢-linear combination of -
ample invertible sheaves on X. We say that a Q-line bundle £ on X is nm-semi-ample or semi-ample
over Z if we can write £ = Ztlle q:L; as an element of Pic(X) ®z Q such that g1, - -- , g are positive
rational numbers and L1, -- -, L are globally generated over Z; in other words, the natural morphism
m*n. L; — L;is surjective forall 1 < i < k.

Similarly, we define an R-line bundle on X to be an element of Pic(X) ®z R, and we say that an R-line
bundle £ on X is w-ample or ample over Z (resp. n-semi-ample or semi-ample over Z) if L is a finite
R.¢-linear combination of invertible sheaves on X that are w-ample (resp. globally generated over Z).

Definition 2.2. Let a be a real number. We define the round up [a] to be the smallest integer not less
than a, and we define the round down | a] to be the largest integer not greater than a. It is easy to see
that |a| = —[—a].

Let D be an R-divisor on a variety, and let D = }}; d;D; be the decomposition of D into distinct
prime divisors. We define

[D]:= Z_rdiwi, |D] = th,-JDi, and  {D}:=D-|D].

We also define

D<= Z d;D;, D' := Z D;, D':= Z d;D;, and DZ':= Z d;D;.
di<1 di=1 di>1 di>1

By definition, we have |[D| = —[-D].
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2.2. R-linear system

In this subsection, we define the relative R-linear system and the relative stable base locus, and we prove
some basic results. Afterward, we define the relative diminished base locus. Almost all results in this
subsection are analogous of the results proved in [BCHM 10, Subsection 3.5].

Definition 2.3 (Relative R-linear system, relative stable base locus). Let 7: X — Z be a projective
morphism of normal varieties. Let D be a (not necessarily Q-Cartier) Q-divisor on X. Then the Q-linear
system of D over Z, denoted by |D/Z|q, is defined by

|D/Z|g :={E 20| E ~q,z D}.
The stable base locus of D over Z, denoted by Bs|D/Z|q, is defined by
Bs|D/Z|g = ﬂ Supp E.
E€lD/Z]q

If |[D/Z|qg is empty, then we set Bs|D/Z|g = X by convention.
For an R-divisor D’ on X, the R-linear system of D’ over Z, denoted by |D’/Z|g, is defined by

ID//Z|R = {E’ > 0|E’ ~R,Z D’},
and the stable base locus of D’ over Z, denoted by Bs|D’/Z|g, is defined by

Bs|D’/Z|r := ﬂ Supp E’.
E'€|lD’|Z]r

If |D’/Z|r is empty, then we set Bs|D’/Z|g = X by convention.
We say that an R-divisor D’ on X is movable over Z if the codimension of Bs|D"’/Z| in X is greater
than or equal to two.

Lemma 2.4 (cf. [BCHM10, Lemma 3.5.6]). Let X — Z be a projective morphism of normal varieties
and let D be an R-divisor on X which is movable over Z. Then there exist positive real numbersry,--- , r;
and effective Q-divisors My, -+, Mj on X such that D ~g, z 25:1 riM; and Bs|M;/Z|oy € Bs|D/Z|r
for every 1 <i < l. In particular, M; is movable over Z for every 1 <i < [.

Proof. The argument is similar to [BCHM 10, Proof of Lemma 3.5.6]. We fix elements Dy, -+, D)
of |[D/Z|gr such that ﬂle Supp D; = Bs|D/Z|r. We prove Lemma 2.4 by induction on the sum of the
numbers of components of the divisors Dy, ---, D). Foreach 2 <i < p, we consider the set

Ei1>0,E; >20,E| ~, z E;,
W; =< (E, E;) € WDivg(X) X WDivg (X) | Supp E1 = Supp D1, and
Supp E; = Supp D;

By the argument from convex geometry, we can find a rational polytope C; € W that contains (D1, D;).
Then there are effective Q-divisors Ny, - -+, N, on X such that (N, N;) € C; forevery 2 < i < p. Then
Supp N; = Supp D, forall 1 <i < p, and it follows that Ny ~q, z N; for all2 <i < p. Since we have

p p
BsIN:/Zlo < () SuppNi = (| Supp D; = Bs|D /Zlz.

i=1 i=1

it follows that N is movable over Z and Bs|N;/Z|g C Bs|D/Z|r. We set

M, =N, and r|:=sup{t€Ryo|D;—tN; >0forevery 1 <i < p}.
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Putting D] = D; — r|N; foreach 1 <i < p and D’ := D — r; My, then the sum of the numbers of
components of Di oo, D ;, is strictly less than the sum of the numbers of components of Dy, ---, D,.
By construction, the relation D’ ~g 7z D holds for every 1 <i < p, and

J2 p
Bs|D’/Z|r C mSuple’- C ﬂSuppD,- =Bs|D/Z|.
i=1 i=1

Thus D’ is movable over Z. We apply the induction hypothesis to D’. Then we can find positive real

numbers rj,-- -, r; and effective Q-divisors N/,---, NL’] on X such that D’ ~g z Z?zl r}NJ'. and
leNj’./Z|Q C Bs|D’/Z|g for every 1 < j < q. Since we have D’ = D — r|N| and Bs|D’/Z|r C
Bs|D/Z|g, by renaming r{,-- -, ry and Ny, ---, N/ we obtain positive real numbers ry,---, r; and
effective Q-divisors My, - - -, M; on X satisfying the conditions of Lemma 2.4. m]

Lemma 2.5 (cf. [BCHMI10, Proposition 3.5.4]). Let X — Z be a projective morphism of normal
varieties and let D be an R-divisor on X such that |D/Z|g # 0. Then there exist effective R-divisors M
and F on X satisfying the following.

oD ~R,Z M+ F,

o every component of F is an irreducible component of Bs|D | Z|r, and

o we may write M = 25:1 riM; for some positive real numbers ry,--- , r; and effective Q-divisors
My,---, M; on X such that every M; is movable over Z and Bs|M;/Z|g C Bs|D/Z|r for every
1<i<l.

Proof. Let Dy,---, Dy be elements of |D/Z|r such that ﬂf.‘zl Supp D; = Bs|D/Z|r. For any prime

divisor P on X, we define rp := min coeffp(D;), and we set
1<i<k

F = Z rpP,

P

where P runs over prime divisors on X. By construction, F is well defined as an effective R-divisor on
X and every component of F is an irreducible component of Bs|D/Z|r. We put

D':=D-F.

Then D’ ~g,z D; — F forall 1 <i < k, and construction of F implies that any prime divisor is not

contained in ﬂf.‘zl Supp (D; — F). Hence, D’ is movable over Z. We also have

k k

Bs|D’/Z|r C ﬂ Supp (D; - F) C ﬂ Supp D; =Bs|D/Z|z.
i=1 i=1

By applying Lemma 2.4 to D’, we get positive real numbers ry,---, r; and effective Q-divisors
Mi,---, M; on X such that

o D’ ~R,Z 25:1 rl-Mi, and

o M; is movable over Z and Bs|M;/Z|g C Bs|D’/Z|p forevery 1 <i <.

Putting M = Zﬁzl riM;, then M and F satisfy the conditions of Lemma 2.5. O

Theorem 2.6. Let 1: X — Z be a projective morphism of normal quasi-projective varieties and let A
be a reduced divisor on X. Let D be an R-Cartier R-divisor on X such that |D | Z|g # 0. Then there exist
a log resolution f: Y — X of (X, A) and effective R-divisors My and Fy on Y satisfying the following.
J*D ~r,z My + Fy,

every component of Fy is an irreducible component of Bs|f*D [ Z|g,

My is semi-ample over Z and

Supp(Fy + f-'A) UEX(f) is a simple normal crossing divisor on Y.

O O O O
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Proof. Replacing X by a resolution, we may assume that X is smooth. By Lemma 2.5, there exist
effective R-divisors M and F on X satisfying the following.

o D~rzM+F,
o every component of F is an irreducible component of Bs|D/Z|r, and

o we may write M = Zle riM; for some positive real numbers rq, .-, r; and effective Q-divisors
My,---, M; on X such that every M; is movable over Z and Bs|M;/Z|g € Bs|D/Z|r for every
1<i<l.

We take a positive integer k such that kM; is Cartier for every 1 < i < [. Since Z is quasi-projective,
choosing k sufficiently large and divisible, we may assume

Bs|M;/Z|g = Supp(Coker(n*7.Ox (kM;) ®0, Ox(—kM;) — Ox))

as Zariski closed subsets of X. Define Z; := Im(n*n.Ox (kM;) ®0, Ox(—-kM;) — Ox) for each
1 <i < [. We take a log resolution f: Y — X of (X,A + F) such that Z; - Oy is an invertible sheaf
on Y for every 1 < i < [. We can write Z; - Oy = Oy (—E;) for some effective Cartier divisor E; on Y.
Since Bs|M;/Z|q € Bs|D/Z|r, every component of E; is an irreducible component of Bs|f*D/Z|g.
By taking some blow-ups if necessary, we may assume that Supp( £ (A + F) + 2%:1 E;)) UEx(f)isa
simple normal crossing divisor on Y. Now we put

I I
. 1 . 1
MY I=f M—E;riEi and FY Z=f F+E;riEi.
Then My = % 25:1 r (f*(kMi) - E,-). Hence My is semi-ample over Z. By construction, f: Y — X,
My, and Fy satisfy the conditions of Theorem 2.6. ]

Finally, we define the relative diminished base locus. We note that we only use the diminished base
locus in the projective case as in [BBP13], [TX23]. However, we define the relative version of the
diminished base locus for the future use.

Definition 2.7 (Relative diminished base locus, cf. [BBP13], [TX23]). Let 7: X — Z be a projective
morphism from a normal quasi-projective variety X to a quasi-projective scheme Z, and let D be a
m-pseudo-effective R-Cartier R-divisor on X. Then the diminished base locus of D over Z, which we
denote by B_(D/Z), is defined to be

B_(D/Z) = U Bs|D + €A/ Z|x

e>0

for a r-ample R-divisor A on X. Note that B_(D/Z) does not depend on A. When Z is a point, we denote
the diminished base locus over Z by B_(D).

2.3. Non-nef locus

The goal of this subsection is to define the relative non-nef locus and prove some properties used in this
paper.

Definition 2.8 (Relative asymptotic vanishing order, [NO4, III, §4.a]). Let 7: X — Z be a projective
morphism from a normal quasi-projective variety X to a quasi-projective scheme Z. Let D be a w-pseudo-
effective R-Cartier R-divisor on X. For a prime divisor P over X, we define the asymptotic vanishing
order of D along P over Z, denoted by op(D/Z), as follows ([NO4, III, §4.a]): We take a resolution of
f: X’ — X of X on which P appears as a prime divisor. We put

(mo f):Oy(Lf*"D] —mP) — (ﬂOf)*Oy(Lf*DJ)}

is an isomorphism

Myg+p = max{m € Zxo
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if (o £).Oy (Lf*D)) is not the zero sheaf. When D is big over Z, then

+00 (o f1Oy(Lf*D]) =0)

op(f'D; X[ 2)z = {mf*p +coeffp({f*D}) (o £).Oy (Lf*D]) # 0)

and op(D/Z) is defined to be
1 R
op(D/Z) = lim Zcrp(mf D;X'|Z)z.

Note that op(D/Z) is independent of the resolution f: X’ — X.If D is not necessarily 7-big, then

op(D/Z) = JE&O—P(D +€A/Z)

for a w-ample R-divisor A on X. Note that op(D/Z) does not depend on A. However, we may have
op(D/Z) = oo for some P. This is the main difference between the relative asymptotic vanishing order
([NO4, I1I, §4.a]) and the asymptotic vanishing order in the projective case ([N04, 1.6 Definition]). We
regard op(D/Z) as a value in [0, oo].

Definition 2.9 (Relative Nakayama—Zariski decomposition, cf. [NO4, III, §4.a]). Let 7: X — Z be a
projective morphism from a normal quasi-projective variety X to a quasi-projective scheme Z, and let
D be a m-pseudo-effective R-Cartier R-divisor on X.

We first define the negative part of the Nakayama—Zariski decomposition of D over Z, denoted by
N, (D; X/Z), as follows: We take a resolution of f: X’ — X of X, and consider the formal sum

> ap(fD/Z)P
P’: prime divisor
onX’
of prime divisors on X’ with the coefficients in [0,c0] (see [NO4, III, §4.a]). By regarding
op (f*D/Z)f.P’ :=0 whenever f,P’ =0, we define N, (D; X’/Z) by

No(D;X/Z) := Z op(f*D/Z)f.P’ = Z op(D/Z)P.
P’: prime divisor P: prime divisor
onX’ onX

We note that N, (D; X/Z) is independent of the resolution f: X’ — X.
Suppose that N, (D; X/Z) is well defined as an R-divisor on X. Then we define

Py(D;X/Z) =D - Ny(D; X/Z)

and call it the positive part of the Nakayama—Zariski decomposition of D over Z. We call the relation
D =P, (D;X/Z)+ N, (D; X/Z) the Nakayama—Zariski decomposition of D over Z.

Remark 2.10. With notations as in Definition 2.9, if X is smooth then the relative Nakayama—Zariski
decomposition in Definition 2.9 coincides with that in [NO4, III, §4.a]. If Z is a point, then N, (D; X /Z)
is always well defined ([NO4, III, 1.5 Lemma]), and N, (D;X/Z) and P,(D;X/Z) are the same as
those in [BH 14, Section 4]. When Z is a variety, Definition 2.9 coincides with [LX23a, Definition 3.1].
Note that we may use [[LX23a, Lemma 3.2] since the base scheme is quasi-projective. Although not
explicitly mentioned in [LX23a, Lemma 3.2], the quasi-projectivity of the base scheme is necessary in
its proof. Anyway, we may freely use the results in [[LX23a, Section 3].

In this paper, we discuss the relative Nakayama—Zariski decomposition only when the relative
Nakayama—Zariski decomposition is well defined. Moreover, we only deal with the relative Nakayama—
Zariski decompositions whose negative parts and positive parts are well defined as R-Cartier R-divisors.
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Definition 2.11 (Relative non-nef locus, cf. [N04, III, 2.6 Definition]). Let 7: X — Z be a projective
morphism from a normal quasi-projective variety X to a quasi-projective scheme Z, and let D be a
m-pseudo-effective R-Cartier R-divisor on X. We define the non-nef locus of D over Z, denoted by
NNef(D/Z), to be

NNef(D/Z):= | ] ex(P),
op(D]Z)>0

where P runs over prime divisors over X and op (D /Z) is the asymptotic vanishing order of D along P
over Z in Definition 2.8.

Remark 2.12. Let 7: X — Z, P, and D be as in Definition 2.8. Then
op(D+H/Z) <op(D/Z)
for every m-semi-ample R-divisor H on X. This implies that

NNef(D/Z) = U NNef(D + €H/Z).

e>0

Remark 2.13 (cf. [BBP13, Lemma 2.6], [TX23, Remark 2.9]). By definition, we have
NNef(D/Z) c B_(D/Z) c Bs|D/Z|r
for every 7: X — Z and D as in Definition 2.1 1. Furthermore, we have
NNef(D/Z) = f(NNef(f*D/Z))

for any projective birational morphism f: ¥ — X from a normal variety Y.
In this paper we use the following results without mentioning explicitly.

Theorem 2.14. Let m1: X — Z be a projective morphism of normal quasi-projective varieties. Let D
be a nt-pseudo-effective R-Cartier R-divisor on X. Let C be a curve on X such that n(C) is a point and
C ¢ NNef(D/Z). Then (D - C) > 0.

Proof. Let f: Y — X be a resolution of X such that f~!(C) is pure codimension one. Let A be an
ample Cartier divisor on Y. Since C ¢ NNef(D/Z), by the same argument as in [NO4, Proof of III, 1.7
Lemma], for any k € Z.( we see that Bs| f*D + %A /Z|r does not contain any irreducible component of
£~1(C) mapping onto C. We can find a curve C’ C Y such that f(C’) = C and C’ ¢ Bs|f*D + %A/ZhR
for any k € Z.g. Then (f*D + $A) - C’ > 0 for all k € Z., and therefore (f*D - C’) > 0. Thus
(D-C)=0. O

Lemma 2.15. Let n: X — Z be a projective morphism of normal quasi-projective varieties, and let D
be a n-pseudo-effective R-Cartier R-divisor on X. Let f: Y — X be a projective surjective morphism
from a normal variety Y. Then we have the inclusion NNef(D/Z) > f(NNef(f*D/Z)).

Proof. By Remark 2.12, it is enough to prove NNef(D + A/Z) > f(NNef(f*(D + A)/Z)) for any
m-ample divisor A on X. In particular, we may assume that D is m-big.

We will prove X \ NNef(D/Z) c X \ f(NNef(f*D/Z)). We fix x € X \ NNef(D/Z). We
pick y € f~!(x) and an arbitrary prime divisor P over Y such that cy (P) > y. We will prove that
op(f*D/Z) = 0. Let g: X’ — X be a resolution of X such that g~ (f(cy (P))) is pure codimension
onein X’,andleth: Y’ — Y be aresolution of Y such that P appears as a prime divisor on Y’ and the map
f’:Y’ --» X’ is a morphism. Since D is 7-big and Z is quasi-projective, by Definition 2.8, the equality

op(f'D/Z) = mf{coeﬁp (D7) for some Q-Cartier Q-divisor Hz on Z

D’ > 0 and R-Cartier, D’ ~q h* f*D + h* f*n*Hz }
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holds. Let g~' (f(cy (P))) = Zle Q; be the prime decomposition. As above, we have

0o,(D/Z) = inf{coeffp(E')

E’ > 0 and R-Cartier, E’ ~q g*D + g"n"H,
for some Q-Cartier Q-divisor H/, on Z

foralli. Sincex € X\NNef(D/Z), wehave o, (D/Z) = Oforallisuchthat g(Q;) > x. Forany € € R,
by taking a general effective R-Cartier R-divisor E¢ on X’ such that E¢ ~q g*D + g*n*H’, for some
Q-Cartier Q-divisor H, on Z, we have coeffg, (E¢) < € for all i such that g(Q;) > x. By construction,
P is a component of f*(3; Q;), where j runs over the indices such that g(Q;) > x. Therefore, for
any € € R, we can find D¢ > O such that D¢ ~q h*f*D + h* f*n*Hz for some Q-Cartier Q-divisor
Hz on Z and coeffp (D) < €. This implies op(f*D/Z) = 0. Therefore, y ¢ NNef(f*D/Z) for any
y € f~'(x). Then f~'(y) N NNef(f*D/Z) = 0. Hence x € X \ f(NNef(f*D/Z)). We finish the
proof. O

2.4. Singularities of pairs

In this subsection, we collect some definitions and basic results on singularities of pairs.

A sub normal pair (X, A) consists of a normal variety X and an R-divisor A on X such that Kx + A
is R-Cartier. A normal pair is a sub normal pair (X, A) such that A is effective. We use these terms
to explicitly state the normality of X. For a sub normal pair (X, A) and a prime divisor P over X, the
discrepancy of P with respect to (X, A) is denoted by a(P, X, A). A normal pair (X, A) is Kawamata
log terminal (kit, for short) if a(P, X, A) > —1 for all prime divisors P over X. A normal pair (X, A) is
log canonical (Ic, for short) if a(P, X,A) > —1 for all prime divisors P over X. A normal pair (X, A)
is divisorially log terminal (dlt, for short) if (X, A) is Ic and there exists a log resolution f: ¥ — X of
(X, A) such that every f-exceptional prime divisor E on Y satisfies a(E, X,A) > —1. When (X, A) is
an lc pair, an Ic center of (X, A) is cx (P) for some prime divisor P over X such that a(P, X,A) = —1.
We freely use properties of Ic centers of dlt pairs in [FO7a, Proposition 3.9.2] and [K 13, Theorem 4.16].

Definition 2.16 (Non-Ic locus, non-kltlocus). Let (X, A) be a normal pair. We define the non-Ic locus and
the non-kit locus of (X, A), denoted by Nlc(X, A) and Nklt(X, A) respectively, to be closed subschemes
of X by the following construction: We take a log resolution f: Y — X of (X,A). We may write
Ky +T" = f*(Kx +A) with an R-divisor I' on Y. Then the natural isomorphism Ox — £.Oy ([-(I'<")])
defines ideal sheaves

Inie(x.a) = £:0y ([-(T)] = [T7']) = Oy (-[T] +T7"), and
Inuix.a) = fiOy (=|T]) = £Oy ([—(T<H] = [T - T7")

of Ox. These ideal sheaves are independent of the log resolution f: ¥ — X ([FST11]). Then Nlc(X, A)
and NKkIt(X, A) are closed subschemes of X defined by Znic(x,a) and Zniit(x,a)» respectively.

Nlc(X, A) and Nklt(X, A) sometimes mean the support of the non-lc locus and the non-klt locus of
(X, A) respectively if there is no risk of confusion.

Definition 2.17 (Lc center). Let (X, A) be a normal pair. A subset S C X is called an Ic center of (X, A)
if S ¢ Nlc(X, A) and there exists a prime divisor P over X such that § = cx(P) and a(P, X,A) = —1.
Unless otherwise stated, the scheme structure of an Ic center is the naturally induced reduced scheme
structure.

Theorem 2.18 (DIt blow-up, [F25, Theorem 3.9]). Let (X, A) be a normal pair such that X is quasi-
projective. Then there exists a projective birational morphism f: Y — X from a normal quasi-projective
variety Y with the following properties.

o Yis Q-factorial,
o a(E,X,A) < —1 for every f-exceptional prime divisor E on Y, and
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o if we define an R-divisor I" on Y by
Ky +T' = f"(Kx +A),

then (Y,T'<! + SuppI'") is dIt.
We call the morphism f: (Y,T') — (X, A) a dlt blow-up.
We will prove some results on the defining ideal sheaf of the non-Ic locus of a normal pair.

Lemma 2.19. Let (Y, A) be a sub normal pair such that Ky + {A} + A=" is R-Cartier. Let g: W — Y be
a projective birational morphism from a normal variety W such that all g-exceptional prime divisors P
on W satisfy a(P,Y,{A}+A=") > —1. We define an R-divisor T on Wby Ky +T = g*(Ky +A). We put

D=[-(AH1-1A""]  and G=[-(TH]-[T"'].

Then D is a Q-Cartier divisor and G — | g* D] is effective and g-exceptional.
Proof. We have

A={A}+ AT+ [AS |+ A ={A}+ A" = D.

Since Ky + A and Ky + {A} + A=! are R-Cartier, D is Q-Cartier.

We will prove that G — | g* D | is effective and g-exceptional. Clearly we have g.I' = A, g.{T'} = {A},
and g.I"=! = A=!. Thus g.G = D. Itis also clear that g; ' D is a Weil divisor, and therefore | g*D] — g*D
is g-exceptional. From these facts, it follows that G — | g*D | is g-exceptional. We also have

Kw +{T}+T7" + [T+ [T = g"(Ky + {A}+ A7) + g7 (|AS ] + A7),
By the definitions of D and G, we obtain
G-g¢'D=Kwy+{T}+T7 —g*(Ky + {A} +A7).

Since all g-exceptional prime divisors P on W satisfy a(P,Y, {A} + A=') > —1, we have [(Kw + {T'} +
=! — g*(Ky + {A} + A71))] > 0. Therefore, we obtain

[G1+[-g"D1 2 [(G-g"D)]=[(Kw +{T}+T~" = g"(Ky +{A}+A=")] > 0.

Since G is a Weil divisor, it follows that G — | g*D| > 0.
By the above arguments, D is Q-Cartier and G — |g*D] is effective and g-exceptional. Thus,
Lemma 2.19 holds. O

Corollary 2.20. Let (Y, A) be a normal pair such that (Y, A<' +Supp A=) is a dit pair. Letg: W — Y
be a projective birational morphism. We define an R-divisor I' on W by Ky +I" = g*(Ky + A). Suppose
that (W, SuppT) is log smooth. Then the natural isomorphism Oy — g.0w ([-(I'<)]) induces an
isomorphism

Oy (-1A""]) — g.0w ([-(T<)T = [T7'))

as subsheaves of Oy = g.Ow ( |-—(F<])-|)-

Proof. Asin[FST11, Lemma 5.2], the sheaf g, Ow ([—-(I'<!)] = |I">!]) does not dependon g: W — Y.
From this fact, we may freely replace g without loss of generality.

