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Abstract

Let T,,(F) be the semigroup of all upper triangular n X n matrices over a field F. Let UT,(F) and U T,f' (03))
be subsemigroups of T, (F), respectively, having Os and/or 1s on the main diagonal and Os and/or +1s on
the main diagonal. We give some sufficient conditions under which an involution semigroup is nonfinitely
based. As an application, we show that UT,(F), U T;'(F) and T, (F) as involution semigroups under the
skew transposition are nonfinitely based for any field F.
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1. Introduction

An algebra is finitely based if the identities it satisfies are finitely axiomatisable.
Otherwise it is nonfinitely based. One of the most fundamental and widely stated
problems in universal algebra is the finite basis problem, which asks which algebras
admit a finite basis for their identities. This problem has revealed a number of
interesting and unexpected connections to other topics of theoretical and practical
importance, for example feasible algorithms for membership in certain classes of
formal languages [1] and classical number-theoretic conjectures such as the twin-
prime conjecture, Goldbach’s conjecture and the odd perfect number conjecture [19].

In the 1960s, Tarski asked if there is an algorithm to determine whether a finite
algebra is finitely based or not. It is known that finite groups [17], finite associative
rings [5], finite Lie algebras [10, 13] and finite lattices [14] are all finitely based.
However, this is not true for all finite algebras. There exist groupoids with as few
as three elements that are nonfinitely based [9, 16]. In general, the finite basis problem
for finite algebras is undecidable [15], but the problem remains open when restricted
to some important classes of algebraic structures, such as semigroups. In 1969,
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Perkins [18] published the first examples of nonfinitely based finite semigroups. For a
survey of the many important and interesting results on the finite basis problem for
semigroups obtained since then, see the survey by Volkov [21].

Recall that a unary operation * on a semigroup S is called an involution if S satisfies
the identities

() xx, () Eyx (1.1)

An involution semigroup is a pair (S, *), where § is a semigroup with involution *. It is
aroutine consequence of (1