Since the problem is local, we may shrink Y, and therefore we may assume that Y is quasi-projective.
Since (Y, A<' + Supp A=!) is dlt, there is a small Q-factorialization i: Y’ — Y. The quasi-projectivity
of Y was used to construct this 4: ¥” — Y. Put A’ = h;'A. Since / is small, & is an isomorphism over the
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smooth locus of Y (see, e.g., [KM98, Corollary 2.63]). Thus, the dlt property ([KM98, Definition 2.37])
of (Y,A<! + Supp A=!) is preserved after we replace (Y, A) by (Y’,A’). Since & is a small projective
birational morphism, we have

hOy: (=|A""]) = Oy (=|A71]).

From these facts, we may replace (Y,A) andg: W — Y by (Y’, A’) and some log resolution of (Y, A’),
respectively. Therefore, we may assume that Y is Q-factorial.

Since (Y, A<! + Supp A=') is a Q-factorial dlt pair, Ky + {A} + A=! is an R-Cartier R-divisor and
there is a log resolution g”: W’ — Y of (Y, A) such that all g’-exceptional prime divisors P on W’ satisfy
a(P,Y,A<! +Supp A=') > —1.1Itis easy to check the relation {A} + A=! < A<! + Supp A=!, and thus
all the g’-exceptional prime divisors P on W’ satisfy a(P,Y, {A} + A=!) > —1. By replacing g by g’,
we may assume that all g-exceptional prime divisors P on W satisfy a(P,Y, {A} + A=') > —1. We put

D=-[A""] and G=[-(H]-[T""].
By Lemma 2.19, D is Q-Cartier and G — | g* D] is effective and g-exceptional. Then
Oy (=1a71]) = Oy (D) = 8.0w (G) = g.0w ([-(I*)] = [T7'))
by the standard argument of divisorial sheaves. O

Theorem 2.21. Let (Y, A) be a normal pair such that (Y, A<' + Supp A=') is a dit pair. Let S be an Ic
center of (Y, A). We define R-divisors Gs and Bs on S by

Gs = (A" —=SuppA”™Y)|s = (Ky +A — (Ky + A<! + SuppA=1))]s, and
KS +BS = (Ky +A<1 +SuppAZl)|S,

respectively. We put As = Bs + Gs. Then Ag satisfies the following properties.

o (S, Ag) is a normal pair satisfying Ks + As = (Ky +A)]s,
o A§1 + Supp A§1 = Bg, in particular, (S, A;l + Supp ASZI) is a dit pair, and
o the morphism Oy — Oy ®p, Os = Ogs induces a morphism
Oy (-1A7']) — Os(-1A3')D).
Proof. We prove the theorem by induction on dim Y. The theorem is clear if dimY = 1. From now on,
we assume that dimY > 1. Since S is not contained in Supp A>!, it follows that S is an Ic center of

(Y,A<! + Supp A="). Then we can find a component T of A=! containing S. Since T is not contained
in Supp A>!, the divisor

Gr = (A”' = SuppA”Y)|r = (Ky + A — (Ky + A<! + Supp A=) |y

is well defined as an effective R-Cartier R-divisor on 7. Let (7, By ) be a dlt pair defined by adjunction
K7 +Br = (Ky + A< + Supp A=2!)|r. We set

AT =Br +Gr.
We will prove that A7 satisfies all the properties of Theorem 2.21. We have

Kr +Ar = (Ky + A<' + Supp A=) |7 + (A™" = Supp A™ )| = (Ky +A)lr.
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Hence K1 + At is R-Cartier and we see that (7, A7) is a pair. Therefore At satisfies the first property
of Theorem 2.21. We may write

A= =T+ZDi+Z(1+yj)D}
i J

for some prime divisors D; and D;. and positive real numbers ;. By the dlt property of (Y, A< 4+

SuppA='), we see that (Y,A) is log smooth at the generic point of T N D; and T N D j for all i
and j. By considering the locus on which (Y, A) is log smooth, we see that any component P of
Gt = (A>! —Supp A>!)|7 is an irreducible component of TN D;. for some j. This fact implies that any
component P of G satisfies ‘

coeffp(Ar)=1+vy; > 1, coeffp(Br)=1, and coeﬁ“p(A;1 +SuppA;1) =1.
Therefore, any component P of Gr satisfies
coeffp(Br) = coeffp(A7' + Supp AZ").
Since Ar = Br + G, if a prime divisor Q is not a component of G, then we have
coeffo (A1) = coeffo(Br) < 1,

where the inequality follows from the dlt property of (7', By ). This shows that Q is not a component of
A>!. Hence we have coeffg (A7) = coeffo (A5! + Supp AZ'). Then

>1

coeffo (Br) = coeffo (A7 + Supp AT).
By the discussion, we obtain
Br =A;' +SuppAZ!,

which is the second property of Theorem 2.21.

In this paragraph, we will prove the third property of Theorem 2.21 for T and A;l. Since (Y, A<! +
Supp A=) is dlt, there is a log resolution g: W — Y of (¥, A) such that all g-exceptional prime divisor
E on W satisfy a(E,Y,A<! + SuppA=') > —1. We put 77 = g;'T and g7+ = glr/: T’ — T, and we
define an R-divisor I" on W by

Kw +T +T = g"(Ky + A).

By the first property of Theorem 2.21 for (T, Ar), we have K7+ + I'lyr = g7, (K7 + Ar). By the exact
sequence

0— Ow ([-TH - [T7'] - T") — Ow ([-(T<HT - T7'])
— Op ([~ 1= [T ]) — 0,
we get the exact sequence
0 — g.0w([-THT = IT7' =T") — g.0w ([-(TH]1 - T7'))
— g O ([-(TN)p 1 = [T ]).

By Corollary 2.20, the isomorphism Oy — g.Ow ([—(I"<")]) induces an isomorphism Oy (=A™ |) =
2:Ow ([-(I'<H] = [T>!]). This isomorphism and T’ = gI'T imply that Oy (-|A>!'] - T) —
2:0w ([-(<HY] = [>'] = T7) is an isomorphism. Now (T’,T’|7) is log smooth by construction,
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and (7, A;l + Supp A%l) is dIt by the second property of Theorem 2.21 for T. Since g7+: T’ — T
is birational and K7/ + I'ly» = g7, (Kt + Ar), Corollary 2.20 implies that the isomorphism Or —
grOr ([-(I'<)|7-1) induces an isomorphism Or (| AZ']) = g7 O/ ([=(T<")|r 1= T '[7]). By
these isomorphisms, we get the exact sequence

0— Oy (-|A”' = T) — Oy (-[A”']) — Or(~1A3'])

such that the morphism Oy (-|A>!]) — Or (- LA;IJ) is induced by Oy — Orp. This shows that 7" and
A;l satisfy the third property of Theorem 2.21.

The arguments in the previous paragraphs show that A satisfies all the properties of Theorem 2.21.
We recall that T is a component of A=! containing S. Therefore S is an lc center of (7, Ar). By the
second property of Theorem 2.21 for A7, we obtain

Br = A5' +SuppAZ! and Gr = A;' — Supp A7l
Therefore, we have
Gs = ((A™" =SuppA~™r)ls = (A7' - SuppA7")ls, and
KS +BS = ((KY +A<1 +SuppAZl)|T)|S = (KT +A1<~1 +SuppA%1)|5.

By the induction hypothesis of Theorem 2.2 1, the divisor A5 satisfies the first and the second properties
of Theorem 2.2 1, and moreover we obtain the morphism

Oy (—[A™"]) — Or (—[AF']) — Os(-1AZ'))

induced by Oy — Or — Os. From this, Ag satisfies all properties of Theorem 2.21. We finish the
proof. O

2.5. Quasi-log scheme

The goal of this subsection is to define a quasi-log scheme induced by a normal pair (Definition 2.25)
and prove some results used in this paper.

Definition 2.22 (Quasi-log scheme, [F17, Definition 6.2.2]). A quasi-log scheme is a scheme X endowed
with an R-Cartier R-divisor (or an R-line bundle) w on X, a closed subscheme Nqlc(X,w) € X, and a
finite collection {C} of reduced and irreducible subschemes of X, such that there is a proper morphism
f: (Y,By) — X from a globally embedded simple normal crossing pair satisfying the following
properties:

o f*w ~r Ky + By,
o the natural map Ox — f*(’)y((—(Bf,lﬂ) induces an isomorphism

Ingie(X.0) — Oy ([=(By)1 = LB3' ),

where Ingic(x,w) is the defining ideal sheaf of Nglc(X, w), and
o the collection of reduced and irreducible subschemes {C} coincides with the images of the strata of
(Y, By) that are not included in Nglc(X, w).

We simply write [ X, w] to denote the above data
(X,w, f: (Y,By) = X)

if there is no risk of confusion. An element of {C} is called a glc center of [X, w].
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The non-gklt locus of X, denoted by Ngklt(X, w), is the union of Nqlc(X, w) and all glc centers of
[X, w]. We note that Ngklt(X, w) has the scheme structure naturally induced by Nqlc(X, w) and all glc
centers of [X, w] (cf. [F17, Notation 6.3.10]).

Theorem 2.23. Let [ X, w] be a quasi-log scheme and n: X — Z a projective morphism to a scheme.
Let A be a m-ample R-divisor on X. Suppose that w + A is n-nef and (w + A)ngie(x,w), Which we think
of an R-line bundle on Nqlc(X, w), is semi-ample over Z. Then w + A is n-semi-ample.

Proof. We may assume that Z is affine. By using [F25, Lemma 4.25] and the argument from convex
geometry, we can find positive real numbers rq, - - - , r,,,, Q-line bundles wy, - - - , wy,, onX, and r-ample
Q-divisors Ay, - -+, A, on X such that

¢} Z:r:ll ri = 1, Zﬁl riw; = w, and Z?i] riA,- = A,

o for every 1 < i < m, there is the structure of a quasi-log scheme [X, w;] that has the same non-qlc
locus as Nqle(X, w), and

o all (w; + A;)|Ngle(x,w) are semi-ample over Z.

For each 1 < i < m, the cone theorem [F17, Theorem 6.7.4] implies that we may write
- - - X Pi
NE(X/Z) = NE(X/Z)(w+a020 + NE(X/2)1 + )" Ro0[C ]
j=1

for some p; € Z¢ and curves C; ; C X contained in a fiber of 7, where
NE(X/2)"), := Im(NE(Ngle(X, w;)/Z) — NE(X/Z))  ([F17, Definition 6.7.1]).

Since (w; + A;)|Ngle(x,w) i semi-ample over Z, we have ﬁ(X/Z)EQO C ﬁ(X/Z)(wiJrAi)Zo for any
l1<i<m.Foreachl <i<mandl < j < p;, we consider the set

Hij = {(Il,‘" s tm) € (Rx0)™ Ztk =1, ( ti (Wi +Ak)) Cij 2 0}'
ol

k=1 k
Since all wy + Ay are Q-Cartier and all H; ; contain (ry,--- , ry;), we see that (); ; H; ; is a rational
»J L,J »J
polytope that contains (ry,- - - , ry,). By the standard argument from convex geometry, we can find pos-
itive real numbers r{, -+-, 1y, Q-line bundles wg, -+-, wy, on X, and m-ample Q-divisors A;, e Al

on X such that

Syt =1 Bp rjw) = @, and i rjA7 = A,

every w; + A; is a convex linear combination of wy + Ay, -+, Wy + Apps

for every 1 < I < n, there is the structure of a quasi-log scheme [X, w;] that has the same non-glc
locus as Nqle(X, w),

all (w; + A))INgle(x,w) are semi-ample over Z, and

(wj+A))-Cij >0foralll, i, and}.

[¢]

[¢]

e}

o

o

Then a); + A; is m-nef for all /. Indeed, if w; + Al’ is not w-nef for some /, then there exists an (w; + Al’)-

negative extremal ray R of NE(X/Z). By construction, there is an index i such that R is an (w; + A;)-
negative extremal ray of NE(X/Z). Then R is generated by C;,; for some j. However, it contradicts the
condition (w; + A)) - C; j > 0. Therefore, w; + A; is m-nef for all [. By the base point free theorem
[F17, Theorem 6.5.1], every w; + Al' is m-semi-ample. Therefore, w + A = Z;‘:l rl’(w; + Al’) is also

m-semi-ample. o
In this paper, we use the notion of quasi-log scheme induced by normal pair.
Lemma 2.24. Let f: Y — X be a contraction of normal varieties and let (Y, A) be a normal pair such

that f(Nlc(Y,A)) € X and Ky + A ~r f*w for some R-Cartier R-divisor w on X. Let g: W — Y
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be a log resolution of (Y,A). We define an R-divisor T on W by Kw + T’ = g"(Ky + A). Let
(X,w, fog: (W,T') > X) be the structure of a quasi-log scheme. Then the structure does not depend
on the choice of g: W — Y, in other words, Nqlc(X, w) and the set of qlc centers do not depend on g.

Proof. This is a direct consequence of [F17, Proposition 6.3.1]. O

Definition 2.25 (Quasi-log scheme induced by normal pair). A quasi-log scheme induced by a normal
pair, which we denote by f: (Y,A) — [X,w] in this paper, consists of a normal pair (Y,A), a
contraction f: Y — X of normal varieties, and the structure of a quasi-log scheme [X, w] on X which
is defined with a log resolution of (Y, A). By definition, it follows that

o f(NIc(Y,A)) ¢ X, and
o Ky +A ~p f*a).

By Lemma 2.24, the structure of [X, w] does not depend on the log resolution of (Y, A).

In the case of X =Y and w = Ky + A, we may identify [Y, Ky + A] with the normal pair (Y, A).
In this situation, it follows that Nqlc(Y, Ky + A) = Nlc(Y,A) and Ngklt(Y, Ky + A) = Nklt(Y,A) as
closed subschemes of Y.

By definition, (Y, A) and f: Y — X in a quasi-log scheme induced by a normal pair f: (Y,A) —
[X, w] also form an lc-trivial fibration. However, we will often focus on the structure of the quasi-log
scheme of [X, w] and use Ngklt(X, w) and Nqlc(X, w). Hence, we regard f: (Y,A) — [X,w] as a
quasi-log scheme rather than an lc-trivial fibration in this paper.

Remark 2.26. Let f: (Y,A) — [X,w] be a quasi-log scheme induced by a normal pair (Y,A).
Let Znuyy,a) and Inie(y,a) be the defining ideal sheaves of the non-klt locus and non-Ic locus of
(Y, A), respectively. By definition, Ngklt(X, w) and Nqlc(X, w) are the closed subschemes defined
by finki(yr,a) and finie(y ,a), respectively. In particular, we have f(Nklt(Y,A)) = Ngklt(X, w) and
f(Nlc(Y,A)) = Nqle(X, w) set-theoretically.

Theorem 2.27. Let f: (Y,A) — [X,w] be a quasi-log scheme induced by a normal pair such that
(Y,A<! + Supp A=) is a dit pair. Let S be an Ic center of (Y, A) such that f(S) ¢ Ngle(X,w). Let
(S, As) be a normal pair defined by using adjunction Ks+As = (Ky +A)|s. Let fs: S — T be the Stein
Sactorization of f|s: S — X, and let wr be the pullback of w to T. Then there exists the structure of a
quasi-log scheme induced by a normal pair fs: (S,As) — [T, wr] as in Definition 2.25 such that the
natural morphism t: T — X induces a morphism Nqlc(T, wr) — Nqlc(X, w) of closed subschemes
and the image of any qlc center of [T, wr ] by T is a glc center of [ X, w].

Proof. Let 7: T — X and fs: S — T be as in the theorem. To define the structure of a quasi-log
scheme induced by a normal pair fs: (S,As) — [T,wr], we need to check fs(Nlc(S,Ag)) # T.
By Theorem 2.21, the pair (S,A;1 + Supp Af,l) is a dlt pair and the natural morphism Oy — Og
induces a morphism Oy (=|A>1]) — OS(—LAEIJ). By Corollary 2.20, the support of Nlc(S,Ag) is
contained in Nlc(Y,A) N S. Then f(Nlc(S,As)) € Ngle(X,w) N f(S). This fact and the hypothesis
f(S) ¢ Ngle(X, w) imply fs(NlIc(S,As)) # T. Therefore, we may define the structure of a quasi-log
scheme induced by a normal pair fs: (S,As) — [T, wr].

Since (Y, A<! + Supp A=!) is a dlt pair and S is an Ic center of (¥, A), any Ic center of (S, Ag) is
an lc center of (Y, A) contained in S. From this, the image 7(C) of any glc center C of [T, wr] is aqlc
center of [X, w].

By Corollary 2.20, the defining ideal sheaf Zx of Nqlc(X, w) is f.Ox(=|A>']), and the defining
ideal sheaf 7y of Nqlc(T, wr) is fS*OS(—LAglj). By Theorem 2.21, the natural morphism Oy — Og
induces a morphism Zy — 7.Zr. By the following diagram
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00— T*IT —> T*OT — T*Oquc(T,wT)

]

0 Ix Ox Ongle(X, ) — 0,

there exists a natural morphism Ongic(x,w) — T+ONgle(T,wr)- This induces the desired morphism
Nqlc(T, wr) — Ngle(X, w) as a morphism between closed subschemes. O

Lemma 2.28. Let f: (Y,A) — [X, w] be a quasi-log scheme induced by a normal pair. Letn: X — Z
be a projective morphism to a quasi-projective scheme Z, and let A be a n-ample R-divisor on X. Then
there exists a normal pair (X, G) such that the relation Kx + G ~r, z w + A holds and NkIt(X, G) =
Ngklt(X, w) as closed subschemes of X.

Proof. By the definitions of the discriminant R-b-divisors and the moduli R-b-divisors as in [FH23,
Corollary 5.2] (see [A04] for the case of Q-divisors), we obtain a generalized pair (X, B + M) as in
[BZ16] such that w ~g,z Kx + B + M and the generalized non-klt locus of (X, B + M) is equal to
Ngklt(X, w) (cf. [A04, Lemma 3.2]). Let g: X’ — X be a log resolution of (X, B) such that the moduli
part M’ on X’ is nef over Z. We define an R-divisor B’ on X’ by Kx» + B’ + M’ = ¢g*(Kx + B+ M).
Since g*A + M’ is nef and big over Z, we can find an effective R-divisor E’ on X’ and a general (7 o g)-
ample R-divisor H' on X’ suchthat E'+ H' ~g z g*A+ M’ and | B’| = | (B’ + E’+ H')]. By replacing
X’ with a log resolution of (X’, B’ + E’), we may assume that (X', B’ + E’ + H’) is log smooth. Put
G = g.(B’+ E’ + H’). By construction, we have Kx + G ~g, z w + A and Nklt(X, G) coincides with
the generalized non-klt locus of (X, B+ M), and therefore we have Nklt(X, G) = Ngklt(X, w) as closed
subschemes of X. )

Theorem 2.29. Let f: (Y,A) — [X,w] be a quasi-log scheme induced by a normal pair. Fix X’ a
union of Nqlc(X, w) and (possibly empty) some qlc centers of [ X, w]. Let n: X — Z be a projective
morphism to a scheme Z, and let L be a Q-Cartier Weil divisor on X such that

o L is Cartier on a neighborhood of X',

o f*L is a Weil divisor on Y, and

o L — w is n-nef and nt-log big with respect to [ X, w] ([F'16, Definition 3.7]). In other words, L — w is
n-nef and n-big and the restriction of L — w to any qlc center of [ X, w] is n-big.

Then R'n.(Zx: ®o, Ox (L)) = 0 for every i > 0, where Ly is the defining ideal sheaf of X'.

Proof. We may assume that Z is affine. Let U > X’ be an open subset of X on which L is Cartier. Let
g: W — Y be alog resolution of (Y, A), and we define I" by

KW +I = g*(Ky +A).

Then g*f*L = |g"f*L] + {g*f*L} and {g*f*L} is an effective g-exceptional Q-divisor such that
{87 f*L}(fog)-1 vy = 0. By taking some blow-ups on W if necessary, we may assume that the union of
all strata of (W, Supp I'2!) mapping into X” is Supp (I'>! + ) for some union S of components of I"=!.
We put

T:=S+[I”'] and B:=T"+{I}-5.

Then B is an snc boundary R-divisor, and B=! and T have no common components. Moreover,
F=T+B-[-(T"<Y7and Zx: = (f 0 8).Ow (=T + [-(I"<!)]). We have

lg" L] =¢" f"(L-w)+g" ffw—{g" f'L}
~rg f(L-w)+Kw +T —{g"f"L}
~rg [ (L-w)+Kw +T+B - [-(T"")] - {g"f*L}.
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We take a reduced divisor E on W such that if we define
B :=B-{g"f'L}+E,

then B’ is a boundary R-divisor and B’=! < B=!. More precisely, for each prime divisor P on W, the
coeflicient of P in E is defined by

0 (coeffp(B - {g"f"L}) 2 0)

coeffp(E) = { 1 (coeffp(B —{g*f*L}) <0)

We note that E is g-exceptional and E|( s .4)-1(y) = 0 because any component of E is a component of
{g*f*L}. By the above relation, we have

lg*f*LI+E+[-(T")] =T ~p g f*(L - w) +Kw + B’ (#)
We put
A= g f LI+ E+ -]~z g"f (L~ w)+Kw +T +B’,
and we consider the exact sequence
0— Ow(A-T) — Ow(A) — Or(Alr) — 0.

Now T is an snc Weil divisor, and B=! and T have no common components. By this fact and the log
smoothness of (W, SuppT'), any stratum of (W, B=') is not contained in Supp 7. By these facts, we
can check that the image of any Ic center of (W, B) by f o g is not contained in X’. Indeed, if some Ic
center C of (W, B) is mapped into X’, then C is a stratum of (W, SuppI"'Z!) by B=! < SuppI"=!. Then
C < Supp B! NSupp T since the union of all strata of (W, Supp I'>!) mapping into X’ is Supp T, which
follows from the definitions of T and S. This contradicts the log smoothness of (W, Supp I') and the fact
that B=! and T have no common components. Thus, the image of any lc center of (W, B) is not mapped
into X’. Since B’=! < B~!, any Ic center of (W, B’) is not mapped into X’. By the torsion-free theorem
[F17, Theorem 5.6.2 (i)], the connecting morphism (f o g).Or (Alr) — R'(f 0 2).Ow (A = T) is the
zero morphism. Therefore,

0— (f08):Ow(A-T) — (f©8):0w(A) — (f©8).0r(Alr) — 0

is exact.
Now we have the exact sequence

0—Zy — Ox — Ox» — 0.
We recall that L|y is Cartier and U > X’. From this, we have the exact sequence
0 — Ix' ®0y Ox (L) — Ox (L) — Ox/(L|x’) — 0.

We recall that f*L is a Weil divisor on Y, which is the hypothesis of Theorem 2.29, and A = | g* f*L]| +
E + [-(I'<1)] such that E + [—(I"<")] is an effective g-exceptional divisor. Thus, we have

(f28):Ow(A) = f.Oy (f"L) = Ox(L)

via the natural morphism Ox (L) — (f o g).Ow (A) (cf. [NO4, 11, 2.11. Lemma]).
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Recall that Tx: = (f o g).Ow (=T + [-(I'<1)]). Since U > X’ = (f o g)(SuppT), we have
SuppT c (f o g)~'(U). By recalling the fact El(fog)-1 () = 0, we have

(f 0 2):0r(Alr) = (f 2 2).Or ((Lg* f* LI+ E +[=(T<)Dlr)
= (f 0 2).0r ([-(T)Ir) ®ox Ox(L).

Note that this isomorphism is induced by the restriction of Ox (L) — (f o 2).Ow (A) to X’. By the
definitions of 7' and B, we also have

[T =T ~p g ffo+Kw +T+[-(T<")] =T ~g x Kw +B.

In the second paragraph of this proof, we have checked that any lc center of (W, B) is not mapped into
X’. By the torsion-free theorem [F17, Theorem 5.6.2 (i)] and applying ( f o g). to the exact sequence

0 — Ow ([-(THT1=T) — Ow ([-(T<H]) — Or ([-(TH1lr) — O,
we have the exact sequence
0— Iy — Ox — (f ) Or ([-(CHlr) — 0.
This shows (f o g).Or ([—(I'<")]|z) = Ox-. Therefore we have
(f 0 &)Or(Alr) = (f © ).0r ([-(THIr) ®oy Ox (L) = Ox' @0y Ox(L) = Ox:(LIx").

Here, the final isomorphism follows from the Cartier property of L around X".
From the above argument, we obtain the diagram

0—(foghOw(A-T) —(f©8):0w(A) — (f ©8):Or(Alr) —0

Ox (L) Ox/(L|x)) —=0.

0 ——TIx ®0oy Ox (L)

From this, we have (f o0 2).Ow (A —T) = Ix ®o, Ox(L). By (#) and the definition of A, we have
A-T ~g g" f*(L —w) +Kw + B’. By construction of B’, any stratum of B’=! is a stratum of I'"=!. Since
L — w is m-nef and n-log big with respect to [ X, w] (see [F16, Definition 3.7]), which is the hypothesis
of Theorem 2.29, the vanishing theorem for simple normal crossing varieties [F17, Theorem 5.7.3 (ii)]
implies

R'7.(Zx ®ox Ox (L)) = R'7.((f 0 8):Ow(A~T)) =0

for all i > 0. This is what we wanted to prove. o

3. Running minimal model program

In this section, we define a minimal model and a good minimal model for normal pairs, and we study
how to construct a sequence of an MMP for normal pairs whose non-nef locus is disjoint from the non-lc
locus. Corollaries 3.12 and 3.13 are the main results of this section.

3.1. Minimal model

In this subsection, we define minimal models for normal pairs and prove some basic results.
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Definition 3.1 (Minimal model). Let X — Z be a projective morphism from a normal quasi-projective
variety X to a quasi-projective scheme Z, and let (X, A) be a normal pair. Let (X’,A’) be a normal
pair with a projective morphism X’ — Z, and let ¢: X --> X’ be a birational map over Z. We say that
(X’,A’) is a minimal model of (X, A) over Z if

o for any prime divisor P on X, we have
a(P,X,A) <a(P,X',A),

and the strict inequality holds if P is ¢-exceptional,
o for any prime divisor P’ on X’, we have

coeffp/(A') = —a(P’, X, ),
and the inequality a(P’, X, A) < —1 holds if P’ is ¢‘1—exceptiona1, and
o Kx/+ A’ is nef over Z.

We say that a minimal model (X', A”) of (X, A) over Z is a good minimal model if Kx: + A’ is semi-
ample over Z. A Q-factorial minimal model (resp. a Q-factorial good minimal model) of (X, A) over Z
is a minimal model (resp. a good minimal model) (X', A”) of (X, A) over Z such that X’ is Q-factorial.

Even if (X, A) is Ic, the above definition of minimal model is different from the definition of log
minimal model in the sense of Birkar—Shokurov because (X’,A’) is not necessarily Q-factorial dIt.
However, if (X, A) is an Ic pair then (X', A’) is also an Ic pair and any Q-factorial dlt model (X"", A”’)
of (X’,A’) is a log minimal model of (X, A) over Z in the sense of Birkar—Shokurov.

Lemma 3.2. Let X — Z be a projective morphism of normal quasi-projective varieties and (X,A) a
normal pair. Let (X', A”) be a normal pair with a projective birational morphism f: X' — X such
that Kx: + A" = f*(Kx + A) and any f-exceptional prime divisor E on X' satisfies a(E,X,A) < —1.
If a normal pair (X", A") is a minimal model (resp. a good minimal model) of (X', A") over Z, then
(X", A") is a minimal model (resp. a good minimal model) of (X, A) over Z.

Proof. We will prove the case of minimal model because the case of good minimal model can be proved
similarly.
Let (X", A”) be a minimal model of (X’, A”) over Z. For any prime divisor P on X, we have
a(P,X,A)=a(P,X',A") <a(P,X",A").
Moreover, if P is exceptional over X"’ then £ ! P is exceptional over X”’. Hence

a(P,X,A) < a(P,X",A").

Therefore, the first condition of a minimal model in Definition 3.1 holds. For any prime divisor Q"
on X/, we have

coeffor (A”) = —a(Q”. X", A") = ~a(Q", X, A).

Suppose that Q"' is exceptional over X. If Q" is not exceptional over X’, then the birational transform
Q' of Q" on X’ is f-exceptional, and therefore

a(Q”,X,A) =a(Q',X,A) < —1.
If Q" is exceptional over X', then

a(Q”,X,A) =a(Q",X",A") < -1.
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In any case, we have a(Q”, X, A) < —1. Thus the second condition of a minimal model in Definition 3.1
holds. By definition, Kx~+A"" is nef over Z, and thus the third condition of a minimal model in Definition
3.1 holds. Therefore, (X’’, A”’) is a minimal model of (X, A) over Z. From this, we see that Lemma 3.2
holds. =

Lemma 3.3. Let X — Z be a projective morphism of normal quasi-projective varieties and (X, A)
a normal pair. Suppose that (X,A) has a good minimal model over Z. Then Kx + A birationally
has the Nakayama—Zariski decomposition over Z whose positive part is semi-ample over Z. In other
words, there exists a projective birational morphism f: X' — X from a normal variety X’ such that
No(f (Kx+A); X'/ Z) is well defined as an R-divisor on X" and P (f* (Kx +A); X'/ Z) is semi-ample
over Z. In particular, N (f*(Kx +A); X'/ Z) and P, (f*(Kx + A); X'/ Z) are both R-Cartier.

Proof. The proof is the same as the Ic case. Let (X”/,A”") be a good minimal model of (X, A) over Z.
Take a common resolution f: X’ — X and g: X’ — X" of X --» X”’. By Definition 3.1, we can write

ff(Kx+A)=g"(Kx»+A")+E
for some effective g-exceptional R-divisor E on X’. By [LX23a, Lemma 3.4], we have
op(f (Kx +A)/Z) = op(g"(Kx» + A”) + E/Z) = coeftp(E)
for any prime divisor P on X', where the final equality follows from the semi-ampleness of Kx»+A”. By

Definition 2.9, we have N, (f*(Kx +A); X’/Z) = E, and therefore we have P, (f*(Kx +A); X'/Z) =
g*(Kx» + A"), which is semi-ample over Z. O

Proposition 3.4. Let X — Z be a projective morphism of normal quasi-projective varieties and let
(X, A) be a normal pair such that |Kx +A/Z|g # 0. Let f: Y — X be a projective birational morphism
from a normal variety Y such that any f-exceptional prime divisor P on Y satisfies a(P,X,A) < —1 or
P C Bs|f"(Kx + A)/Z|r. We write

Ky +T'= f"(Kx +A) + E
for some effective R-divisors I and E on Y having no common components. Let B be an effective
R-divisor on Y such that Supp B C Bs|f*(Kx + A)/Z|r. Suppose that (Y,T + B) is a normal pair. In
other words, suppose that Ky + " + B is R-Cartier. Let ¢: Y --> Y’ be a birational contraction over Z,
where Y’ is a normal variety and projective over Z, such that ¢..(Ky + T+ B) is semi-ample over Z and ¢

only contracts some prime divisors contained in Bs|Ky + T+ B/ Z|r. Then ¢ exactly contracts all prime
divisors contained in Bs| f*(Kx +A) [/ Z|r, and (Y’, ¢.(I'+ B)) is a good minimal model of (X, A) over Z.

Proof. We have
Bs|Ky +T'+ B/Z|r € Bs|Ky +T'— E/Z|r U Supp (B+ E).
Since Ky +I' = f*(Kx +A)+ E andI" > 0 and £ > 0 have no common components, any component
E of E satisfies a(E, X, A) > 0. Then Supp E C Bs|f*(Kx + A)/Z|r by the assumption of f: ¥ — X.
Since Supp B C Bs|f*(Kx + A)/Z|r, we obtain
Supp (B+E) CBs|f*(Kx +A)/Z|g. (%)

From this fact and the relation Ky + ' — E = f*(Kx + A), we have

Bs|Ky +T'+ B/Z|g € Bs|Ky +I' = E/Z|g U Supp (B+ E) C Bs|f*(Kx +A)/Z|g.

https://doi.org/10.1017/fms.2025.10092 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10092

24 K. Hashizume

Therefore, any prime divisor contracted by ¢ is contained in Bs|f*(Kx +A)/Z|r. We putI'’ = ¢.I" and
B’ =¢.B.Letg: W —Yandg’: W — Y’ be a common resolution of ¢. We may write

& (Kx+A)+F=g¢g"(Ky'+T"+B')+ F’ (%)

for some effective R-divisors F and F” on W that have no common components. Then F” is g’-exceptional
since gL(F — F’) = B’ + ¢.FE and g_F and g, F’ have no common components.

In this paragraph, we will prove that F = 0. We assume that F is (f o g)-exceptional. Then the
semi-ampleness of Ky- + I'” + B’ over Z implies

Supp F' =Bs|g™(Ky: +T"+B’)+ F'/Z|r = Bs|g" f*(Kx +A) + F/Z|r
= Bslg" f*(Kx +A)/Zlz U Supp F.

From this relation and the fact that F and F’ have no common components, we have F' = 0. Therefore, it
is sufficient to prove that F is (f o g)-exceptional. By definition, we have g, F = B’ + ¢..E. Hence every
component of g.F is ¢-exceptional or a component of B+ E. By the inclusion () and the fact that ¢ only
contracts divisors contained in Bs| f*(Kx + A)/Z|r, we have Supp g.F C Bs|f*(Kx + A)/Z|g. Thus

Supp (f 0 g).F C Bs|Kx + A/Z|g.

From now on, we suppose that (f o g).F # 0 and we will get a contradiction. By () and the semi-
ampleness of Ky, + I'” + B’ over Z, any component of (f o g).F is not an irreducible component of
Bs|Kx+A+(fog).F/Z|r. Note that Kx +A+( f og), F may not be R-Cartier. We pick D € Bs|Kx+A /Z|,

and let D = Zﬁ:l a;D; be the prime decomposition, where a1, - - - , a; are positive real numbers. Since
every component of Supp (f o g).F is contained in Bs|Kx + A /Z|r, we can write (f o g).F = Zl 1 biD;
for some nonnegative real numbers by, - - -, b;. Relabehng the indices, we may assume b] bi for all

2 <i < 1. Then by > 0 because otherwise the relation a_1
shows (f o g).F = 0. Moreover

by by Clb]
1+— D=1+ Di=D+bD
(+a1) ( )z ‘b 1+Z

1

o 1mpl1es b; =0 forall 2 g i < l, which

—D+(fog)*F+Za,(——ﬁ)D[.

ai

Using D ~g, z Kx + A and Bs|Kx + A/Z|gr = Bs|(1 + z_i)(KX + A)/Z|r, we obtain

1
Supp (f o g)«F CBs|Kx +A/Z|r CBs|Kx + A+ (f o g)F/Z|rU U Supp D;.
i=2

Recalling the fact that any component of (f o g).F is not an irreducible component of Bs|Kx + A +
(f o g)+F/Z|r, we see that the right hand side does not contain Supp D as an irreducible component.
Then we get a contradiction because (fog).F = 2%:1 b;D;and b > 0. Therefore we have (fog).F =0,
and therefore F is (f o g)-exceptional. Then F = 0 as discussed above.

By (+*) and the argument in the previous paragraph, we may write

& (Kx+A)=g¢g"(Ky'+T"+B')+ F’ Gk * %)

such that F’ is effective and g’-exceptional. By the semi-ampleness of Ky +I"" + B’ over Z, the equality
Supp F’ = Bs|g* f*(Kx +A)/Z|r holds. This shows that ¢: Y --> Y’ contracts all divisorial components
of Bs|f*(Kx + A)/Z|r. Since ¢ only contracts some divisors contained in Bs|f*(Kx + A)/Z|g, it
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follows that ¢ exactly contracts divisors contained in Bs|f*(Kx + A)/Z|r. This is the first assertion of
Proposition 3.4. By this fact and (+), we also see that B + E is contracted by ¢.

Finally, we check that (Y’,T”) is a good minimal model of (X, A) over Z. Let Q be a prime divisor
on X. By (x = %), we have

a(Q,X,A) <a(Q,Y,T).

If Q is exceptional over Y, then £ 'Q is contracted by ¢. Therefore, f7'Q is contained in Bs|f*
(Kx + A)/Z|r by the first assertion of Proposition 3.4. Then (f o g)7'Q is a component of F’, and
therefore

a(0,X,A) <a(Q,Y’,T).

This implies the first condition of the good minimal model in Definition 3.1. We recall the hypothesis
of Proposition 3.4 that Ky + ' = f*(Kx + A) + E and any f-exceptional prime divisor P on Y
satisfies a(P, X,A) < —1 or P C Bs|f*(Kx + A)/Z|g. Since ¢ exactly contracts divisors contained in
Bs|f*(Kx + A)/Z|g, for any prime divisor Q” on Y’, we have

a(Q", Y, T") = —coeffo/ (I") = —coeft 15, (I' = E) = a(Q’, X, A)

and a(Q’,Y’,T") < —1if Q’ is exceptional over X. This is the second condition of the good minimal
model in Definition 3.1. The third condition of the good minimal model is clear. From these facts,
(Y’,T) is a good minimal model of (X, A) over Z. O

3.2. Minimal model program

In this subsection, we define a step of a minimal model program and we discuss the construction of a
minimal model program for normal pairs.

Definition 3.5 (Minimal model program). Let 7: X — Z be a projective morphism from a normal
quasi-projective variety X to a quasi-projective scheme Z, and let D be an R-Cartier R-divisor on X.
A step of a D-MMP over Z is a diagram

N VS /L
¢
z

consisting of normal quasi-projective varieties X, X’, and V, which are projective over Z, such that

o X — Vis abirational morphism and X’ — V is a small birational morphism,
o —D is ample over V, and
o ¢.D is R-Cartier and ample over V.

Sometimes we call X — V a D-negative extremal contraction.
A sequence of steps of a D-MMP over Z is a sequence of birational contractions

X::Xl __9X2 ._9...._9Xl. =) e e

such that each birational contraction X; --» X;; forms a step of a D;-MMP over Z, where D; is the
birational transform of D on X;. When D is of the form Kx + B for some normal pair (X, B), then a
sequence of steps of a (Kx + B)-MMP over Z is often denoted by

(X, B) = (X],Bl) --> (Xz,Bz) =y e e - (Xi’Bi) LT I
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With notation as above, the non-isomorphic locus of a D-MMP is the union of points x € X such that
X --» X; is not an isomorphism at x for some i. The non-isomorphic locus is a countable union of closed
subsets of X, and furthermore, in the case of finitely many steps of a D-MMP, the non-isomorphic locus
is a closed subset of X.

Let A be an R-Cartier R-divisor on X such that D + AA is nef over Z for some A € Ro. We say that
a sequence of steps of a D-MMP over Z

X = X| > Xg =5 o> X b oo

is a sequence of steps of a D-MMP over Z with scaling of A if we put D; (resp. A;) as the birational
transform of D and (resp. A) on X;, then the following conditions hold.

o A; is R-Cartier,
o the nonnegative real number

A; :==inf{u € Rso | D; + uA; is nef over Z}

is well defined, and
o (D;+2;A;) - C; =0 forany curve C; C X; that is contracted by the D;-negative extremal contraction
of the MMP.

Remark 3.6. With notation as in Definition 3.5, the morphism X — V in a step of a D-MMP over Z does
not necessarily satisfy p(X/V) = 1. This is the difference between a step of an MMP in Definition 3.5
and a usual step of an MMP as in [F17, 4.9.1]. In particular, X — V and X’ — V in Definition 3.5 can
be isomorphisms. We adopt this definition for the convenience of proofs of results in this paper.

Remark 3.7. Let
X=X ->Xp->->X; >

be a sequence of steps of a D-MMP over Z. Then the following statements hold.

o For any R-Cartier R-divisor D’ on X such that D’ ~g_z uD for some u € R, the D-MMP is also a
sequence of steps of a D’-MMP over Z.

o Suppose that the D-MMP is a sequence of steps of a D-MMP over Z with scaling of an R-Cartier
R-divisor A. We set

A; :==inf{u € Ryo | D; + uA; is nef over Z}

for eachi > 1. By taking a common resolution of X; --> X;;; and using the negativity lemma, we see
that D;,1 + 4;A;41 is nef over Z. In particular, we have 4; > A;41.

o Suppose that the D-MMP is a sequence of steps of a D-MMP over Z with scaling of an R-Cartier
R-divisor A. Then, for any ¢ € Ry(, the D-MMP is a sequence of steps of a (D — tA)-MMP over Z
with scaling of A.

o Suppose that the D-MMP is a sequence of steps of a D-MMP over Z with scaling of an R-Cartier
R-divisor A. Let A be a nonnegative real number such that D + AA is nef over Z. Let A’ be a positive
real number such that I’ > A. Then the equality D + uA = ’%"(D + ﬁ(D + A’A)) holds for all
u < A, and therefore the D-MMP is also a D-MMP over Z with scaling of D + 1’A.

o By the same argument as in [KM98, Proof of Lemma 3.38], we can check that for any i > 1, the
birational map X --»> X; is an isomorphism on an open subset U; C X whose complement is contained
in NNef(D/Z).

Lemma 3.8. Let [X,w] be a quasi-log scheme such that X is a normal variety. Let 7: X — Z
be a projective morphism to a quasi-projective scheme Z. Suppose that w is n-pseudo-effective and
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NNef(w/Z) NNqle(X, w) = 0. Let A be an effective R-Cartier R-divisor on X such that w + A is n-nef
and we have Nglc(X, w + A) = Nqlc(X, w) set theoretically. We put

A:=1inf{t € Ryo|w +tA is nefover Z }.

Then A = 0 or there exists an w-negative extremal ray R of NE(X/Z) such that R is rational and
relatively ample at infinity ([F17, Definition 6.7.2]) and (w + AA) - R = 0.

Proof. The proofis very similar to the argument in the Ic case. We may assume A > (0 because otherwise
there is nothing to prove. By the cone theorem [F17, Theorem 6.7.4], we may write

NE(X/2) = NE(X/Z)u20 + NE(X/Z)-o + ) R;
J

for w-negative extremal rays R; of NE(X/Z) that are rational and relatively ample at infinity. Then
NE(X/Z)-eo C NE(X/Z)wso since NNef(w/Z) N Nqle(X,w) = 0. From this, we see that any
w-negative extremal ray of NE(X/Z) is rational and relatively ample at infinity. Since A > 0, there exists
at least one w-negative extremal ray R; of NE(X/Z) that is rational and relatively ample at infinity.

We fix a m-ample Cartier divisor L on X. For each index j, let C; be a curve on X such that the
numerical class of C; lies in R and

(L - C;) =min{(L - C) | the numerical class of C lies in R;}.

We call C; a minimal curve of R;. Such C; existsand 0 < —(w-C;) < 2-dim X because [F25, Theorem
1.6 (iii)] shows the existence of a rational curve Cj’. spanning R; such that 0 < —(w - C j'.) <2-dimX.

By applying [F25, Lemma 4.25] to [ X, w + AA], we can find positive real numbers ry, - - - , r,, and
Q-Cartier Q-divisors @1, ---, ©,, on X such that

o XM ri=1land 3", r,0; = w+AA, and
o for all 1 < i < m, the structure of a quasi-log scheme [X,®;] has the same non-glc locus as
Nqle(X, w + 1A).
By the conditions A < 1 and Ngle(X, w + A) = Nglc(X, w) set theoretically, for any indices i and j, the
second condition implies that R; is rational and relatively ample at infinity with respect to [X, ©;]. By
[F25, Theorem 1.6 (iii)], if R; is ®;-negative then there is a rational curve Cj(.i) spanning R; such that
0<—(0; - C](.’)) < 2-dim X. By the definition of the minimal curve C; of R;, we have C](.') =a-C;
in N1(X/Z) for some real number & > 1. Hence, —(©; - C;) < 2-dim X. If R; is not ®;-negative, then
clearly we have (©; - C;) > -2 - dim X. From this, we have (©; - C;) > -2 - dim X for any i and j.
Let V ¢ WDivg(X) be a rational polytope spanned by @y, -- -, ®,,. We will prove that the set

V' i={® eV |(® - C)) = 0forall j}

is a rational polytope. Fix p € Z-( such that all p®; are Cartier. For each j, we set

m

H, = {(n,~-- s tm) € Roo)™ | D 15 =1, > 1:(p®; - C)) 2 o}.

i=1 i=1
Then it is sufficient to prove that (1); H; is a rational polytope because the linear map
m

R™ 5 (1, , tm) = ) 1;0; € WDivg(X)

i=1
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induces a surjective map from (); H; to V’. We will prove that (; H; is the intersection of finitely
many H;. Suppose by contradiction that (7); H; cannot be represented by the intersection of any
finitely many H;. By taking a subset of {{;};, we get an infinite sequence {H}rez., such that
Miey Hee 2 "“ | Hy for all n. For every 1 < i < m, by the facts (©; - Cx) > -2 - dimX and
(p®; - Cy) € Z the set {(p®; - Cx) | k € Z-o} satisfies the descending chain condition. Replacing
{Hk}rez., by a subsequence, we may assume (p®; - Cx) < (p®; - Ciyy) for all k. The property
M= Hi 2 ﬁ"“ "H} is preserved after this replacement. Replacing {H }«ez., by a subsequence again,
we may assume (p@; - Cx) < (pO, - Cryy) for all k. Repeating this discussion and replacing {Hx }xez.,
with a subsequence, we may assume that (p®; - Cx) < (p®; - Cy41) for every i and k. Then H| C H; by
the definition of H, which is a contradiction. From this argument, " j ‘H; is the intersection of finitely
many H;. Thus (1); H; is a rational polytope, and so is V".

By the above argument, we can find positive real numbers r{, cee rl’ and Q-Cartier Q-divisors
e, - G)’ on X such that
o Xl rf=1land ¥'_ r/@®) = w+ 1A, and

o (©;- C)20f0rany1SlSlandJ

Forany A’ < A, thereis anindex jsuch that (w+14’A)-C; < 0. Wealsorecall that0 < —(w-C;) < 2-dim X.
From these facts, we have

(- ,)(/lA o)
(/1— )
PT

(W+AA) - Cj=(w+A'A)-C;+(A-A)(A-C)) <

_ A=)
v

-dim X

(w+AA)-Cj—(w-Cyj)) <2

for any A" and C; as above. On the other hand, putting p” € Z¢ so that all p’®; are Cartier, then the
two conditions stated at the start of this paragraph imply that

1 ’ ’ ’
(w+1A)-C; = ;Zri(l? ©;-Cj)
i=1

is zero or not less than i,min{rlf |1 <i < 1}. By choosing A’ < A sufficiently close to A, we obtain
an index j such that (w + AA) - C; = 0. Then the corresponding w-negative extremal ray R := R; of

NE(X/Z) satisfies the condition of Lemma 3.8. O

Theorem 3.9. Let f: (Y,A) — [X, w] be a quasi-log scheme induced by a normal pair. Letw: X — Z
be a projective morphism to a quasi-projective scheme Z. Let ¢ : X — V be a birational morphism over
Z, where V is normal and projective over Z, such that —w is p-ample and ¢ is an isomorphism on a
neighborhood of Nqlc(X, w). Then we can construct a diagram

TN F—— (¥, )
fl |
X, w]———-—-—- > [ X', w]
N %

\%4

over Z such that

o ' (Y,A') — [X’',] is a quasi-log scheme induced by a normal pair such that Y’ and X' are
projective over 'V,

o (Y,A) --» (Y',A') is a sequence of steps of a (Ky + A)-MMP over V, and

o ¢’ X’ — Visaprojective small birational morphism and the R-divisor ' is the birational transform
of w on X’ and ¢’-ample.

Furthermore, if Y is Q-factorial, then Y’ is also Q-factorial.

https://doi.org/10.1017/fms.2025.10092 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10092

Forum of Mathematics, Sigma 29

Proof. Let Uy C V be the largest open subset over which ¢ is an isomorphism. Then U; D
¢(Nqglc(X, w)) by our assumption. We put U = V\@(Nqlc(X, w)). Note that U isopenand V = U UU,.
We put

Y = (¢0f)_1(U1), Y, = (chf)_l(Uz), Ay :=Aly,, and Ajp:=Aly,.

Then (¥2,A7) is Ic and (Ky + A)ly,ny, ~r,v,nu, 0. By our assumption on ¢: X — V, there is a
m-ample R-divisor H on X such that w + H ~g v 0. Put Hy := f*Hly,. Then Ky, + Ay + H, ~g i, 0.
Taking H generally, we may assume that H is effective and (Y2, A, + Hy) is lc. By [H19, Theorem 1.1],
[B12, Remark 2.7], and [HH20, Theorem 1.7], there exists a sequence (Y2, Az) --> (¥, A)) of steps of
a (Ky, + A2)-MMP over U, to a good minimal model (Y}, A’) over Us. If Y is Q-factorial, then Y, is
Q-factorial, and therefore Y7 is also Q-factorial by construction of a sequence of steps of the standard
log MMP for Q-factorial Ic pairs [F17, 4.8.16]. Since the relation (Ky + A)|y,ny, ~r, u,nu, 0 holds, the
(Ky, + A2)-MMP does not modify ¥} N Y>.

Y ° Yinh - Y2/

Lo

Uy, o UnU, < U

Therefore, we can glue Y| — U; and Y2’ — U, along Y1 NnY, — U; N U, and we obtain a projective
morphism g: (Y’,A’) — V such that the inverse image of U (resp. U;) is (Y1, A1) (resp. (Y5, Aé)). By
the same argument, over U; N U, we may glue Y} — U, and any variety appearing in the (Ky, + Aj)-
MMP over U,. Thus, the map

(Y7A) - (Y,7A/)

is a finite sequence of steps of a (Ky +A)-MMP over V. If Y is Q-factorial, then Y; is Q-factorial. Since
Y, is also Q-factorial, we can directly check that Y” = ¥y U Y] is Q-factorial.

By construction, Ky- + A’ is semi-ample over V. Let f": Y” — X’ be the contraction over V induced
by Ky, + A’. Let ¢’: X’ — V be the induced morphism. We will check that ¢’ is a projective small
birational morphism. By construction, ¢’ is an isomorphism over U, and therefore ¢’ is birational.
If there is a ¢’-exceptional prime divisor Q’ on X’, then there is a prime divisor P’ on Y’ such that
f’(P’) = Q. Then the inverse map Y’ --> Y is not an isomorphism on the generic point of P’. This
contradicts the fact that (Y,A) --> (Y’,A’) is a sequence of steps of a (Ky + A)-MMP over V. Thus,
there is no ¢’-exceptional prime divisor, and ¢’ is a projective small birational morphism.

Let w’ be the birational transform of w on X’. We will check that the diagram

Y- ————— =Y’
7| |
X————-=-- > X’

satisfies all the conditions of Theorem 3.9. The birational map (Y,A) --> (Y’,A’) is a finite sequence
of steps of a (Ky + A)-MMP over V, which is the second condition of Theorem 3.9. We have already
check that ¢’ is small, and this fact also shows that X --» X’ is a birational contraction. Let wy- be
the birational transform of f*w on Y’. Then Ky + A’ ~g wy-. Therefore, wy- is R-Cartier and semi-
ample over V, and f’: Y’ — X’ is the contraction over V induced by wy-. Thus, there exists a ¢’-ample
R-divisor D’ on X’ such that wy: ~g f"*D’. We recall that U; C V is the largest open subset over which
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¢ is an isomorphism. This implies that ¢’ is an isomorphism over U; and codimy (V \ U;) > 2. By
restricting the above diagram over U}, we have

Iy (@'l g1wy) = wyrly, ~r fly (D1 wy)-

This implies w’|,-1 () ~r D’|y-1(1,)- Moreover, we have codimy (X’ \ ¢ 1(Uy)) = 2 since ¢’ is
small. From these facts, we have w’ ~g D’. Thus shows that w’ is R-Cartier and ¢’-ample. Therefore,
the third condition of Theorem 3.9 holds. We also see that Ky +A’ ~g f"*w’. This induces the structure
of a quasi-log scheme induced by a normal pair f": (Y’,A’) — [X’, w’], which is the first condition of

Theorem 3.9.
We have already checked that the Q-factoriality of Y implies the Q-factoriality of Y’. By these
arguments, we obtain the desired diagram of Theorem 3.9. O

Remark 3.10. Let

Y, A) - ——— -~ = (Y',A")

fi if’

X, 0] -—--—-~ = [X', ']
%

be the diagram over Z in Theorem 3.9. By construction in the proof of Theorem 3.9, we can write
V =U VU with Y, := (g o f)"1(Us) and Y] := (¢’ o f')"'(U2) such that the (Ky + A)-MMP
(Y,A) - (Y’,A”) over V is an isomorphism on (¢ o )~ (U)) and (Y2, Aly,) - (Y4, A’|y2f) is the usual
log MMP over U, for the Ic pair (Y2, Aly,). The i-th step of the (Ky + A)-MMP over V can be written as

(YO ADy - - - - = (YD Al+D)

~

w),

where —(Ky o) +A ) and Ky +1) + A1 are ample over W, Then Y — W is an isomorphism on
the inverse image of U, . For any R-Cartier divisor Don Y ), we can find » € R such that D—r(Ky @) +A ()
is numerically trivial over W) In particular, the equality p(Y®) /W) = 1 holds.

Theorem 3.11. Let f: (Y,A) — [X, w] be a quasi-log scheme induced by a normal pair. Letw: X — Z
be a projective morphism to a quasi-projective scheme Z. Suppose that w is n-pseudo-effective and
NNef(w/Z) N Nglc(X, w) = 0. Let A be an R-Cartier R-divisor on X such that w + oA is w-ample for
some positive real number Ay. Then there exists a diagram

(Y’A) =: (kaAk])**>(Yk2’Ak2)77>"'77>(Yk,~,Aki)77>"’
f_ifll le ﬁj«
(X0l = (X0l = — = [Xooa] = — == — = [Xpay] = — ="

over Z, where all Yy, and X; are projective over Z, such that

o fit (Yx,, Ax;) = [Xi, wi] are quasi-log schemes induced by normal pairs,

o the sequence of upper horizontal maps is a sequence of steps of a (Ky + A)-MMP over Z with scaling
of f*A,

o the lower horizontal sequence of maps is a sequence of steps of an w-MMP over Z with scaling of A,
and
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o if we put
A; = inf{u € Ryo | w; + uA; is nef over Z}

foreachi > 1, then the following properties hold.
o A; > Ajy1 foralli > 1,
o w;+ Adi_1A; is semi-ample over Z for alli > 1, and
o w; +tA; is ample over Zforalli > 1 and t € (4;,A;-1).
Furthermore, if Y is Q-factorial, then Yy, is also Q-factorial for every i > 1.

Proof. Weput X1 := X, w; :==w, Yy, :=Y, Ay, :=A, fi = f,and A; := A. We define
Ay :=inf{u € Ryg | w; + uAj is nef over Z}.
Then A1 < 4. If A1 = 0, there is nothing to prove. Thus we may assume 4; > 0. Then

Ao — A1 A
a)1+/11A1 = /l() wl+ﬁo—l/l] (0.)1+/l()A1) .

Since w; + ApA| is ample over Z and the non-nef locus of w; over Z does not intersect Nqlc(X, wy),

the R-line bundle (w1 + A1A1) |Nglc(x,, ) is ample over Z. By applying Theorem 2.23 to [ X}, w;] and
A1

T (w1 +12pA1), we see that wy + 1] A is r-semi-ample. Thus we get a contraction ¢: X; — V over Z
induced by w1 +41A1. Then —w is ¢-ample since w1 +ApA; is m-ample and 0 < A; < Ag. Moreover, since
the non-nef locus of w; over Z does not intersect Nglc(X7, w1), any curve intersecting Nglc(X7, wy)
has a positive intersection number with w; + 1;A;. Hence ¢ is birational and an isomorphism on a
neighborhood of Nqlc(X, w;). By Theorem 3.9, we get the diagram

Yy Agy)) ————— — > (Yiy» Aky)
f]J/ ifz
Xi,w1] - ——-—-—~ > [ X2, wy]
\%4

over Z such that ¢’: X, — V is a projective small birational morphism, w, is ¢’-ample, and the upper
horizontal map is a sequence of steps of a (Kykl +Ay,)-MMP over V. Then Kyk] +Ag, + 4 fl*Al ~r,v 0.
This implies that (Yy,, Ax,) --> (Yk,, Ak,) is a sequence of steps of a (Ky, + Ay, )-MMP over Z with
scaling of f'Aj.

Let A, be the birational transform of A; on X,. By construction, there exists an R-Cartier R-divisor
L on V such that L is ample over Z and wy + 11 Ay ~gr ¢’*L. Since w; is ¢’-ample, there exists /li <A,
which is sufficiently close to Ay, such that w; + 4] A, is ample over Z. By this discussion and the property
in Remark 3.7 on the non-nef locus over Z (Definition 2.11), we see that (Yz,, Ak,) — [X2,w2] — Z
and A, satisfy the hypothesis of Theorem 3.11. We define

Ay = inf{u € Ryg | wy + pA; is nef over Z}.

Then 1, < 4] < 4; by construction. We apply the argument of the previous paragraph to (Yx,, Ag,) —
[X>2, w2] — Z and A;, and we get the diagram
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(Yk27Ak2) - — > (Yk3aAk3)

[Xo, w2] = — > [X3, w3]
over Z. By repeating this discussion, we obtain the desired diagram. O

Corollary 3.12. Letn: Y — Z be a projective morphism of normal quasi-projective varieties. Let (Y, A)
be a normal pair such that Ky + A is n-pseudo-effective and NNef (Ky + A/Z) N Nlc(Y,A) = 0. Let A
be an effective R-Cartier R-divisor on Y such that Ky + A + A is n-nef and Nlc(Y,A) = Nlc(Y,A + A)
set theoretically. Then there exists a sequence of steps of a (Ky + A)-MMP over Z with scaling of A

Y, A)=M,A) == ===, A)) - —— — — — = (Yir1, Ajy1) — ==+,

N

w;
where (Y;,A;) = Wi < (Yis1, Aiv1) is a step of a (Ky, + A;)-MMP over Z, such that the non-isomorphic
locus of the MMP is disjoint from Nlc(Y, A) and p(Y;/W;) = 1 for everyi > 1.
Proof. This follows from Lemma 3.8, [F17, Theorem 6.7.3], and Theorem 3.9. O

Corollary 3.13. Letn: Y — Z be a projective morphism of normal quasi-projective varieties. Let (Y, A)
be a normal pair such that Ky + A is m-pseudo-effective and NNef (Ky + A/Z) NNlc(Y,A) = 0. Let A
be an R-Cartier R-divisor on Y such that Ky + A + ApA is w-ample for some positive real number Ay.
Then there exists a sequence of steps of a (Ky + A)-MMP over Z with scaling of A

Y, A)=M,A)—=>-—=>=Y,A) - ———— — = (Yist, Ajg1) — — >+,
W[/

where (Y;,A;) = Wi < (Yie1, Aiy1) is a step of a (Ky, + A;)-MMP over Z, satisfying the following.

o The non-isomorphic locus of the MMP is disjoint from Nlc(Y, A),
o p(Y;/W;) =1foreveryi > 1, and
o if we put

Ai =inf{u € Ryo| Ky, + A; + pA; is nef over Z}

foreachi > 1 and A = lim;_,«A;, then the following properties hold.
o The MMP terminates after finitely many steps or otherwise A # A; for everyi > 1, and
o Ky, + A; +tA; is semi-ample over Z for alli > 1 and any t € (A;, A;-1].

Furthermore, if Y is Q-factorial, then Y; is also Q-factorial for every i > 1.

id
Proof. PutX :=Y and w := Ky +A. We apply Theorem 3.11 to (Y, A) =, [X, w], and we get a diagram

(Y9A) = (YklaAkl)__>(Yk27Ak2)__>"'__>(Yki,Aki)——>~‘-
idy_Ifli féi ﬁl
(X, 0] = [Xj,wi] - — = [X2,w2] — = > = = > [Xj,wi] — — >+
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over Z satisfying the properties of Theorem 3.11. We check that the sequences of upper horizontal maps
(Y, A) - oo (Yj,Af) =5 -

satisfies the properties of Corollary 3.13. By the second property of Theorem 3.11, the sequence of
maps are the sequence of steps of a (Ky + A)-MMP over Z with scaling of A. By Remark 3.7, the first
property of Corollary 3.13 holds. By construction of the above diagram (see Theorem 3.9 and Theorem
3.11) and Remark 3.10, the second property of Corollary 3.13 holds. For each i, let Ay, and Ax, be the
birational transforms of A on Y, and X; respectively. Since the sequences of upper horizontal maps and
the lower horizontal maps are sequences of steps of (Ky + A)-MMP over Z with scaling of A, both Ay,
and Ay, are R-Cartier, and we can easily check that Ay, = f* Ay, by an induction on i. This implies

KYk,» + Ak,. + tAk[ ~R fi*(cui + IAX,.)
foralli > 1 and ¢t € Ryo. We put
Aj =inf{u € Ryo | Ky, + A; + uAj is nef over Z}

for each j > 1. By the properties in Theorem 3.11, Ax; > A, and Ky, + Ay, + 1Ay, is semi-ample over
Zforalli > 1 and t € (A, Ax,_,]. By construction of the MMP (see Theorem 3.9), we have 4; = A,

for every k; < j < k1. This implies that Ky, + A; +tA; is semi-ample over Z for all # € (4, 4;-1].
By this discussion, the MMP

(Y,A) Rt Rt 4 (Y],AJ) Rt

satisfies the properties of Corollary 3.13. The preservation of the Q-factoriality can be checked by the
argument as in [KM98, Proposition 3.36 and Proposition 3.37]. O

Remark 3.14. The main difference between the (Ky +A)-MMP over Z with scaling of A in Corollary 3.12
and that in Corollary 3.13 is that we have A; # A forany i > 1 in the MMP of Corollary 3.13 if the MMP
does not terminate. This property is crucial to the proofs in Sections 4 and 5. If (¥, A) is kit and A is
ample over Z, then this property holds true for any MMP with scaling in Corollary 3.12 (see [BCHM 10]
and [B12, Theorem 4.1]). In general, even if A is ample over Z, it is not clear that this property holds for
any (Ky + A)-MMP over Z with scaling of A as in Corollary 3.12.

Remark 3.15. The following properties of a normal pair (¥, A) are preserved under the (Ky +A)-MMP
in Corollaries 3.12 and 3.13.

o Y is Q-factorial,
o (Y,0) is Q-factorial klt, and
o (Y,A<'+SuppA=')isdit

Indeed, the preservation of the Q-factoriality is clear, and the preservation of the dlt property is easy
because any (Ky + A)-MMP is a (Ky + A<! + Supp A=!)-MMP when (¥, A<! + Supp A=) is dlt (see
Corollary 2.20). For the second situation, it is enough to prove that if (¥;, A ;) --> (Y41, A j41) isastep of
a (Ky, +Aj)-MMP, (Y}, 0) is Q-factorial klt, and Y}, is Q-factorial, then (Y1, 0) is klIt. Fix € [0, 1)
such that Y; --» Yjy; is a step of a (Ky; + tA;)-MMP. On a neighborhood of Nlc(Y;, A ), the map
Y; --> Yj41 is an isomorphism, and therefore (¥, 0) is kit on a neighborhood of Nlc(Y 41, A j+1). On
the other hand, (Y;,fA ;) iskltonY; \ Nlc(Y;, A ;) because (¥;,0) iskltand ¢ < 1. By taking a common
resolution of ¥; --> ¥, and the standard argument using negativity lemma, we see that (Y41, A j41) is
kltonY; 1 \Nlc(Yj41,A j41). Thus, (Yj41,0) isklton Y41 \ Nle(Y;11, A j41). Therefore, (Y1, 0) is klt.

We close this section with a reduction of Question 1.1 to the termination of all MMP for klt pairs.
Remark 3.16. Assume the termination of all MMP for all kit pairs. Let 7: X — Z be a projective

morphism of normal quasi-projective varieties. Let (X,A) be a normal pair such that Kx + A is
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m-pseudo-effective. Suppose that the non-nef locus of Kx + A over Z does not intersect the non-1c locus
of (X,A). Let

(X,A) = (X1, A1) = - > (Xi, Ay) -

be a sequence of steps a (Kx + A)-MMP over Z. The existence of the (Kx + A)-MMP follows from
Corollary 3.12. Let f: (Y,I') — (X, A) be a dlt blow-up in Theorem 2.18. By using the lift of MMP as
in [B12, Remark 2.9] or using Theorem 3.9 repeatedly, we get a diagram

(Y9F) = (Ykprk])**>(Yk2’rk2)77>"'77>(Yk,'7rki)77>'"'
f_:fll/ le le
(X,A) = (X1,A1) — = = (X2,A2) — = >+ — = = (X3, A) — —

over Z such that the upper horizontal sequence of birational maps
(Y, T) - oo (Y, T)) -

is a sequence of steps of a (Ky +I")-MMP. By construction, (¥, '<! + Supp I'*!) is dIt, and NNef (Kx +
A/Z)NNIlc(X,A) = 0 implies NNef (Ky +I'/Z) NNlc(Y,TI") = 0. By Remark 3.7, this (Ky +I')-MMP
isa (Y,T'<! + SuppI"2!)-MMP over Z. By the special termination [F07b], after finitely many steps the
(Ky +T<!'+SuppI'")-MMP will be a (Ky +I'<!)-MMP. Since the pair (¥, T"<!) is Q-factorial klt, this
MMP terminates by the termination of all MMP for all klt pairs.

4. Minimal model program along Kawamata log terminal locus

In this section we study the minimal model theory for normal pairs such that the non-nef locus of the
log canonical R-divisor is disjoint from the non-klt locus of the normal pair.

4.1. From non-vanishing to existence of minimal model

In this subsection, we study the existence of minimal models under the assumption on the non-vanishing
theorem.

Proposition 4.1. Let 7: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X, A) be a normal pair and let D be an R-Cartier R-divisor on X such that |D[Z|g # 0. Then there
exist a projective birational morphism f: X—>X from a Q-factorial variety X, an R-divisor MonX,
and an effective R-divisor F on X satisfying the following properties.

o f D ~R,Z M + F

o M is semi-ample over Z and Supp F =Bs|f*D/Zlz,

o putting

I:zf*_lA+ Z E[+Suppf,

E;: f -exceptional

then (X,T<' + Supp rzYisa Q-factorial dit pair, and
o for any f-exceptional prime divisor E; on X, at least one of a(E;, X,A) < -1 and E; C Bs|f*D/Z|r
holds.

Proof. By applying Theorem 2.6 to 7: X — Z, A, and D, we get a log resolution 4: X — X of (X, A)
and effective R-divisors M and F on X such that

o h*D ~R,Z M+F, _
o every component of F is an irreducible component of Bs|h*D /Z|,
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o Mis sgmi-ample over Z, and .
o Supp(F + h;'A) UEx(h) is a simple normal crossing divisor on X.

We put

T=n'A+ Z E]’-+Suppf.

E J’ :h-exceptional
— =<l =>1 . . : :
Then (X, T+ SuppI'™ ) is a log smooth lc pair. By construction, we may write

1_“<1+Suppf21 =n;'A+ Z E}+6+—6_

E J’ :h-exceptional

for some effective R-divisors E+ and G_ on X such that 6+ and G_ have no common components,
Supp G, C Supp F, and SuppG c Supp h;'A.

We can write M = }; ry M for some positive real numbers r; and Cartier divisors M & on X that
are semi-ample over Z. We fix @ € R.¢ such that ary > 2 - dim X for all k and oF — G+ > (. Since we
can write

Kg+h'A+ Z E}=h"(Kx +A) + Z (a(E, X,A) + 1)E’,

E J’ :h-exceptional E J’ :h-exceptional
this relation and M ~g x —F imply

R l __1 —_— _ — J— —_—
Kg+T " +SuppT~ +aM =Kg+h'A+ > E}+G,-G_+aM
EJC :h-exceptional

~ex Y (a(E}LX.A)+DE} - (aF -G, +G.),

E ; :h-exceptional

where aF — G, + G_ > 0 by construction of a. Since M is semi-ample over Z, we can run a (Kx +

—<1 —>1 —
T+ Supp T +aM )-MMP over X with scaling of an ample divisor, and therefore we get a birational
contraction

o (Y,Fd +SuppfZl +aM) > (X,T<" + Supp'Z! + aM)

over X, where T’ = ¢,T and M = ¢.M, such that Kz + <! + Supp'>! + @M is the limit of movable
R-divisors over X. By the choice of o and the argument of the length of extremal rays ((BCHMI10,
Theorem 3.8.1]), we see that M is semi- ample over Z.

We denote the induced birational morphism X > X by f, and we put F = qﬁ*F We check that
f:X > X,M,and F " satisfy all the conditions of Proposition 4.1. By construction, X is Q-factorial.
Since h*D ~g, 7 M + F, we have

f*D"'R,Z M+f

Therefore, the first condition of Proposition 4.1 holds. We pick an arbitrary element Le |f*D/Z]g.
Putting L := h* f.L, then L € |h*D/Z|g, and we have ¢,L = L _by the negativity lemma. Since
every component of F is contained in Bs|h*D/Z|z, we have Supp L > Supp F. Therefore we have
Supp L D Supp F. Since L is arbitrary, it follows that Supp F C Bs| f*D/Zlg. The inverse inclusion
also holds by the semi-ampleness of M over Z. Therefore

Supp F = Bs|f*D/Z|g,
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and we see that the second condition of Proposition 4.1 holds. Now

F=¢*F:f;1A+ Z Ei+SuppF

E;: f -exceptional

and (f, <!+ Supp r le is a Q-factorial dlt pair by construction, which is the third condition of
Proposition 4.1. We put G, = ¢.G, and G_ = ¢.G_. Then

Kz +T' +SuppT>!' +aM =Kz + f7'A + Z Ei+G,—-G_+aM
E;: f -exceptional
~R, X Z (a(Ei,X,A) + )E; - (aF =G, +G.),
E;: f -exceptional

and oF — G, + G_ > 0 by construction. Since Kz + <! + SuppT'2! + @M is the limit of movable
R-divisors over X, the negativity lemma implies that

(@aF -G, +G_) - Z (a(Ei, X,A) + 1)E; > 0.

E;: f -exceptional

From this fact, for any f-exceptional prime divisor E;, if a(E;, X,A) > —1 then E; is an irreducible
component of aF -G, +G_. By recalling that Supp G C Supp F and that Supp G_ C Supp h;'A, we
have

Supp (¢F — G, +G_) c Supp (f~'A + F) = Supp f"'A UBs|f*D/Z|s.

Therefore, any f-exceptional prime divisor E; satisfying a(E;, X, A) > —1 is contained in Supp 7 'A U
Bs|f*D/Z|r. Since E; is f-exceptional, E; is contained in Bs|f*D/Z|g. This shows the final condition
of Proposition 4.1. O

The following result is a variant of Proposition 4.1.

Proposition 4.2. Let 7: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X, A) be a normal pair and let D be an R-Cartier divisor on X. Suppose that there exists a resolution
g: X' — X of X for which g* D has the Nakayama—Zariski decomposition over Z whose positive part is
semi-ample over Z. Then there exists a projective birational morphism f: X—>X from a Q-factorial
variety X such that putting M and F as the positive part and the negative part of the Nakayama—Zariski
decomposition of f*D over Z, respectively, then the following properties hold.

o f'D ~p z M +F,
o M is semi-ample over Z and Supp F = Bs|f*D/Z|g,
o putting

I:zf*_lA+ Z E[+Supp17,

E;: f -exceptional

then (X,T<' + Supp rzYisa Q-factorial dit pair, and
o for any f-exceptional prime divisor E; on X, at least one of a(E;, X,A) < =1 and E; C Bs|f*D/Z|r
holds.

Proof. Letg: X’ — X beas in the proposition. By [LX23a, Lemma 3.4 (4)], for any projective birational
morphism g’: X" — X’ from a smooth variety X”’, we see that the Nakayama—Zariski decomposition
of g”*¢*D over Z is well defined and

P,(8"¢"D;X"/Z) =¢"Ps(¢"D; X’ |Z).
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In particular, g"*g* D has the Nakayama—Zariski decomposition over Z whose positive part is semi-ample

over Z. Therefore, for any X"’ 2, X’ 8, X that is a log resolution of (X, A), the divisor g’"*g*D has
the Nakayama-Zariski decomposition over Z whose positive part is semi-ample over Z.

By the above argument, we may take a log resolution 7: X — X of (X, A) such that P (h*D; X/Z)
is semi-ample over Z. Put F := N o (h*D; X/Z). Then any component of F is an irreducible com-
ponent of Bs|h*D/Z|z. By replacing h: X — X with a higher log resolution, we may assume that
Supp (F + h;'A) UEx(h) is a simple normal crossing divisor on X. Putting M := P, (h*D; X/Z), then
the proof of Proposition 4.1 works with no changes by using #: X — X, M, and F. O

Proposition 4.3. Let 7: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X,A) be a normal pair such that Bs|Kx + A/Z|g N Nlc(X,A) = 0. Let (X,A’) be a normal pair
such that A’ ~g_z A. If (X, A’) has a good minimal model over Z, then (X, A) has a Q-factorial good
minimal model over Z.

Proof. Since Kx + A’ ~g,z Kx + A and (X, A’) has a good minimal model over Z, using Lemma 3.3,
we see that Kx + A birationally has the Nakayama—Zariski decomposition over Z whose positive part
is semi-ample over Z. By Proposition 4.2, we get a projective birational morphism f: X — X from a
Q-factorial variety X such that putting M and F as the positive and the negative parts of the Nakayama—
Zariski decomposition of f*(Kyx + A) over Z, respectively, then the following properties hold.

o f (Kx+A) ~R2M+F
o M is semi-ample over Z and Supp F = Bs|f*(Kx + A)/Z|z,
o putting

T=7"'A+ Z E; +Supp F,

E;: f -exceptional

then (X, TR Supp I_“Zl) is a Q-factorial dlt pair, and
o for any f-exceptional prime divisor E; on X, at least one of a(E;, X,A) < —1 and E; C Bs|f*(Kx +
A)/Z|g holds.

We may write
Kx+A=f"(Kx +A)+E
for some effective R-divisors A and E that have no common components. We put

B = Z (1 - coeffr, (A))F;.

F; cSuppF

Since Bs|Kx + A/Z|g N Nlc(X,A) = 0, we have a(F;,X,A) > -1 for any component F; of F.
By construction, the discrepancy of any component of E with respect to (X,A) is positive. Thus
Supp E C Bs|f*(Kx + A)/Z|r. Since Supp F = Bs|f*(Kx + A)/Z|g, the following properties hold.

Supp (B+E) C Supp F,

B is effective,

Supp B N Supp K>l =0, and

coeff (A + B) = 1 for any component F ' of F.

o O

o O

Proposition 3.4 for7: X — Z, (X,A), f: X — X, and (Y,K + E) implies that to prove the existence
of a Q-factorial good minimal model of (X, A) over Z, it is enough to prove the existence of a birational
contraction ¢: X --> X over Z, where X is Q-factorial and projective over Z, such that ¢. (K5 + A +B)
is semi-ample over Z and any prime divisor contracted by ¢ is contained in Bs|K% + A +B/Z|5.
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In this paragraph, we will check that (X, A +B) is Q-factorial dlt on a neighborhood of Supp F. Since

Supp F = Bs|f*(Kx +A)/Z|r and Bs|Kx +A/Z[g N Nlc(X, A) = 0, we have Supp F N SuppK>1 =0.
From this and the definition of B, we see that

Supp F N Supp (A + B)”! = Bs|f*(Kx + A)/Z|z N SuppK>1 =0.

By construction of B, outside Supp (A +B)”!' wehave A + B < T, where

T=f"'A+ Z E;+SuppF.

E;: f -exceptional

Since (X, I_“<1 + Supp FZI) is a Q-factorial dlt pair, the following pair
(X, (A +B)<' + Supp (A + B)=")

is dIt outside Supp (A + B)”!. Hence, (X, A + B) is Q-factorial dlt on a neighborhood of Supp F.
From now on, we use the notations of the relative Nakayama—Zariski decomposition in Definition 2.9.

We may write M = Y, rkM for some positive real numbers 7, and Cartier divisors M Y on X that
are semi-ample over Z. We take @ € R so that ary > 2-dim X for all k. Since Supp (B +E) C Supp F,
choosing a appropriately we may assume oF > B + E. Since f*(Kx +A) ~r,z M+ F, we have

Kx+A+B+aM ~p 7z (@ +1)f*(Kx +A) - («F - E - B).

We have the equality f_: No(f*(Kx + A); X/Z), which is the definition of F, and we also have the
obvious relation (¢ + 1)F > aF — E — B. By [N04, II1, 4.2 (1) Lemma] or [LX23a, Lemma 3.7 (5)], we
obtain

No(Kx+A+B+aM;X/Z)
=No((a+1)f*(Kx +A) — (aF - E —
=(a+1)F—-(aF-E-B)=F+E +

By using Supp F = Supp (F + E + B) and Supp F = Bs|f*(Kx + A)/Z|r, we also have

Supp F = Bs|f*(Kx + A)/Z|z U Supp (E + B)
> Bs|f*(Kx +A)+E + B/Zlr =Bs|Kx +A + B/ Zlx
> Bs|Kx +A+B+aM/Zlz > Supp N, (Kx +A +B+aM;X/Z),

where the final inclusion follows from
X \Bs|Kg+A +B+aM/Zlr ¢ X \ Supp Ny (K + A + B +aM; X/Z).
From these discussions, we obtain
Bs|Kx + A + B/Z|r = Supp Ny (Kx + A + B +aM; X/Z) = Supp F.

Since (X A+ B) is Q-factorial dlt on a neighborhood of Supp F, by Corollary 3.13, we can run a
(Kx + A + B + aM)-MMP over Z with scaling of an ample divisor A

(Y,Z+§+a’ﬁ) RS 2 (YZ,K1+§I +(1/M]) -y e
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Now we have
Kx+A+B+aM ~p 7 (a+1)M+F +E +B.

By the choice of @ and the length of extremal rays ([F25 Theorem 1.5 (iii)]), we see that M ; trivially
intersects the curves contracted by the (K + A+ Bl +aM l) -negative extremal contraction of the
MMP. Therefore the non-isomorphic locus of the MMP is contained in Supp F= Bs|K% + A+B /Z]r.

We recall that coeffr; (A + B) = 1 for any component F | of F, which follows from the definition of B.
For each [ > 1, we put

A =inf{u € R20|K§l +K1 +§1 + aﬁl +,uZl is nef over Z}

and A := limj_eA;. If 2 > 0, by construction of_the MMP in Corollary 3.13, we have 1 # 4, for
any [. Then the MMP is also a (K5 + A + B + aM + AA)-MMP over Z with scaling of A. Since the

non-isomorphic locus of the MMP is contained in Supp F and we have coeff Fj (A +B) =1 for any
component F; of F, we may apply the argument of [BCHM 10, Proof of Lemma 3.10.11 (2)] and the

special termination [FO7b] with the aid of [BCHM 10, Theorem E] and the (7 o f)-ampleness of AA.
‘We see that the MMP terminates. However, it contradicts the fact A > 0. Thus A = 0. Since

Supp Ny (K5 +A + B +aM;X/Z) = Supp F = Supp (F + E + B),
we can find an index I’ such that X --> X contracts F + E + B. Then

K%, +Ap+By = (K%, +Ap+ By +aMy) —aMy ~p 7z (@ + )My —aMyp = My,

which is semi-ample over Z because M is semi-ample over Z. Putting X = X and denoting X --» X
- —
by ¢, the birational contraction ¢: X --» X over Z satisfies

o X is Q-factorial,
o ¢«(Kx + A + B) is semi-ample over Z, and
o any prime divisor contracted by ¢ is a component of Bs|K5 + A +B/Zlz.

As discussed before, Proposition 3.4 implies the existence of a Q-factorial good minimal model of
(X, A) over Z. We finish the proof. O

Theorem 4.4. Let 1: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair and let A be an effective n-ample R-divisor on X such that Nklt(X,A) # 0 and
Bs|Kx + A+ A/Z|g N NKIt(X,A + A) = 0. Then (X, A + A) has a Q-factorial good minimal model
over Z.

Proof. Since (X, A) is not klt, we see that Bs|Kx + A+ A/Z|g # X. In particular, |[Kx +A+A/Z|r # 0.
The idea of the proof is the same as that of Proposition 4.3. However, the proof of Theorem 4.4 is more
complicated because we need to deal with many R-divisors. Therefore we divide the proof into several
steps.

Step 1. In this step, we reduce the theorem to the case where X is Q-factorial and Nklt(X,A) =
Nklt(X,A + A).

Let h: (X A) (X, A) be a dlt blow-up of (X, A). Since h*A is nef and big over Z, we may write
h*A ~r,z A+ G for some general (7 o h)-ample R-divisor A on X and effective R-divisor G on X such
that NklIt(X, A) = NkIt(X, A + G + A) as closed subschemes of X. Since

K§+K+5+Z~R,Z h(Kx +A +A)
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and
NKkIt(X, A + G + A) = NkIt(X, A) c NkIt(X, A + h*A) c h~'(NKIt(X, A + A))
set theoretically, we see that

Bs|Kx + (A +G) + A/Zlz N NKIt(X, A + G + A)
CBs|h*(Kx + A + A)/Z|z N A~ ' (NKIt(X, A + A)) = 0.

By Lemma 3.2, (X, A + A) has a good minimal model over Z if (X,A+h*A) has a good minimal model
over Z. By Proposition 4.3, (X, A + h*A) has a good minimal model over Z if (X, A + G + A) has a good
minimal model over Z. By replacing (X, A) and A with (X, A + G) and A respectively, we may assume

that X is Q-factorial and Nklt(X,A) = Nklt(X,A + A).

Step 2. In this step, we construct a projective birational morphism f: X’ — X and some R-divisors
on X’.

By applying Proposition4.1ton: X — Z, (X,A), and Kx + A + A, we obtain a projective birational
morphism f: X’ — X from a Q-factorial variety X’, an R-divisor M’ on X’, and an effective R-divisor
F’ on X’ satisfying the following properties.

f*(KX +A +A) ~R,Z M'+F',
M’ is semi-ample over Z and Supp F’ = Bs|f*(Kx + A + A)/Z|g,
putting

O O O

I'=f'A+ Z E; +Supp F’,

E;: f -exceptional

then (X', T"<! + Supp I'"=!) is a Q-factorial dlt pair, and
for any f-exceptional prime divisor E; on X’, at least one of a(E;, X,A) < —1 and E; C Bs|f*(Kx +
A + A)/Z|r holds.

o

We may write
Kx +A' = f*(Kx +A) + E’

for some effective R-divisors A’ and E’ that have no common components. We put

B = Z (1 - COCﬂ"FJ, (A/))F]’.
FjcSupp F’

Since Bs|Kx + A + A/Z|g N NKIt(X, A) = 0, the inequality a(F;, X, A) > —1 holds for any component
F; of F’. Therefore B’ is effective. Since X is Q-factorial, there exists an effective f-exceptional
R-divisor G’ on X’ such that —G’ is f-ample. Rescaling G’, we may assume that -G’ + f*A is ample
over Z. We can write

G =0"+0

for some ®” > 0 and ®’ > 0 such that every component of ®’ is a component of B’ and any component
of @’ is not a component of B’. By rescaling G’ again, we may further assume that B’ —®’ > 0. Finally,
we take a general member A’ € | — G’ + f*A/Z|z such that (X', T"<! + SuppI'"=! + A’) is a Q-factorial
dlt pair. Then A’ is ample over Z.

By the above discussion, we obtain a projective birational morphism f: X’ — X satisfying the
properties of Proposition 4.1, an R-divisor M’ on X’, effective R-divisors F’, I/, A’, E’, B/, G’, ©’,
and @’ on X’, and a general (7 o f)-ample R-divisor A” on X’ such that
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o we can write
f*(Kx+A +A) ~R,Z M’ +F’

such that M’ is semi-ample over Z and Supp F’ = Bs|f*(Kx + A + A)/Z|r,
o A’ and E’ satisfy

Kx +A' = f*(Kx +A) + E’

and the condition that A’ and E’ have no common components,
o B’ is defined by

B = Z (1 - coeff, (A")) Fj,
Fj cSupp F
o G’ is f-exceptional and we may write
G =0+’

such that B’ — ®’ > 0 and any component of ®’ is not a component of B’,
o I is defined by

I"=f'A+ > E+SuppF
E;: f -exceptional

and
o we have

A ~p 7 -G’ + f*A
such that (X', T"<! + SuppI'"=! + A’) is a Q-factorial dlt pair.

The R-divisor I'” and its property will be used in Step 5.

Step 3. In this step, we study properties of the effective R-divisors defined in Step 2.

By construction, the discrepancy of any component of E’ with respect to (X, A) is positive. Since
at least a(E;, X,A) < —1 and E; C Bs|f*(Kx + A + A)/Z|r holds for any f-exceptional prime divisor
E; on X’, we have Supp E’ C Bs|f*(Kx + A + A)/Z|r. Now Supp B’ C Supp F’ by construction, and
B’ — ®" > 0 implies Supp®’ c Supp B’. From these facts and the property Supp F’ = Bs|f*(Kx +
A+ A)/Z|r, we have

Supp (E’+ B’ +@’) C Supp F' =Bs|f*(Kx + A + A)/Z|z.

Since Bs|Kx +A+A/Z[r NNKIt(X, A) = 0, the inequality a(F;, X, A) > —1 holds for any component
F; of F’. By the definitions of B’ and F’, we have

Supp B’ = Supp F’ =Bs|f*(Kx + A + A)/ Z|g.

We also have Supp B’ N SuppA’=! = () by construction of B’. The definition of ® shows that @’
is f-exceptional and any component of @’ is not an irreducible component of Supp B’. Since at least
a(E;, X,A) < —1and E; C Bs|f*(Kx +A+A)/Z|r holds for any f-exceptional prime divisor E; on X’,
the discrepancy of any component of ®’ with respect to (X, A) is not greater than —1. Then

Supp B’ N Supp (A" + @) c Bs|f*(Kx + A + A)/Z|z N f~H(NKIt(X,A)) = 0.
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By the definition of B’ and the equality Supp B’ = Supp F’, it follows that
coeffr, (A" + B" + @') = coeffr, (A" + B’) = 1

for any component F; of F’.
By construction in Step 2, we can write

Kx +A + f"A+(B'-0")=f"(Kx+A+A)+E +(B' -0

and B’ — @’ is effective. We can also write
Kx +A' +ffA+(B'—=0@") ~p z Kx»+A"+B + D'+ A’.
From the above arguments, the following properties hold.

(a) B’ —©’ is effective and

Supp (E’+ B’ +®’) = Supp B’ = Supp F’ = Bs|f*(Kx + A + A)/Z|g,
(b) we have

Supp B’ N Supp (A" + @") = 0,
(c) the equality
coeffr, (A" + B+ @') = 1

holds for any component F; of F’, and
(d) we have

Kx+A' +ffA+(B'-0)=f"(Kx+A+A)+E + (B - 9@, and
Kx'+AN +f"A+(B' —-0') ~g.z Kx+A"+B' +®" + A’.

Step 4. By (a) and (d), Proposition 3.4 forn: X — Z, (X,A+A), f: X’ — X, and (X',A" + ffA +
(B’ —©®’)) implies that to prove the existence of a Q-factorial good minimal model of (X, A + A) over Z,
it is sufficient to prove the existence of a birational contraction ¢: X’ --> X" over Z, where X"’ is Q-
factorial and projective over Z, such that the R-divisor ¢..(Kx/+A’+ f*A+(B’—®’)) is semi-ample over Z
and any prime divisor contracted by ¢ is an irreducible component of Bs|Kx+A’+ f*A+ (B’ —0©")/ Z|r.

Step 5. In this step, we will check that (X’,A’ + B’ + @’ + A’) is Q-factorial dlt on a neighborhood of
Supp F’.

We set U’ := X’ \ Supp (A’Z! + @’). By the definitions of B’, A’, and I in Step 2, the R-divisor
(A’ + B’) |y is a boundary R-divisor and we have

(A" + By < Ty
Since (X’/,T"<! + SuppT’=! + A") is a Q-factorial dlt pair, which is the final property in the list of
properties in Step 2, we see that (U’, (A’ + B’ + ®" + A”)|y-) is a Q-factorial dlt pair. By (a) and (b) in
Step 3, we have

Supp F’ N Supp (A"Z! + ®’) = Supp B’ N Supp (A">! + @) = 0.

This shows that Supp F’ c U’. Therefore, (X', A’ + B’ + ®" + A’) is Q-factorial dlt on a neighborhood
of Supp F”.
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Step 6. In this step, we will construct the birational contraction ¢: X’ --> X"’ over Z mentioned in Step 4.

Let M’ be the R-divisor on X’ defined in the construction of f: X’ — X in Step 2. We may write
M’ = ¥, reM’® for some positive real numbers r and Cartier divisors M’) on X’ that are semi-
ample over Z. We take @ € R so that ary > 2-dim X’ for all k. We fix a general element N’ € |[M’/Z|g
such that

Nklt(X', A"+ B’ +®" + A"+ aN’) = Nklt(X',A" + B’ + @' + A”).
By (a) and (d) in Step 3, we have

Bs|Kx'+A"+B +®" + A"+ aN'/Z|r
CBs|Ky+A"+B' +®" + A’/ Z|r
=Bs|f"(Kx +A+A)+E' +(B' -0 /Zr
CBs|f"(Kx +A+A)/Z|g USupp (E’+ (B’ —®")) = Supp F'.

By this property and the dlt property of (X’,A’ + B’ + ®’ + A’) on a neighborhood of Supp F’, the
non-nef locus of Kx'+A’+ B’ +®"+ A’ +aN’ over Z does not intersect Nlc(X’,A’+B’+®'+ A’ +aN’).

By Corollary 3.13, we canrun a (Kx + A’ + B’ + @’ + A’ + aN’)-MMP over Z with scaling of an
ample divisor

(X, A"+B"+®" +A"+aN’) - --- > (X,A]+ B+ ®| + A+ aN}) --> - -~

By the choice of @ and the length of extremal rays ([F'25, Theorem 1.5 (iii)]), every N, trivially intersects
the curves contracted by the extremal contraction of the MMP. Hence, the (Kx'+A’+B’+®'+A’+aN’)-
MMPisa (Kx'+A’+ B’ +®"+ A’)-MMP and N/ is semi-ample over Z for every /. By this fact and (d)
in Step 3, prime divisors contracted in this MMP are contained in

Bs|Kx' +A"+B ' +® + A’/Z|p =Bs|Kx' + A"+ f*A+ (B' — @)/ Z|r.

By (d) in Step 3 and the relation f*(Kx +A+A) ~r,z M’ +F’, which is the first property of f: X’ — X
in Step 2, we have

Kx'+AN +B +®" +A"+aN' ~p 7z f"(Kx +A+A)+E'+ (B’ - @) +aN’
~r,z(@+ )N+ (F'+E'+ (B' - @)).

By (a) in Step 3, we have
Supp (F'+E"+(B'—0@")) =Supp F’.

Since every N; trivially intersects the curves contracted by the extremal contraction of the (Kx/ + A’ +
B’ + ®" + A’ + aN’)-MMP, the non-isomorphic locus of the MMP is contained in Supp F’. By (b)
in Step 3 and the dlt property of (X’,A’ + B’ + ®" + A’) around Supp F’, we may apply the special
termination [FO7b] to each Ic center contained in Supp F’ with the aid of [BCHM 10, Theorem E] and
the (7 o f)-ampleness of A’. We note that we may apply [BCHM 10, Theorem E] to our setting because
we can use A; and [BCHMI10, Proof of Lemma 3.10.11 (2)] to produce an ample R-divisor on X; for
every [. We see that the (Kxs + A’ + B’ + @’ + A’ + aN’)-MMP over Z terminates with a Q-factorial
minimal model over Z

(X',A"+B' +® +A"+aN’) - (X,,A), + B, + ®, + A, + aN,).

Moreover, N;, is semi-ample over Z by construction.
Let F, and E;, be the birational transforms of F” and E’ on X;,, respectively. By Corollary 3.12, we
may run a (Kx; + A; + B, + ®; + A, )-MMP over Z with scaling of aN;,. By the same argument as
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above, we may apply the special termination [FO7b] to each lc center contained in Supp F,, with the aid
of [BCHM 10, Theorem E]. We note that we have

Kx; + A, + B, +®, + A, +IN, ~g z (t+1)N, + (F, + E,, + (B, — ©)))

forall0 < ¢ < a, and Supp (F,+E, + (B, —0,)) = Supp F,, by (a) in Step 3. Hence, the non-isomorphic
locus of the (Kx; +A;, +B;,+®; +A;)-MMP is contained in Supp F,. Furthermore, if all components of
F; are contracted after finitely many steps then the MMP terminates. We see that the MMP terminates
with a Q-factorial minimal model over Z

(X,, A, +B,+®, +A)) > (X",A” +B"+®" +A").
Let¢: X' --» X, --> X" be the composition. Then
(X',AN"+B +®" +A") > (X", A" +B" +®" + A”)

is a sequence of steps of a (Kx» + A’ + B’ + @’ + A’)-MMP over Z to a minimal model over Z.
We check that Kx»+A” +B” +®” + A" is semi-ample over Z. By the argument in [BCHM 10, Proof of
Lemma 3.10.11 (2)], we may write A" ~g, z Q"+ L" such that Q" is effective, L" is ample over Z, and

Nlc(X”,A” + B” +®" + A”) = Nlc(X”,A” + B” + ®" + Q").
Moreover, since
Kx»+A"+B"+®" +A"” ~g 7z N + ¢.(F'+ E' + (B — ©))

and Nlc(X’, A’ + B+ ®" + A’) N Supp F’ = 0 (see Step 5), the semi-ampleness of N’ over Z and
Remark 3.7 imply that the R-line bundle

(le/ + A” + B// + @N + QH + L”)|N|C(X",A"+B"+CD"+Q")
is semi-ample over Z. Now we apply Theorem 2.23 to (X", A" + B” +®” + Q') and L”, and we see that
Kx»+A"+B"+®" +A" ~g, 7z Kx»+A”" +B" +®" + Q" +L"

is semi-ample over Z.
By (d) in Step 3, the following properties hold.

o X" is Q-factorial,

o ¢ is a sequence of steps of a (Kx» + A’ + f*A + (B’ — ®"))-MMP over Z that only contracts prime
divisors contained in Bs|Kx’ + A’ + f*A + (B’ —= ®)/Z|r, and

o the R-divisor

¢ (Kx + AN + ffA+(B' —0) ~r.z ¢.(Kx + A"+ B + @' + A')

is semi-ample over Z.

As discussed in Step 4, Proposition 3.4 implies the existence of a Q-factorial good minimal model
of (X, A + A) over Z. We finish the proof. O

Corollary 4.5. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X, A) be a normal pair and let A be an effective m-ample R-divisor on X such that NkIt(X, A) # 0 and
Bs|Kx +A+A/Z[g "NkKIt(X, A+ A) = 0. Then there exist a projective birational morphism f: X' — X
from a Q-factorial variety X’ and a birational contraction ¢: X' --> X" over Z to a Q-factorial variety
X", which is projective over Z, satisfying the following.
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o Atleast one of a(E;, X,A) < —1 and E; C Bs|f*(Kx + A + A)/Z|r holds for any f-exceptional prime
divisor E; on X',

o ¢ contracts all divisorial components of Bs|f*(Kx + A + A)/Z|r and ¢ is an isomorphism on
X'\ Bs|f*(Kx +A + A)/Z|g, and

o writing

Kx +A' = f*(Kx +A) + E’
for some effective R-divisors A" and E’ on X’ having no common components, then (X", ¢.(A'+f*A))

is a Q-factorial good minimal model of (X, A + A) over Z.

Proof. By Theorem 4.4, (X, A + A) has a good minimal model over Z. Thus, Kx + A + A birationally
has the Nakayama—Zariski decomposition over Z whose positive part is semi-ample over Z. Applying
Proposition 4.2 to 7: X — Z, (X,A) and Kx + A + A, we get a projective birational morphism
f: X’ — X from a Q-factorial variety X’ such that putting M’ and F’ as the positive and the negative
parts of the Nakayama—Zariski decomposition of f*(Kx +A +A) over Z, respectively, then the following
properties hold.

o f*(Kx +A+A)~r zM +F,
o M’ is semi-ample over Z and Supp F’ = Bs|f*(Kx + A + A)/Z|g,
o putting

I'=f'A+ Z E; + Supp F’,

E;: f -exceptional

then (X', T"<! + SuppI'"=!) is a Q-factorial dlt pair, and
o for any f-exceptional prime divisor E; on X, at least one of a(E;, X,A) < —1 and E; C Bs|f*(Kx +
A + A)/Z|g holds.

We write
Kx +A' = f"(Kx +A) + E’
for some effective R-divisors A’ and E’ that have no common components. We put
B = Z (1 = coeffr, (A")) F;.
F;cSupp F’

By the same argument as in the proof of Proposition 4.3, we get a sequence of a steps of a (Kx» + A’ +
B’ + f*A +aM’)-MMP

¢: X/ > XII

over Z such that ¢ is also a (Kx» + A’ + B’ + f*A)-MMP and ¢.(Kx- + A’ + B’ + f*A) is semi-ample
over Z. This ¢ satisfies the following.

o X" is Q-factorial,

o ¢.(Kx+A’"+ B’ + f*A) is semi-ample over Z, and

o ¢ contracts all divisorial components of Bs|f*(Kx + A + A)/Z|r and ¢ is an isomorphism on
X'\ Bs|f*(Kx +A + A)/Z|g.

Therefore, f: X’ — X and ¢: X’ --> X"’ are what we wanted (see Proposition 3.4). O

4.2. Termination of minimal model program

In this subsection, we study the termination of MMP with scaling of an ample divisor.
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Theorem 4.6. Let w: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair and let A be an effective n-ample R-divisor on X such that NkIt(X,A) # 0 and
Bs|Kx + A+ A/Z|g N Nklt(X,A) = 0. Let

(X, A+A) = (X1,A1+A)) > > (Xj,A; +Ap) > -+
be a sequence of steps of a (Kx + A + A)-MMP over Z with scaling of A such that if we put
A ={u eRyo| (Kx, + A; + A;) + 1A is nef over Z}

Jor each i > 1, then lim;_,cA; = 0. Then A,, = 0 for some m and (X, Ay, + Ayy) is a good minimal

model of (X, A + A) over Z.

Proof. Replacing A if necessary, we may assume NkIt(X, A) = Nklt(X, A + A) as closed subschemes
of X. Then Bs|Kx + A + A/Z|g N NKIt(X,A + A) = 0.
We divide the proof into several steps.

Step 1. In this step, we will construct some varieties and R-divisors, and we will discuss properties of
them.

By Corollary 4.5, there exists a projective birational morphism f: X’ — X from a Q-factorial variety
X’ and a birational contraction ¢: X’ --> X'’ over Z to a Q-factorial variety X"’, which is projective over
Z, satisfying the following.

o Atleastoneof a(E;, X,A) < —1and E; C Bs|f*(Kx +A+A)/Z|r holds for any f-exceptional prime
divisor E; on X’,

o ¢ contracts all divisorial components of Bs|f*(Kx + A + A)/Z|r and ¢ is an isomorphism on
X'\ Bs|f*(Kx +A + A)/Z|r, and

o writing

Kx/ +A' = f*(KX +A) +E’

for some effective R-divisors A’ and E’ on X’ having no common components, then (X", ¢.(A’ +
f*A)) is a Q-factorial good minimal model of (X, A + A) over Z.

WeputA” = ¢,.A"and A” = ¢, f*A. By the equality Kx + A’ = f*(Kx +A)+ E’ and the first property,
we have Supp E’ C Bs|f*(Kx + A + A)/Z|r. By this inclusion and the equality Bs|Kx + A + A/Z|g N
Nklt(X,A + A) = 0, we have

Bs|f*(Kx + A+ A)/Zlg 0 f~H(NKIt((X,A + A)) =0, and

Supp E’ N £~ (NKIt(X, A + A)) = 0.

By the definition of good minimal models (Definition 3.1) of (X,A + A) over Z and the negativity
lemma, the inequality

a(P,X,A+A) <a(P,X",A" +A")

holds for any prime divisor P over X. By these facts and the fact that ¢: X’ --> X"’ is an isomorphism on
X'\Bs|f*(Kx+A+A)/Z|r, we see that ¢! is an isomorphism on a neighborhood of NkIt(X"", A" +A"")
and the following properties hold.

(i) Bs|A”/Z]z N NKIt(X”,A” + A”) = 0, and
(ii) for any prime divisor P over X", if a(P, X", A" + A””) < —1 then

a(P,X,A+A)=a(P, X", A" +A").
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We can write A" ~g, z H” + B’ for some effective R-divisor B” on X’ and an effective R-divisor
H" on X" which is ample over Z. We fix u € R such that

o Nklt(X"”,A” + A”) = NKIt(X"”",A” + A” +uB” + uH"),
o NKIt(X"”,A” + A”) = NKkIt(X”",A” + (1 + u)A”"), and
o for any prime divisor D on X which is exceptional over X", we have

a(D,X,A+(1+u)A) <a(D,X",A” +(1+u)A”).

Then ¢~ is an isomorphism on a neighborhood of NkIt(X"', A"+ (1+u)A”"). By the equality Kx,+A’ =
f*(Kx + A) + E’ and the definitions of A’ and A", we see that

(iii) for any prime divisor Q over X", if a(Q, X", A” + (1 +u)A”") < —1 or Q is not exceptional over
X" then

a(Q, X,A+(1+u)A) =a(Q,X",A” + (1 +u)A”).
Let X" — W be the contraction over Z induced by Kx~» + A” + A”. Then
Bs|Kx» + (A” +uB” + A”) +uH" |Wlg c Bs|u(H"” + B"")/Z|z = Bs|A” /] Z|z.
By the relation Nklt(X”", A” + A”) = Nklt(X"",A” + A” + uB” + uH"") and (i), we see that
Bs|Kx» + (A" +uB” + A”) + uH" Wz " NKIt(X”, (A" + A” +uB”) +uH") = 0.
By Theorem 4.4, the pair (X", (A” +uB” +A”)+uH"") has a good minimal model over W. We also have

Bs|Kx» + A" + (1 +u)A” /W[g N NKIt(X”", A" + (1 +u)A”)
C Bs|Kx» + (A" +uB” + A”) +uH"” /W[g N Nklt(X"”",A” + A” +uB” +uH") = 0.

Since A”+(1+u)A” ~r,z (A" +uB"”+A”)+uH", the pair (X", A” +(1+u)A") has a good minimal
model over W by Proposition 4.3.

Step 2. In this step we define a diagram and an R-divisor used in the proof.

Let (X", I'}/) be a good minimal model of (X", A” + (1 +u)A"") over W. We denote X" — W and
X" — Wby "7 and 7", respectively. Let g: ¥ — X, g2: Y — X", and g3: ¥ — X’” be a common
resolution of X --» X"’ --» X’”. Now we have the following diagram

Y
8 83
82
X< - - - — > X" - — — — — — > X"
pof !
» o
x w.
Z /

We define an R-divisor I'j"” on X" by

Kxn + T} = g3.85(Kxr + A" + A”).
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Note that I'/’” may not be effective. Since 7’/ is the contraction induced by Kx~» + A” + A", we see that
0 y Yy
Kx» + T is R-Cartier and Kx» +I'/” ~g_w 0. In particular, the negativity lemma implies
0 0 , p g y p

g (Kxn + A"+ A”) = g5(Kxn +T").
Moreover, there exists € € (0, 1) such that
Kxn + el + (1 —e)l)" = e(Kx» +T,) + (1 — €)(Kx» + ")
is semi-ample over Z. Then, for any § € [0, €], the R-divisor
Ky + 6T + (1= 8)I"
is semi-ample over Z. For any ¢ € [0, €], we define E)(/a) by

EY = g" (Kx + A+ (1+6u)A) - g5(Kxr + 6T, + (1= 8)I7")
=(1-0)(g"(Kx +A+A) — gi(Kx» + A" + A")) (%)
+6(g"(Kx + A+ (1+u)A) — g5(Kx» +T))).

Step 3. In this step, we will prove that E)(,é) in (#) is effective and g3-exceptional for any § € [0, €].
By construction of E <5), it follows that

E® = ¢" (Kx + A+ (1+6u)A) — g4 (Kxm + 6T + (1= 6T
=(1-9) Z (a(P, X", A" +A") —a(P,X,A + A))P
P

+6 Z (a(P, X", Ty —a(P,X,A + (1 +u)A))P,
P
where P runs over prime divisors on Y.
We first prove El(f) > 0. For any prime divisor D on X, the definition of good minimal model
(Definition 3.1) and the negativity lemma show
a(D,X,A+A) <a(D,X",A"+A"),
and
a(D, X", A" + (1 +u)A”) < a(D, X", T)").
If D is not exceptional over X", then
a(D,X,A+(1+u)A) =a(D,X",A” + (1 +u)A”)
by (iii). If D is exceptional over X", then
a(D,X,A+(1+uw)A) <a(D, X", A"+ (1 +u)A”)
by the choice of u € R. (. In both cases, we have

a(D,X,A+(1+u)A) <a(D,X",A” + (1 +u)A”) < a(D, X", T))).
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Therefore, for any component E of El(,d) that is not exceptional over X, we have
coeﬂ?E(El(,é)) > 0.

By applying the negativity lemmato g: ¥ — X and El(,‘s) , we obtain E)(/‘s) > 0.

Next, we prove that EI(,‘S) is g3-exceptional. We pick a prime divisor D on Y that is not exceptional
over X’”. Then the definition of good minimal model (Definition 3.1) shows
a(D, X", T/ =a(D,X",A” + (1 +u)A”).
If D is not exceptional over X”’, then
a(D,X,A+A)=a(D,X", A" +A"),
by the definition of good minimal model (Definition 3.1), and (iii) shows
a(D,X,A+(1+u)A) =a(D, X", A" + (1 +u)A”) =a(D, X", T)).
Therefore we have coeft (El(,é)) = 0if D is not exceptional over X”’. If D is exceptional over X", then
a(D, X", T")=a(D,X",A” + (1 +u)A”) < -1
by the definition of good minimal model (Definition 3.1). By (ii), we have
a(D,X,A+A)=a(D,X", A" +A"),
and furthermore (iii) implies

a(D,X,A+ (1 +u)A) =a(D, X", A" + (1 +u)A”) =a(D, X", T)).

Therefore coeft 5 (E )(,5)) = 0 even if D is exceptional over X”’. Thus E )(,6) is gz-exceptional. From these

arguments, E}(/&) is effective and g3-exceptional for any ¢ € [0, €].

Step 4. With this step we complete the proof.
By (), for any 6 € [0, €] we obtain

g (Kx + A+ (1+6u)A) = g5(Kxn + 6T, + (1 = 6)IY") + EY
such that Kx» + 6T, + (1 = 6)[\]"" is semi-ample over Z and El(,‘s) > 0 is g3-exceptional.
We use the (Kx + A + A)-MMP over Z and A; in Theorem 4.6. Fix m such that A,,, < min{A,,_1, €u}.

Such m exists since we have u > 0, € > 0, and lim; ,,A; =0.Let h: Y’ - Y and h,,,: Y’ — X,, be a
common resolution of Y --> X;,,. We have the following diagram

h

Y <— Y

over Z. By construction, for any ¢ € (4,,, min{4,,-1, eu}), we can write

“¢(Kx + A+ (1+1)A) = bl (Kx, + Ay + (1+1)Ay,) + FY

https://doi.org/10.1017/fms.2025.10092 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10092

50 K. Hashizume
for some effective ,,-exceptional R-divisor F;,f) onY’.Nowt=L.yand L < e Hence
t t I
Wiy (K, + A+ (14 1) Ap) + FSD = 173 (Kxom + =T + (1 = —)TY") + h°Ey"
u u

Since hf, (Kx,, + Am + (1+1)A) and Kxo + LT + (1 = D)T” are nef over Z and F}) (resp. E,*’) is

effective and h,,-exceptional (resp. g3-exceptional), by the negativity lemma, we see that F, (t,) = h*E;,”) .

Therefore, we get the equality
(K + A + (14 1) A) = W g3 (K 4 T3+ (1= 1)
for all ¢ € (A;,,, min{A;,—1, €u}). Then
hy (Kx,, + Am + Ap) = B85 (Kxn + ),

and the right hand side is semi-ample over Z by construction of I')”. In particular, we have 4,,, = 0, and
(Xom> A + Apy) is a good minimal model of (X, A + A) over Z.

We finish the proof. O

Corollary 4.7. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X, A) be a normal pair and let A be an effective m-ample R-divisor on X such that NkIt(X, A) # 0 and
Bs|Kx + A +A/Z|r "N NKIt(X,A) = 0. Let

(X,A +A) =: (Xl,Al +A1) kARt 4 (Xl',Ai+Ai) Rt AR

be a sequence of steps of a (Kx + A + A)-MMP over Z with scaling of A constructed by using
Corollary 3.13. We put

A ={u eRyo| (Kx, + A; + A;) + nA; is nef over Z}

fJoreachi > 1. Then A,, = 0 for some m and (X, A+ Ay, is a good minimal model of (X, A+A) over Z.

Proof. Assume by contradiction that A; # 0 for any i > 1. We put A := lim;,.4;. By Corollary 3.13,
we have A4 # A; for all i > 1. To get a contradiction, replacing A with (1 + 1)A, we may assume A = 0.
Then Theorem 4.6 implies 4,, = 0 for some m, which contradicts the fact that A # A; for alli > 1. Thus,

Corollary 4.7 holds. O

4.3. Non-vanishing

In this subsection we prove the non-vanishing theorem.

Proposition 4.8. Let 7: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X, A) be a normal pair such that A is a Q-divisor on X. Let A be a w-ample Q-divisor on X such that
Kx + A + A is m-pseudo-effective. Suppose that NNef(Kx + A + A/Z) N NklIt(X,A) = 0. Suppose in
addition that (Kx + A + A)Inwi(x,n), which we think of a Q-line bundle on NKIt(X, A), is semi-ample
over Z. Then the equality Bs|Kx + A + A/ Z|r N NKIt(X, A) = 0 holds.

Proof. We may assume that (X, A) is not klt. By replacing A with a general member of |A/Z|g, we
may assume A > 0. Let

(X, A+A) = (X1,A1+A]) > - > (Xj, Aj + Ay) > - -
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be a sequence of steps of a (Kx + A + A)-MMP over Z with scaling of A constructed by using
Corollary 3.13. Then the non-isomorphic locus of the (Kx + A + A)-MMP is disjoint from Nklt(X, A)
(Remark 3.7). We define

Ai ={u eRyo| (Kx, +A; + A;) + uA; is nef over Z}

for each i > 1 and A := lim;,4;. By construction, the MMP terminates after finitely many steps or

otherwise 4 # A; for every i > 1, and Kx, + A; + A; + tA; is semi-ample over Z for every i > 1 and

t € (A, A;i—1]. Assuming Bs|Kx +A+A+AA/Z|r "NkIt(X, A) = 0, then Theorem 4.6 implies A; = A for

some j. Then the equality A = 0 holds because otherwise we get a contradiction, and Bs|Kx +A+A/Z[gN

NkIt(X,A) = 0. From this discussion, it is sufficient to prove Bs|Kx + A+ A+ 1A /Z|r NNKIt(X, A) = 0.
We fix nonnegative rational numbers g and g’ such that

g <A1<gq.

We note that we may take g = ¢’ = A when A is a rational number. By the hypothesis of Proposition 4.8
that (Kx + A + A)|nki(x,a) is semi-ample over Z, we can find an integer p > 1 such that

o pgeZand p(Kx +A + A), pA, and pgA are all Cartier, and
o p(Kx +A + A)|Nkie(x,a)» PAINKi(x,a)> and pgA|Nkie(x,a) are globally generated over Z.

In this paragraph, we will prove Bs|Kx + A + A + gA/Z|r N Nklt(X,A) = 0. Since A = lim;_,o04;

and I;—fl" > g > A, we can find m such that the birational contraction

X > X,
is a sequence of steps of a (Kx + A + A + gA)-MMP over Z and the Q-divisor

1+ pg

Kx, +Anu+Ap+
p-1

Am
is semi-ample over Z. By Remark 3.7, the birational map X --» X, is an isomorphism on NkIt(X, A).
We put
L:=p(Kx, +Am+Am+qAn).
Then L is a Weil divisor on X,,, and Cartier on a neighborhood of Nklt(X,,, A,,). We can write

l+qu
1 m

L=Kx, +Am+(p-D|Kx, +An+Ap +

1+pg . . . .
and (Kx,, + Ay + Ay + ﬁAmﬂNklt(xm,Am) is ample over Z because X --> X, is an isomorphism on

Nklt(X, A), the inequality l;f lq > 0 holds, and p(Kx + A + A)|nui(x,a) is globally generated over Z.
Therefore L—(KXx,, +A,) is nef and log big over Z with respect to (X, A ;) ([F16, Definition 3.7]). From

these facts, we can use Theorem 2.29 to (X,,,, A;,) and L. Putting 7,,,: X,,, — Z and Z as the structure
morphism and the defining ideal sheaf of Nklt(X,,, A,,) respectively, then Theorem 2.29 implies that

R'7p (T ®0y,, Ox,, (L)) =0.
We consider the exact sequence
0 — I ®oy,, Ox,, (L) — Ox,, (L) — Onkit(X,n.Am) (LINKIt(X,0,8,)) — 0.
By taking the pushforward to Z, we get the following exact sequence

T O, (L) — 7 ONKIt (X, Am) (LINKI (X)) — R 7T (Z ® 0y, O, (L)) = 0.

https://doi.org/10.1017/fms.2025.10092 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10092

52 K. Hashizume

By construction of p and L, the line bundle L|ni(x,,.a,,) is globally generated over Z. Hence, we have
Bs|Kx, + Am + A + qAm/ZIg N NKI(X,,,, Aj) = Bs|L/Z|g N NKIt(X,, A ) = 0.
Since X --» X,,, is a sequence of steps of a (Kx +A+A+gA)-MMP over Z and the map is an isomorphism
on Nklt(X,A), we have Bs|Kx + A + A+ gA/Z|g N NKIt(X,A) = 0.
In this paragraph, we will find a rational number § € [g’, 4] such that

Bs|Kx + A+ A+ GA/Z|g N NKIt(X,A) = 0.

We fix k € Z-( such that
1
and kA - kA] < ;

Such k always exists by the argument using the Diophantine approximation (see, e.g., [BCHMI10,
Subsection 3.7]). We put

_ . Lk4]
g.=—.

Then § € [q’, A]. We will prove that this § is the desired rational number. By definition, we have

_1
1;;/?3,, L+ E{I:l_ 1,f,)p _ k/;p_,zl Cisa
Since A = lim; _,,4;, we can find n such that the birational contraction
X - X,
is a finite sequence of steps of a (Kx + A + A + §A)-MMP over Z and the Q-divisor

1+ Lk/lJpA

Kx +A,+A, + n
o kp -1

is semi-ample over Z. By Remark 3.7, the birational map X --» X, is an isomorphism on NkIt(X, A).
We put

L :=kp(Kx, +An+An+GAn) = kp(Kx, + Ay + Ap) + pLkA]A,.

By the definitions of p, k, and g, it follows that L’ is a Weil divisor on X, and Cartier on a neighborhood
of Nklt(X,,,A,). We can write

1+ kA
L' =Ky, +A,+ (kp - D|Kx, +An+An+%An
p—
and (Kx, + Ap + A, + “ktlf—fprn)|Nkh(Xn,An) is ample over Z because X --»> X, is an isomorphism
on NKklt(X,A), lJ'kL;‘ff” > 0, and p(Kx + A + A)|nki(x,a) is globally generated over Z. Therefore

L’ — (Kx, + A,) is nef and log big over Z with respect to (X,,A,) ([F16, Definition 3.7]). From
these facts, we can use Theorem 2.29 to (X;,,A,) and L’. Putting 7,,: X;, — Z and 7" as the structure
morphism and the defining ideal sheaf of Nklt(X,,, A,,) respectively, then Theorem 2.29 shows

R'7,.(T' ®0y, Ox, (L") =0.
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We consider the exact sequence
0 — 7' ®oy, Ox, (L") — Ox, (L") — Onxit(x,.a,) (L INkit(X,.,0,)) — 0.
By taking the pushforward to Z, we get the following exact sequence
nsOx, (L") — T Okt (L INKIt (X0, 8)) — R' (T ®0, Ox,, (L)) = 0.
By construction of p and L’, the line bundle L’|\ki¢(x,,,a,,) is globally generated over Z. Hence, we have
Bs|Kx, + Ap+ (1+§)An/Z|r N NKIt(X,,, Ap) =Bs|L'/Z|g N NkIt(X,,, Ap) = 0.

Since X --» X, is a sequence of steps of a (Kx +A+A+GA)-MMP over Z and the map is an isomorphism
on NkIt(X, A), we have Bs|Kx + A + A+ GA/Z|g N NKIt(X,A) = 0.
Now we have nonnegative rational numbers § < A < ¢ such that

Bs|Ky +A+A+qgA/Z|p "\NKIt(X,A) =0,  and
Bs|Ky + A + A+ GA/ZJz N NKIt(X, A) = 0.

Since Kx +A+A+A1A is a convex linear combination of Kx +A+A+gA and Kx +A+A+gA, we see that
Bs|Kx + A+ A+ AA/Z|g N NkIt(X,A) = 0.

Then Proposition 4.8 holds as discussed. O

Proposition 4.9. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X, A) be a normal pair such that A is a Q-divisor on X. Let A be a m-ample R-divisor on X. Suppose
that there exist positive real numbers ry, - - - , rj and n-ample Q-divisors Ay, - -+, A; on X such that

o Zﬁzl ri=1land A = Zi:l riA;, and

o forevery 1 <i <1, the Q-line bundle (Kx + A + A;)Inkii(x,a) on NKIt(X, A) is semi-ample over Z.
Then there exist positive real numbers r{, - -, r,,, positive integers pi, - -+ , p that are greater than
one, and m-ample Q-divisors A7, -- -, A,, on X such that

o ZTZI r;. =1land A = Z;.":l r}A},

o pj(Kx +A+ A}) and ij;. are Cartier for every 1 < j < m,

o pi(Kx+A +A})|Nkn(x,A) and ij;.|Nkh(X,A) are globally generated over Z for every 1 < j < m, and
o %A} — A is ample over Z for every 1 < j < m.

Proof. This is an application of [BCHM 10, Lemma 3.7.7]. By the hypothesis, we can find an integer
p = 2 such that

o p(Kx + A) and all pA; are Cartier, and
o all p(Kx + A + A;)|nkie(x,a) and pA;|nki(x,a) are globally generated over Z.

Putr = (r, ---, r;). We apply [BCHM 10, Lemma 3.7.7] to p, %min{ri}l <i<i, and the following set

S:= {(01,"-,01)6RI

I
a; > 0 for all i and Za[ = 1} or.
i=1

There exist rational points ¢V, --- , g™ of S and positive integers p1, - - - , pm, which are divisible
by p, such that r is a convex linear combination of ¢V, --- , g™ and forevery 1 < j < m the following
conditions

=gl < — Smin{rihae  ad g0 ez
pj 2
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hold. Then p; > 2 forall 1 < j < m since p > 2, and the first property implies that g is not the
origin forall 1 < j < m. Foreach 1 < j < m, we put

!
(q(J), . qu)) =qU and A= ZqE”Ai.

Since r is a convex linear combinationof g1, --- | ¢\ we can write r = Z;": 1 r]’.q () with nonnegative
real numbers rl’ , -+, ], such that Z;.”:l r} = 1. By removing indices j such that r} = (0, we may assume
that all r’ are positive.

From now on we prove that these rl, cee Ty Pls > Pm, and Ai, .-+, Aj satisfy the properties
of Proposition 4.9. Note that all A} are m-ample Q-divisors by construction. It is obvious by definition

that 371, 7% = 1,and r = 372, g7 shows r; = X1, r'q; q\? forevery 1 < i < I. Hence, we have

A:Zl:r,-A,:Zir; W, = Zr AL

1
i=1 i=1 j=1

Therefore the first property of Proposition 4.9 holds.
The condition 22 ¢() € Z! implies p;¢" € pZs forall 1 <i < I. Since all pA; are Cartier and all
PAilNkit(x,a) are globally generated over Z, the relation

1
_ )
Ay =" pia A;
i=1

implies that all p jA;. is Cartier and all p jA} INkie(x,a) are globally generated over Z. Since p; € pZ and
p(Kx +A) is Cartier, we see that p j(Kx +A) is Cartier forall 1 < j < m. In particular, p; (Kx +A +A;.)
and p;A } are Cartier for every 1 < j < m. This is the second property of Proposition 4.9.

In the previous paragraph, we have already proved that p; A;. INkit(x,a) is globally generated over Z

for every 1 < j < m. By the definition of S, we see that Zle qu) =1 holds for all 1 < j < m. This

)

implies that Z; 1 Pjq;" = pjforevery 1 < j < m.Then

] I
pi(Kx +A+A}) =p;(Kx +A)+pjA;=>" pig” (Kx +A)+ ) pia A;
i=1 i=1

!
:ijql(J)(KX +A +Ai)~
i=1

As explained above, p ,q(j ) e pZsg forevery 1 <i <land 1 < j < m. Since all the Q-line bundles
p(Kx + A + A;)|nkicx,a) are globally generated over Z, it follows that p;(Kx + A + A’ )|Nklt(x Ay is
globally generated over Z for every 1 < j < m. Therefore, the third property of Proposmon 4.9 holds.

Finally, since ||r—¢ /|| < p—j Emm{r,}]slsl,wehaveh, 5’)| < mmln{r,}]gg foralll <i <!
and 1 < j < m. Then

; 1 ; 1 1
q;") >r; > zmin{ri}i<ig or qlf") >ri— s—min{ri}1<i< > smin{r;}1<i<-
2 2p; 2
W) . oo a9
This shows |r; — ql." | < mmin{ri}lsisl < ;7_,« < ﬁ. By simple calculations, for every 1 <i <[

and 1 < j < m we have
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)
) ‘izj __Pi

rl<q(] __1 p~—1qi
J

Since A’ Zf lq(”A and A = Zl | TiA; by definition, p’ A’ A is ample over Z for every
1<j< m Therefore, the final property of Proposition 4.9 holds O

Theorem 4.10. Let 7: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be anormal pair and let A be a m-ample R-divisor on X such that Kx +A+A is m-pseudo-effective. Suppose
that NNef(Kx + A+ A/Z) N NkIt(X, A) = 0. Suppose in addition that (Kx + A + A) |nie(x,a), which we
think of an R-line bundle on NKIt(X, A), is semi-ample over Z. Then Bs|Kx +A+A / Z|r "\NkIt(X,A) = 0

Proof. We prove the theorem in several steps.

Step 1. In this step, we reduce Theorem 4.10 to the case where A is a Q-divisor.
By the argument from convex geometry, the set

{A € WDivg(X) | Kx + A is R-Cartier and Nklt(X, A) = Nklt(X,A)}

contains a rational polytope D > A in the R-vector space spanned by the components of A.
We take an effective Q-divisor A € D such that (Kx + A) — (Kx + A) + A is m-ample. Putting

=(Kx +A) - (Kx +A) + A, then (X, A) is a normal pair, A is m-ample, NKIt(X, A) = NKklt(X, A),
and Kx +A+A = Kx +A + A. From them, we may replace (X, A) and A by (X, A)and A, respectively.
Thus, we may assume that A is a Q-divisor.

Step 2. In this step, we discuss a decomposition of A into 7-ample Q-divisors.
We can write

!
= 2, riA
i1

for some distinct r-ample Q-divisors A; on X and positive real numbers r{, - - - , r; that are linearly
independent over Q. We consider the set

{(al, coo L ap) € (Rsg)! ’ (Kx +A + Z£=1 a;A;)|Nki(x,a) is semi-ample over Z }

By the argument from convex geometry, we can find a rational polytope C in the set such that (ry, - - - , ;)
is in the interior of C. Let ¢, ---, g, be the vertices of C. For each 1 < j < k, we can write
(q(J), - ql”) for some positive rational numbers q(J) - ql(f). Forevery 1 < j < k,let A;

be the ample Q divisor corresponding to ¢ ;. In other words,

l

=Y ;.

i=1

Then all A ; are Q-Cartier, (Kx + A + A i) INkie(x,a) are finite Qs o-linear combinations of invertible
sheaves on NkIt(X, A) that are globally generated over Z, and we can write A = Zf‘:l 7 jA ;j for some
positive real numbers 7y, - - - , 7 such that Zf.:] Fi=1.

By replacing the sets {Ay, ---, A;} and {ry, ---, r;} by the sets {Ay, ---, A} and {7y, ---, 7x}
respectively, we obtain a decomposition of A into m-ample Q-divisors

A= riAi

P~
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with r{, ---, r; € Ry such that Zle ri = land (Kx +A + A;)Init(x,a) is semi-ample over Z for every
1 < i < I. By Proposition 4.9 and replacing ry, ---, r; and Ay, ---, A; again, we may assume the
existence of positive integers py, - - - , p;, which are greater than one, such that

(D pi(Kx +A + A;) and p;A; are Cartier forevery 1 <i <[,
(D) pi(Kx +A+A;)|Nuie(x,a) and p; A; |Nkie(x,a) are globally generated over Z for every 1 <i </, and
(I10) %Ai — Ais ample over Z forevery 1 <i < [.

Step 3. In this step, we prove Bs|Kx + A + A;/Z|gr N Nklt(X,A) = 0 for every 1 < i < [. Throughout
this step, we fix i.

By (III) and the condition NNef(Kx + A + A/Z) N Nklt(X,A) = @, which is the hypothesis of
Theorem 4.10, we have NNef(Kx + A +o07 —=5A;/Z) NNKIt(X, A) = 0. By (II) and the semi-ampleness
of (Kx + A + A)|nkie(x,a) over Z, we see that the Q-line bundle (Kx + A + p‘:’:l A;)|Nkie(x,a) is ample
over Z. From these facts, we may apply Proposition 4.8 tor: X — Z, (X, A), and %Ai. We see that

Bs|Kx + A + —21A;/Z| N NKIt(X,A) = 0
Di—

We take a general member H; € |A;/Z|r. By Corollary 4.7, we get a sequence of steps of a (Kx + A +
%Hi)-MMP over Z with scaling of %Hi that terminates with a good minimal model over Z,

(X,A + %Hi) - (X, A+ %H’).

Note that the good minimal model depends on i, although we remove the index i because i was fixed.
Let A’ be the birational transform of A; on X’. By construction, the MMP is a (Kx + A + A;)-MMP
over Z with scaling of A;, and Kx- + A’ + p 7 A’ is semi-ample over Z. In particular, Kx» + A’ + A" and

A’ are both Q-Cartier. By the property NNef(KX +A+ —A /Z) N Nklt(X, A) = 0 and Remark 3.7,
the birational map X --» X’ is an isomorphism on a nelghborhood of Nklt(X, A).
We put

L= pi(KX’ +A + A/)
By (I), L is a Weil divisor on X’ and L is Cartier on a neighborhood of Nklt(X’, A”). We can write

Pi

L

L=Kx+A +(p;—1)|Kx +A" +

A’
1

Then (Kxr + A’ + ’_” A’)INkie(x,a) is ample over Z. This is because X --> X’ is an isomorphism on a

neighborhood of Nklt(X A)and (Kx +A + pf’_l A;)INkiecx,a) is ample over Z, which follows from (III)
and the semi-ampleness of (Kx + A + A)|nwii(x,a) over Z. Therefore, L — (Kx- + A’) is nef and log big
over Z with respect to (X’, A’) (see [F16, Definition 3.7]). From these facts, we can apply Theorem 2.29
to (X’,A’) and L. Putting 7”: X’ — Z and Z as the structure morphism and the defining ideal sheaf of
Nklt(X’, A’) respectively, then Theorem 2.29 implies

R'7(T ®0,, Ox/(L)) =0
We consider the exact sequence
0 — Z®0,, Ox/ (L) — Ox/(L) — Onkx’,a7 (LINkie(x7,a7) — 0.
By taking the pushforward to Z, we get the following exact sequence

7, Ox/ (L) — 7, Oniaecx.an (Linkixr,a1) — R'7l(Z ®0,, Ox(L)) = 0.
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By (I) and construction of X --> X', the restriction L|nkit(x’,a7) is a line bundle on Nklt(X’,A”) and
this is globally generated over Z. Hence, we have

Bs|Kx + A’ + A’/ Zlz N NKIt(X’,A’) = Bs|L/Z[z N NKIt(X’, A’) = 0.

Since X --» X’ is a sequence of steps of a (Kx + A + A;)-MMP over Z and the map is an isomorphism
on NKklt(X, A), we have Bs|Kx + A + A;/Z|r N Nklt(X,A) = 0.

By construction in Step 2, the R-divisor Kx + A + A is a convex linear combination of Kx + A +
Ay, -+, Kx + A+ A;. Since Bs|Kx + A + A;/Z|g N NKIt(X,A) =0 forall 1 <i <[, we have

Bs|Kx + A+ A/Z|r N NkKIt(X,A) = 0.
We finish the proof. o

Theorem4.11. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair and let A be a n-ample R-divisor on X such that Kx + A + A is n-pseudo-effective.
Suppose that NNef (Kx + A + A/Z) NNKkIt(X, A) = 0. Suppose in addition that (Kx + A + A)|Nkiu(x,A)»
which we think of as an R-line bundle on NKIt(X, A), is semi-ample over Z. Let

(X,A+A) = (X1, A1+ Ay) =5 -0 (X, A+ A) - o
be a sequence of steps of a (Kx + A + A)-MMP over Z with scaling of A. We put
Ai ={pu e Ry | (Kx, +A; + A;) + uA; is nef over Z}

Joreachi > 1. Then lim;_,A; = Ay, for some m. In particular, if lim; _.A; = 0 then the (Kx + A + A)-
MMP terminates with a good minimal model over Z.

Proof. If (X, A) is klt, then the theorem follows from [BCHM 10, Theorem E] (see also [B12, Theorem
4.1 (iii)]). If (X, A) is not klt, then we put A := lim; . 4;. Replacing A by (1 + 1)A, we may assume
A = 0. Then the theorem follows from Theorems 4.10 and 4.6. O

5. Minimal model program along log canonical locus

In this section we study the minimal model theory for normal pairs such that the non-nef locus of the
log canonical R-divisor is disjoint from the non-lc locus of the normal pair.

5.1. Proof of main result
The goal of this subsection is to prove Theorem 5.3.

Lemma5.1. Let f: (Y,A) - [X, w] be aquasi-log scheme induced by a normal pair, andletn: X — Z
be a projective morphism of normal quasi-projective varieties. Let A be a m-ample R-divisor on X such
that w + A is n-pseudo-effective. Suppose that NNef(w + A/Z) N Ngklt(X, w) = 0. Suppose in addition
that (w + A)|Ngkit(x, w), Which we think of as an R-line bundle on Ngklt(X, w), is semi-ample over Z. Let
X:: Xl [ Y Xl =) e e
be a sequence of steps of an (w + A)-MMP over Z with scaling of A such that if we put
Ai ={u € Rso|w; + A; + uA; is nef over Z}

for eachi > 1, then lim;_,cA; = 0. Then A,, = 0 for some m.
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Proof. We apply Lemma 2.28 to (Y,A) — [X,w] and %A. We get a normal pair (X,I") such that
Kx+TI' ~p z 0w+ %A and NKkIt(X,T) is a closed subscheme of Ngklt(X, w). We consider (X,I") and
1 .

5A. Since

2

1
Kx+r+§A ~R,Z u)+A,

we have NNef (Ky +T"+3 A/Z) NNKIt(X, T) = 0. Since (w+A) [ngkit(x, ) is semi-ample over Z, it follows

that (Kx +I'+ %A)INklt(X,l") is semi-ample over Z. By Remark 3.7, we may regard X --»> -+ - --> X; --> - - -
as a sequence of steps of a (Ky +I"+ %A)-MMP over Z with scaling of %A. We may apply Theorem 4.11
toX —» Z, (X,I), and %A, and we see that 4,, = 0 for some m. ]

Theorem 5.2. Let f: (Y,A) — [X,w] be a quasi-log scheme induced by a normal pair, and let
n: X — Z be a projective morphism of normal quasi-projective varieties. Let A be a m-ample R-divisor
on X such that w + A is n-pseudo-effective. Suppose that NNef (w + A/Z) N Nqle(X, w) = 0. Suppose
in addition that (w + A)|Ngic(x,w), Which we think of as an R-line bundle on Nglc(X, w), is semi-ample
over Z. Then there exists a sequence of steps of an (w + A)-MMP over Z with scaling of A

X=X XX,

such that w, + A, is semi-ample over Z, where w,, and A,, are the birational transforms of w and A on
X, respectively.

Proof. By taking a dlt blow-up of (Y, A) — (Y, A) and replacing (Y, A) with (Y, K), we may assume
that Y is Q-factorial and (¥, A<!+Supp A=') is dlt. By replacing A with a general member of |A/Z |, we
may assume that A is an effective R-divisor and NklIt(Y, A + f*A) = Nklt(Y,A) and Nlc(Y,A + f*A) =
Nlc(Y, A) hold as relations of closed subschemes of Y. We may further assume that (¥, A<!+Supp A=! +
f*A) is a dlt pair whose lc centers are those of (Y, A<! + Supp A=!).

We divide the proof into several steps.

Step 1. In this step, we construct a diagram used in the proof.
By Theorem 3.11, there exists a diagram

(V. A+ fA) = (VA 4+ Hy) = = > ooom == (Y, A+ H) = — = -
f=1f1l ﬁi
[X,w+A] = [Xl,w1+A1]——>---——>[Xl~,w,~+Ai]——>~~-

over Z, where A; (resp. H;) is the birational transform of A (resp. f*A) on X; (resp. ¥;), such that

o fi: (Yi,A; + H;) = [X;, w; + A;] is a quasi-log scheme induced by a normal pair such that ¥; and X;
are projective over Z and every Y; is Q-factorial,
o the sequence of maps

N, Av+Hy) > - (Y, A+ Hy) - o

is a sequence of steps of a (Ky, + A| + H;)-MMP over Z with scaling of Hj,
o the sequence of maps

Xl ..)......)Xi ey e

is a sequence of steps of an (w; + A})-MMP over Z with scaling of A, and
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o if we put
A; = inf{u € Ryo|w; + A; + uA; is nef over Z}

for each i > 1, then the following properties hold.
o A; > Ajyq foralli > 1,
o w;+A;+A;-14A; is semi-ample over Z for all i > 1, and
o w;+ A; +AA; is ample over Z for every i > 1 and all 1 € (1;, 2;_1).

Note that the birational map Y; --> Y;4; is not necessarily a step of an MMP. In fact, ¥; --» Y1 can be a
finite sequence of steps of an MMP.

Put A = lim;,.,4;. Replacing A by a general member of |(1 + 1) A/Z|r, we may assume A = 0. By
construction, w; and A; are R-Cartier for any i > 1. Moreover, X; --> X;;1 and Y; --» Y;4 are birational
contractions. By an induction on i, we see that H; = fA; for all i > 1. Since NNef(w + A/Z) N
Nglc(X, w) = 0, we have

NNef(Ky, + A1 + Hi/Z) N Nlc(Y],Ap) = 0.

By Remark 3.7, the birational map Y; --» Y; is an isomorphism on a neighborhood of Nlc(Y, A) for
every i > 1. By construction, Nlc(Y1,A; + H;) = Nlc(Y],A ) as closed subschemes, and therefore

Nlc(Y;, A; + H;) = Nlc(Y;, A;) as closed subschemes for every i > 1. Moreover,
Yl [N Yl ey e

is a sequence of steps of a (Ky, + Af' + SuppAIZ] + H1)-MMP over Z. We also see that (Yi,Af‘ +
Supp AiZI + H;) is a dlt pair and the Ic centers of the pair are those of (Y7, Afl + Supp Af'). This is
because (Y, A<' + Supp A= + f*A) is a dlt pair whose Ic centers are those of (¥, A<! + SuppA=").
Thus NKklIt(Y;, A; + H;) = Nklt(Y;, A;) as closed subschemes of ¥; for all i > 1.

By these discussions, we may assume that lim;_,,4; = 0 and the quasi-log scheme induced by a
normal pair (Y;, A; + H;) — [X;, w; + A;] satisfies the following properties for every i > 1.

o H; = f;A;, and therefore (¥;,A;) — [X;, w;] is a quasi-log scheme induced by a normal pair,

o (Y;, Af' +Supp Al?l + H;) is a Q-factorial dlt pair whose Ic centers are those of (Y7, Al.<1 +SuppAZ b,
and

o Nlc(Y;, A; + H;) = Nle(Y;, A;) and NKIt(Y;, A; + H;) = NKlt(Y;, A;) as closed subschemes of Y;.

Step 2. We will apply the argument of the special termination [FO7b] to our situation. We will prove
that for any integer 0 < d < dimY, there exists my € Zs¢o such that the non-isomorphic locus of the
(Ky,,, + Amy + Hm,)-MMP over Z

(YmdsAmd +Hmd) B (YivAi +Ht) B

is disjoint from any lc center of (¥}, As,;) whose dimension is less than or equal to d. We prove the
statement by an induction on d.

We can find iy € Z-( such that for any i > iy, the birational map ¥; --» Y;4; is an isomorphism on the
generic point of any Ic center of (¥;, A;). Therefore, we may set mg := ig. The case d = 0 of the above
statement holds true, and we may assume that Y,,,, --> ¥; is an isomorphism on the generic point of any
Ic center of (Y, A, ) for any i > my.

Step 3. We assume the existence of my € Z( of the statement in Step 2. We may assume mg > my.
We fix an arbitrary (d + 1)-dimensional Ic center Sy, of (Y;n,,Am,). By the choice of my, for any
i > mg there is an lc center S; of (¥;, A;) such that the birational map Y,,,, --» ¥; induces a birational
map Sy, --> S; over Z. In this step, we construct a normal pair (S;, As;) and an R-divisor Hs, on S; for
eachi > my.
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Because (Y, Afl +Supp Afl) is a Q-factorial dlt pair, as in Theorem 2.21 we can define an R-divisor
Bgs, and an R-Cartier R-divisor G, on S; by

Ks, + Bs, = (Ky, + AT + SuppA7Y)[s,, and Gs, == (A7' = SuppAh)ls,.
Then K5, + Bs, + Gs; = (Ky, + A;)|s,. We define an R-Cartier R-divisor Hs, on S; by
Hs, := H|s,.

Since (Y7, Afl +Supp Al.21+Hl-) is adlt pair and the Ic centers of the pair are those of (Y7, Afl +Supp Afl),
we see that (S;, Bs, + Hs,) is a dlt pair whose lc centers are those of (S;, Bs;). Since the inclusion
Supp Gs, C Supp Al.>1 |s, holds and the non-isomorphic locus of the (Ky, + A| + H;)-MMP is disjoint
from Nlc(Y;, A1), the birational map S; --» S;4; is an isomorphism on an open subset containing
Supp G, . Therefore, the birational transform of G, on S;,; is equal to Gs,,,. By using the argument
of the special termination [FO7b] and replacing m g4, we may assume that for any i > m, the birational
map S; --> S;41 is small and the birational transforms of Bs, and Hg, on S;. are equal to Bs,,, and
Hs,,,, respectively. Since any lc center of (S;, Bs;, + Gs, + Hs,) is an Ic center of (¥;, A; + H;) whose
dimension is less than or equal to d, the birational map S; --> S;4; is an isomorphism on an open subset
containing all the lc centers of (S;, Bs;, + Gs,). By recalling that S; --» S;4; is an isomorphism around
Supp Gs,, we see that S; --> S;41 is an isomorphism on a neighborhood of Nklt(S;, Bs, + Gs,).

We set Ag, = Bs, + Gs,. By the above argument and Theorem 2.21, for any i > m, the R-divisors
Ags, and Hyg, satisfy the following properties.

o (8;,As,) is a normal pair defined by adjunction Ks, + As, = (Ky, + Aj)ls;,
o (S;, A§.1 + Supp A;_l) is a dlt pair defined by adjunction

Ks, + A5 + SuppAi1 = (Ky, + A7 +SuppAZh)ls,,

o the birational map S; --» S; is small and an isomorphism on a neighborhood of NKklt(S;, As,), and
o the birational transforms of Ag, and Hg; on S;;1 are equal to Ag,,, and Hg,,,, respectively.

i+l

Step 4. In this step, we consider the case when the image of S,,,, on X,,,, is contained in Nqlc(X,,,,, wsm,, ).

By Remark 3.7 and the hypothesis NNef(w + A/Z) N Nqlc(X, w) = @ of Theorem 5.2, the non-
isomorphic locus of the (w + A)-MMP is disjoint from Nglc(X, w). Thus, we have NNef(w; + A;/Z) N
Ngle(X;, w;) = 0. Since Ky, + A; + H; ~r f](w; + A;), if the image of S,,, on X,,, is contained in
Nqlc(Xim,, Wm,), then K, + A, + Hg, is nef over Z for any i > mgy. For any mq < i < j, by taking a
common resolution of S; --> §; and using the negativity lemma, we see that any prime divisor P’ over
S; satisfies

a(P’,S,',ASl. +HS,-) = a(P',S]-,ASJ. +HS_,-)-

Since Y, --» -+ --» ¥; --» -+ is a sequence of steps of a (Kymd + Ay, + Hp,)-MMP over Z, by the
same argument as [KMO98, Proof of Lemma 3.38], the above equality on the discrepancies implies that
Y; --» Y; is an isomorphism on a neighborhood of §; for any my <i < j.

Step 5. From this step to Step 7, we consider the case when the image of S,,,, on X, , is not contained in

Nqle(X,,,,, wm,)- Then the image of S; on X; is not contained in Nqlc(X;, w;) for any i > my4. We note

that this condition is used for Theorem 2.27. In this step we construct a sequence of small birational maps
Tm -—=> .-.--97—‘1---)7}4_1 == e e

d

that will be used to prove the existence of mg41 € Z~( of the statement in Step 2.
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For each i > mg4, we have the diagram

Yy, Aj+H) - — = — - = > (Yis1, Aiv1 + Hint)
ﬁl iﬁn
[(Xi,wi +Aj] — = — — — = = [Xit1, wis1 + Ajp1]

Vi

i

over Z such that ¢;: X; — V; and cpl’.: Xit1 — V; form a step of an (w; + A;)-MMP over Z in
Definition 3.5. In other words, ¢; is a projective birational morphism, ¢! is a projective small birational
morphism, and both —(w; + A;) and w;41 + A4 are ample over V;. Let g;: S; — T; (resp. gi+1: Si+1 —
Ti+1) be the Stein factorization of the restriction fi|s, (resp. fi+ils,,,)- Let ¢;: T; — W; be the Stein
factorization of 7; — V;. Then the morphism 7;,; — V; factors through a contraction 7;,; — W;, which
we denote by ;. Let wr; (resp. wr;,,) be the pullback of w; (resp. wiy1) to T; (resp. T;41), and let Ar,
(resp. Ar;,,) be the pullback of A; (resp. A;41) to T; (resp. T;41). Then we have

* *
gAr, ~x Hs,  and g Az, ~r Hs,,),

and we have the following diagram

(Si7ASi +HS,') ______ > (Si+l’ASi+1 +HSi+1)
gil lgin
[T: wr, + A ] = = = = = = - > [Tiv1, 01,y + Ay, ]
Wi,

where (S;,As,) SN [T, wr;] and (Siv1,As,,,) e [Ti+1, wr,,] are quasi-log schemes induced by

normal pairs (Theorem 2.27), and the divisors —(wr, + Ar;) and wr,,, + Ar,,, are ample over W;. We
recall that lim;_,..4; = 0, where

Aj=inf{u € Ryo|w; +Aj+uA; is nef over Z}.

Then Ks, + As; + Hs, + tHs, is semi-ample over Z for all j > i and ¢ € (4, 4;-1]. Because S; --> §;
is small and the birational transforms of Ag, and Hs, on §; are equal to Ag ; and Hg ; respectively,
Ks, + As, + Hg, is the limit of movable R-divisors over Z. Hence, wr; + A7, is pseudo-effective over Z.
This implies that y; is birational. By construction of the diagram, zﬁlf o gi+1 coincides with y; o g; over
the generic point of W;. Thus ¢ is also birational. If there exists a ¢;-exceptional prime divisor Q on T;,
then we can find a prime divisor P on S; such that g;(P) = Q and S; --> S;41 is not an isomorphism
on the generic point of P. This contradicts the fact that S; --> S;;; is small. Therefore y; is small. By
the same argument, we see that ¢ is small. Hence, T; --» T;; is small, and the birational transform of
wr; (resp. Ar;) on T4 is equal to wr,,, (resp. Ar,,,). Therefore, the sequence of birational maps

de ey e ..;]‘i N T’i+l ey e

is a sequence of steps of an (wr,, , + Az, )-MMP over Z in Definition 3.5. Moreover, it follows that the
(wr, + Ade )-MMP is an (a)rmd + Ade )-MMP over Z with scaling of Ade in Definition 3.5. Indeed,

mg

define

v; =inf{u € Ryo|wr, + A7, + pAr, is nef over Z}
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for each i > mg, and pick any curve C; C T; contracted by ¥, : T; — W;. Then v; < A;, where 4; is the
nonnegative real number defined in Step 1. Now (wr; + A7;) - C; < Oand (wr, + A1, + ;A7) - Ci =0
by construction. They imply (wy; + A7, + viAz;) - Ci < 0. We also have (wr, + Ar, + viAr,) - C; 20
by the definition of v;. Therefore, it follows that (w7, + A7, + v;Ag;) - C; = 0, which is the condition of
the MMP with scaling in Definition 3.5.

By these discussions, the sequence of small birational maps

de ey e ..97"1- N ’Ti+1 N

is a sequence of steps of an (wr,, , + At,, ,)-MMP over Z with scaling of Az, .

Step 6. As in Step 5, we define
vi :=inf{u € Ry |wr, + A1, + uAr, is nef over Z}

for each i > my. By construction of the diagram in Step | (see also Theorem 3.11), there exists
A" € (Amy, Amy—1) such that wr,,, + Ade + /l’ATMd is ample over Z. In this step, we prove v,, = 0 for
some m’ > my. In other words, we prove that 7; --> T;, is an isomorphism for every i > m’ (see also
Remark 3.6). We will use Lemma 5.1.

We first prove that NNef (wr,,, , + Az, /Z) NNgkIt(T,y,,,, wr,,, ) = 0. We pick an arbitrary 7 € (0, 4").
We may write

(U)de + Ade) + t(u)de + Ade + /l,Ade) = (1 + l‘) a)de + Ade + mAde .

Since lim;_,A; = 0, we can find i’ such that tht € (A, A-1]. Since wr, +Ar, + f—thTi, is semi-ample
over Z and
’ /t
*
KS,-f +AS[, + HS,-/ + I_-I-Z‘HS‘-/ ~R gi,(wT[, +AT[/ + I—HATI.,),

it follows that K5, +Ag, + Hg, + %Hsi, is semi-ample over Z. Recall that the birational map S, --> S

is small and an isomorphism on a neighborhood of NKIt(Sy,, As,, ). Thus

A't
BS|KSm‘1 +ASmd +Hsmd + I_-I-Z‘HSmd /ZlR N Nklt(Smd,ASmd) =0.
Since
’ ’
KSng * Asmy + Hspy + 77 Hsyy ~R 8my (wr,,, +Ar, , + EAT’"‘])

and g, (NKIt(S,,,,, As,., )) = Ngklt(T3,,,, med) set-theoretically, we have

BS| (a)de + Ade) + t(med + Ade + /l/Ade )/Z|R N qult(de, a)de)
A't

= BSlemd + Ade + T+1

Ade /Z|g N qult(de, a)de) =0.
Since 1 € Ry is arbitrary, NNef(wz,,  + Az, /Z) N NKIt(Ty,,, wr,,, ) = 0.

Next we prove that (‘”de + Ade)|qult(de,med) is semi-ample over Z. We recall the hypoth-
esis of Theorem 5.2 that NNef(w + A/Z) N Nglc(X,w) = 0. This condition and Remark 3.7
show that the non-isomorphic locus of the (w + A)-MMP is disjoint from Nglc(X, w). Recall also
that (w + A)INgie(x,w) iS semi-ample over Z, which is the hypothesis of Theorem 5.2. Therefore,
(Wmy+Am,) |NqIC(de,wmd) is semi-ample over Z. Applying Theorem 2.27 to [Yy,,,, Ay ] = (Xinys Wimy)
and S,,,, we see that T,,,, — X,,,, induces a morphism Nqlc(7,,,, med) — Nqlc(Xpn,, wm,) of closed
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subschemes. Then (wr,, , + Ade)qulc(de,med) is the pullback of (W, + Am,)INgic(X,, ) DY this
morphism. Thus, (wr,, , + Ade)|quc(de,me‘i) is semi-ample over Z. If Ngklt(7,,,,,
with Ngle(Ton,, wr,,, ) as a closed subscheme of 7,y,,,, then (wr,,, , +A1,,, ) INgkie(T,,,, .wr,,) 18 clearly semi-
ample over Z. If Ngklt(Z,n,, wr,, ) does not coincide with Ngle(Z,y,,,, wr,, ) as a closed subscheme of

Tn,,» then there exists a glc center of [T, wr,, , |. We put

wr,, ) coincides
d

T" = Ngklt(Ton,, w1, )

and we apply the adjunction for quasi-log schemes ([F'17, Theorem 6.1.2 (i)]). We may define the structure
of a quasi-log scheme [T, wy-] on T’ such that wr: ~g wr,,, I+, Nqle(T’, wr) = Nqle(T,,,,,, med),
and the qlc centers of [T’,wy-] are exactly the glc centers of [Ty, d"”de] contained in 7’. Now
(wr,,, + At,, )lr’ is nef over Z because the non-nef locus of wr,, , + Az, over Z does not intersect

T’ = Nqklt(T,p,,,, wr,,,) Then

, 1
(1 +A )(med + Ade)lT/ ~R /l’ wr’ + ;(med + Ade +/l,Ade)|T/ .

Hence, we may apply Theorem 2.23 to [T’, wr-] and %(‘Ude +Ar,, +A'Ar, I, and we see that

(wr,

mg T AT N (T, 0, ) = (@T,,, + AT, )

my mg

is semi-ample over Z.

We have
(1 + A’)(wT’"d + Ade) =1 (,()de + ;(a)rmd + Ade + /l’Ade) .
We put A’ := § (wr,, , + At,,, +A'Az,, ). Then
W, , +A = Y (a)de + ATm ).

By Remark 3.7, the (‘Ude + Ade )-MMP over Z with scaling of Ade
de ey e ..)’Ti ey e

is also a sequence of steps of an (med + A”)-MMP over Z with scaling of A’.
By the above discussions, we may apply Lemma 5.1 to the (med + A’)-MMP over Z with scaling
of A’. By Lemma 5.1, we have v, = 0 for some m’ > mg.

Step 7. In this step we prove that Y; --> Y; is an isomorphism on a neighborhood of §; forany m” < i < j,
where m’ is the integer in Step 6, which satisfies v,y = 0.
We recall that

(Ymd,Amd +Hmd) e o (le'»Ai +Hi) Ty

is a sequence of steps of a (Kymd + Ay, + Hp,)-MMP over Z and the restriction of this sequence to
Smy 1s a sequence of small birational maps

(Smd’ASmd + HSmd) A4 (Sl"AS,' +HSL) e
such that

KS,' + AS,' + HS,‘ ~R g;k(sz +ATi)’
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where (S;, As,) LN [7;, wr,] is the structure of a quasi-log scheme induced by a normal pair. By Step 6,
the divisor K, + As, + Hs, is nef over Z for any i > m’. By the same argument as in Step 4, the birational
map ¥; --» ¥; is an isomorphism on a neighborhood of §; for any m” <i < j.

Step 8. In this step we complete the argument of the special termination by finding mg,1 € Z~¢ in the
statement of Step 2.

By Steps 4 and 7, for any (d + 1)-dimensional lc center of (¥, Ay, ), we can find mgy € Zs in the
statement of Step 2. In other words, the non-isomorphic locus of the (KY'"([H + Ay, + Huy, )-MMP
over Z

(Y,

md+1»

Amger + Hmgp) > -+ > (Yo, A+ Hy) - -

Mda+1

is disjoint from any lc center of (Y,,,,,, Am,,,) whose dimension is less than or equal to d + 1. By an
induction on 0 < d < dimY, there exists m € Z such that each step of the (Ky,, + A, + H,,)-MMP
over Z

(YmaAm+Hm) A4 (Yl.sAl' +Hl) e

is an isomorphism on an open subset containing all Ic centers of (Y, A,,). Since the non-isomorphic
locus of the (Ky,, + A, + H,,)-MMP is disjoint from Nlc(Y,,, A,,), the non-isomorphic locus of the
(Ky,, + A + Hp,)-MMP is disjoint from Nk1t(Y;,, A,,,).

Step 9. In this step we prove 4,, = 0 for some n > m.

By the same argument as in Step 6, we have NNef (w,, + A,,;,/Z) N Ngklt(X,,;, w,,) = 0 and (w,,, +
A INgKIt (X, o) 18 sS€mi-ample over Z. We pick 2" € (A, A1) such that wy, + A, + 17 Ay, is ample
over Z. We have

1
1+ (wm+Ay) =" w0 + F(Mm +A,+17A,)].

We put

1
A" = ﬁ(“)m +A,+1"Ay).

By Remark 3.7, the (w,, + A;;;)-MMP over Z with scaling of A,,

Xm ...)......)Xl- N

is also a sequence of steps of an (w,, + A”")-MMP over Z with scaling of A”’. We may apply Lemma 5.1
to the (w,, + A”")-MMP over Z with scaling of A””. By Lemma 5.1, we have 1,, = 0 for some n > m.

We fix the smallest n € Z. such that 4,, = 0. By the same argument as in Step 9 in this proof, we have

An- An- 2 An-
(1+ =5 (@n + An) = 55 |0n + T (@n + Ay + 52 Ay)

2 /1n—1
and (w,, + Apn)INgkit(X,,w,,) 18 semi-ample over Z. Now 4,1 > 0 and w,, + A, + ’1"2“ A, is ample over Z
by construction in Step 1. By applying Theorem 2.23 to [X,,, w,] and ﬁ(wn + A, + ’l"z*‘ A,), we see
that the R-divisor w, + A, is semi-ample over Z. We finish the proof. O

Theorem 5.3. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair and let A be a m-ample R-divisor on X such that Kx + A + A is n-pseudo-effective.
Suppose that NNef(Kx + A + A/Z) N Nlc(X, A) = 0. Suppose in addition that (Kx + A + A)|Nic(x,A)»
which we think of as an R-line bundle on Nlc(X, A), is semi-ample over Z. We put (X1, B1) := (X, A+A).
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Let H be a m-ample R-divisor on X. Then there exists a sequence of steps of a (Kx, + B1)-MMP over Z
with scaling of H

(XlaB])77>'..77>(Xi$Bi) 777777 >(Xl'+]’Bi+1)77>”.77>(XM7BWL)7

where (X;, Bi) = W; « (Xi11, Bi+1) is a step of a (Kx, + B;)-MMP over Z, such that

o the non-isomorphic locus of the MMP is disjoint from Nlc(X, A),
o p(X;/W;) =1 foreveryi > 1, and
o Kx,, + By, is semi-ample over Z.

Moreover, if X is Q-factorial, then all X; in the MMP are also Q-factorial.

Proof. We pick € € R.¢ such that A — eH is m-semi-ample. Then we can find a member A’ of
|A+ A — €H/Z|g such that Nlc(X,A”) = Nlc(X, A) as closed subschemes of X. By replacing A, A, and
H with A’, eH, and €H respectively, we may assume A = H.

By Corollary 3.13, there exists a sequence of steps of a (Kx + B)-MMP over Z with scaling of A

(X1,B1) ===+ === (Xp,B)) - —— — — — > (Xi+1, Biv1) — — >+,
W;
where (X;, B;) = W; < (Xi;1, Bis1) is a step of a (Kx, + B;)-MMP over Z, satistying the following
properties.

o The non-isomorphic locus of the MMP is disjoint from Nlc(X, A),
o p(X;/W;) =1 forevery > 1,
o if we put

Ai =inf{u € Ryo | Kx, + B; + nA; is nef over Z}

foreachi > 1 and A := lim;_,.4;, then the MMP terminates after finitely many steps or otherwise

A # A; forevery i > 1, and
o if X is Q-factorial, then all X; in the MMP are also Q-factorial.

It is sufficient to prove that 4,, = 0 for some m and Kx,, + B, is semi-ample over Z.
By Theorem 5.2, there exists a sequence of steps of an (Kx + B)-MMP over Z with scaling of A

(Xls Bl) = (X/s Bi) g (X’s Bé) A4 (X;{p B;[)
such that Ky + B, is semi-ample over Z. We put
A = inf{u € Ry Kx; + B + pA’; is nef over Z}

for each 1 < j < n, where A’ is the birational transform of A on X’. Then we can find [/ such that
A; < A < A;_,. For this [, we can find m such that 4,, < 4;_, and A,;, < A;,—1. Such m exists since
A = lim;A;. We put 7 := min{/lm,l,/lz_l}. Then A, < A”. Let fi: Y —> X1, fu: Y — X, and
fl’: Y —» Xl’ be a common resolution of X; --» X,,, --» Xl’ We have

A <A<, <A <A,
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For any ¢ € (4,,,1”), we can write
fi(Kx, + Bi +tA1) = f1,(Kx,, + By +tAp) + E?
with an effective f,,-exceptional R-divisor E*) on Y. We can also write
fi(Kx, + By +1A)) = " (Kx; + B} +1A)) + F")
with an effective f;'-exceptional R-divisor F () on Y. Then
S (KX, + B +1An) + EY = f/*(Kx; + B] + 1A]) + .

Since f,,(Kx,, + B +tAp) and f* (le' + B] + tA)]) are nef over Z, the negativity lemma implies
E® =F® forany t € (A,,,4”). Then

S (Kx,,, + B +1Am) = fi"(Kx; + B] +1A])
for any t € (4,,,1”), and therefore
S (Kx,, + B + 4]Ap) = fl/*(KXl' + B+ 4/A)).

This shows that Kx,, + B, + ﬂl’Am is nef over Z. By the choice of / and the definition of A,,, we have
Am < A7 < A. This implies A,, = 4 = 0 because the (Kx + B)-MMP

(X1,B)) > -+ > (Xp, Bi) = -+

terminates after finitely many steps or otherwise A # A; for every i > 1. Then / = n since ; < A1 = 0.
Now we have

fn(Kx,, + Bm) = f" (Kx;, + By,)
and Ky, + B, is semi-ample over Z. Thus, Kx,, + B,, is semi-ample over Z. We finish the proof. O

Theorem 5.4. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair and let A be a m-ample R-divisor on X such that Kx + A + A is n-pseudo-effective.
Suppose that NNef(Kx + A + A/Z) N Nlc(X, A) = 0. Suppose in addition that (Kx + A + A)|Nic(x,A)»
which we think of as an R-line bundle on Nlc(X, A), is semi-ample over Z. Let H be a m-ample R-divisor
on X, and let

(X A +A) = (X1, A1+ A1) = > (Xpy Ai+Ag) = -
be a sequence of steps of a (Kx + A + A)-MMP over Z with scaling of H such that if we put
Ai ={u e Ryo| (Kx, + A; + A;) + uH; is nef over Z}

Jor each i > 1, then lim;_,cA; = 0. Then A,, = 0 for some m and (X, Ay, + Ayy) is a good minimal
model of (X, A + A) over Z.

Proof. The proof of Theorem 5.3 works without any change. O

5.2. Proofs of corollaries

In this subsection we prove corollaries.
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Corollary 5.5. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be anormal pair and let A be a m-ample R-divisor on X such that Kx +A+A is n-pseudo-effective. Suppose
that NNef(Kx+A+A/Z)NNIc(X, A) = 0. Suppose in addition that (Kx +A+A)|Nic(x,n), Which we think
of as an R-line bundle on Nlc(X, A), is semi-ample over Z. Then Bs|Kx + A + A/ Z|g N Nlc(X,A) = 0.

Proof. This immediately follows from Theorem 5.3. O

Corollary 5.6. Let v: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair and let A be a m-ample R-divisor on X such that Kx + A + A is n-pseudo-effective.
Suppose that Bs|Kx + A + A/ Z|g N Nlc(X,A) = 0. We put (X1, B1) := (X,A + A). Let H be a n-ample
R-divisor on X. Then there exists a sequence of steps of a (Kx, + B1)-MMP over Z with scaling of H

(X1,B)) ===+ ——>(X;,B)) — — — — — — > (Xis1, Biv1) = ==+ = = > (X, Bnn),
Wi
where (X;, B;) = W; < (Xi11, Bit1) is a step of a (Kx, + B;)-MMP over Z, such that

o the non-isomorphic locus of the MMP is disjoint from Nlc(X, A),
o p(X;/W;) =1foreveryi > 1, and
o Kx,, + B,, is semi-ample over Z.

Moreover, if X is Q-factorial, then all X; in the MMP are also Q-factorial.
Proof. This immediately follows from Theorem 5.3. m}

Corollary 5.7. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let (X, A)
be a normal pair such that Kx +A is m-pseudo-effective. Suppose that NNef (Kx +A /Z)NNlc(X,A) = 0.
Let A be a n-ample R-divisor on X. Then there exists a sequence of steps of a (Kx + A)-MMP over Z
with scaling of A

(X’A) = (XlsAI)_ —Fecr T = >(XisAi) ______ >(Xi+19Ai+1)_ — >,
Wi

where (X;, A;) > Wi «— (Xi41,Ajv1) is a step of the (Kx + A)-MMP over Z, such that
o the non-isomorphic locus of the MMP is disjoint from Nlc(X, A),
o p(X;/W;) =1 foreveryi > 1, and
o if we put
A =inf{u e Ryo | Kx, + A; + uA; is nef over Z}
for eachi > 1, then lim;_c4; = 0.
Moreover, if X is Q-factorial, then all X; in the MMP are also Q-factorial.

Proof. By Corollary 3.13, there exists a sequence of steps of a (Kx +A)-MMP over Z with scaling of A

(X,A) = (X1, A1) — == === (X;,A) — — — — — — = (Xir1, Aiy1) — ==+,

N7

Wi
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where (X;,A;) = Wi « (Xi11, A1) is astep of a (Kx, + A;)-MMP over Z, such that

o the non-isomorphic locus of the MMP is disjoint from Nlc(X, A),
p(X;/W;) = 1foreveryi > 1,
if we put

e}

e}

Ai =inf{u € Ryo| Kx, + A; + nA; is nef over Z}

for each i > 1 and A := lim;_,«4;, then the MMP terminates after finitely many steps or otherwise
A # A; forevery i > 1, and
if X is Q-factorial, then all X; in the MMP are also Q-factorial.

Then the MMP is a (Kx + A + 1A)-over Z with scaling of A. If 2 > 0, then we have NNef(Kx +
A +2A/Z) N Nlc(X,A) = 0, and (Kx + A + AA)|Nie(x,a) is ample over Z because (Kx + A)|Nie(x,a)
is nef over Z and we may use [KM98, Proof of Theorem 1.38] and Nakai—-Moishezon’s criterion for the
ampleness. This contradicts Theorem 5.4, and therefore 4 = 0. This MMP satisfies the conditions of
Corollary 5.7. O

o

Corollary 5.8 (cf. [G11]). Let (X, A) be a projective normal pair such that Kx + A is pseudo-effective
and the non-nef locus of Kx + A is disjoint from Nlc(X, A). Suppose that the numerical dimension
ko (Kx + A) (see [NO4, V, 2.5. Definition]) is zero. Put X = X and A\ = A. Then there exists a
sequence of steps of a (Kx + A)-MMP

(X, A — == === (Xp,A) — — — — — — = (Xis1, Ajpr) = = = = = = (X, A),
W;

where (X;, A;) > Wi «— (Xi41,Ajy1) is a step of the (Kx + A)-MMP, such that

o the non-isomorphic locus of the MMP is disjoint from Nlc(X, A),
o p(X;/W;) =1foreveryi > 1, and
o Kx, +Ap, =0.

Moreover, if X is Q-factorial, then all X; in the MMP are also Q-factorial.

Proof. By Corollary 5.7, there exists a sequence of steps of a (Kx + A)-MMP with scaling of an ample
R-divisor A

X, A === === (X, A) - — — — — — > (Xiv1, Ajg1) — = >+,
W;

where (X;,A;) = W; «— (X141, A1) is a step of the (Kx + A)-MMP over Z, such that

o the non-isomorphic locus of the MMP is disjoint from Nlc(X, A),
o p(X;/W;)=1foreveryi > 1, and
o if we put

Ai =inf{u € Ryo| Kx, + A; + pA; is nef over Z}

for each i > 1, then lim; _,,A; = 0.

Moreover, if X is Q-factorial, then all X; in the MMP are Q-factorial. Prime divisors contracted by the
MMP are components of the negative part of the Nakayama—Zariski decomposition of Kx + A. Hence,
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there exists m such that Kx,, + A, is the limit of movable R-divisors. By the same argument as in [G11,
Proof of Theorem 5.1], we see that K, +A,,, = 0. The MMP satisfies the properties of Corollary 5.8. O

Corollary 5.9 (cf. [BBP13, Theorem A], [TX23, Theorem A]). Let (X, A) be a projective normal pair
such that Kx + A is pseudo-effective and the non-nef locus of Kx + A is disjoint from Nlc(X, A). Then

NNef(Kx +A) = B_(Kx +A).

Furthermore, every irreducible component of the non-nef locus of Kx + A is uniruled.

Proof. The argument in [BBP13] or [TX23] works with no changes because we may use Corollary 5.7
and [F25, Theorem 1.12]. ]

Corollary 5.10. Let n: X — Z be a projective morphism of normal quasi-projective varieties. Let
(X,A) be a normal pair such that A is a Q-divisor on X. Let A be a m-ample Q-divisor on X such
that Kx + A + A is n-pseudo-effective. Suppose that NNef(Kx + A + A/Z) N Nlc(X, A) = 0 and that
(Kx + A + A)|Nic(x,A), Which we think of as a Q-line bundle on Nlc(X, A), is semi-ample over Z. Then
the sheaf of graded n,.Ox-algebra

P m.Ox(Lm(Kx + A+ A)])
meZso
is finitely generated.
Proof. This immediately follows from Theorem 5.3. O

6. Examples

In this section we collect some examples.
The first example shows that a step of an MMP for normal pairs does not always exist and the
abundance conjecture for normal pairs does not hold in general.

Example 6.1. Let E be an elliptic curve with a very ample divisor H and define
X = P (O ® Op(-H)) > E.

Let S be the unique section of Ox(1). Then Kx + S + (S+ f*H) ~ 0 and S + f*H is base point free.
The contraction

. X—>Z

induced by S + f*H is birational and we have Ex(x) = S. Thus —S is m-ample. Let D be a non-
torsion Cartier divisor on E of degree zero. Since f*D + S + f*H is nef and big, we can write
f*D+S+ f*H ~g A + B such that A is an effective ample Q-divisor and B is an effective Q-divisor on
X. Now we have

Kx +S+B+A~q f'D

and D is not semi-ample.

o With notation as above, we consider 7: X — Z and the pair (X, 2S5+ B+ A). Since —S is m-ample, 7 is
a (Kx+2S+B+A)-negative extremal contraction. However, the divisor 7. (Kx +2S+B+A) ~q 7. f*D
is not R-Cartier since r H is not R-linearly equivalent to D for any r € R (cf. [F17, Proposition 7.2.8]).
This example implies that we cannot always construct a step of an MMP even in the case of surfaces.

o With notation as above, consider the pair (X, S + B + A). By construction, Kx + S + B + A is nef but
not semi-ample. This pair shows that the abundance conjecture does not always hold for normal pairs
with polarizations.
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The next example shows that the non-nef locus of the log canonical R-divisor of a normal pair is not
necessarily Zariski closed. In particular, minimal models of normal pairs do not always exist.

Example 6.2. For a blow up V — P? at nine very general points and

X =Py (Oy ® Oy (1)) LV,

where Oy (1) is very ample line bundle on V, Lesieutre [L.14, Theorem 1.1] constructed a big R-divisor
D on X such that

B_(D) = U Bs|D + Alg

A: ample
D+A:Q-Cartier

is a countable union of curves. By construction, there is an effective R-divisor Ay on V such that
Ky + Ay ~gr 0, and therefore Kx + A ~r 0 for some effective R-divisor A on X. We can write
D ~r A + B such that A is an effective ample R-divisor and B is an effective R-divisor on X. Then

Kx +A+B+A ~r D.

Moreover, by [NO4, V, 1.3 Theorem], it follows that B_(D) coincides with the non-nef locus of D.
Therefore, the pair (X, A + B + A) satisfies the condition that the non-nef locus of Kx + A + B+ A is not
Zariski closed. If (X, A + B+ A) has a minimal model (X’,T"), taking a common resolution g: ¥ — X
and g’: Y — X’ of X --» X’, then we can write

g (Kx+A+B+A)=g"(Kx +T")+E
for some effective g’-exceptional R-divisor E on Y. Since Kx- + I'’ is nef, we have
NNef(g"(Kx + A+ B+ A)) = NNef(¢g"*(Kx' +TI'") + E) = Supp E.

Then NNef(Kx + A + B+ A) = g(NNef(g*(Kx + A + B+ A))) = g(Supp E) is Zariski closed, a
contradiction. Therefore, (X, A + B + A) does not have a minimal model.
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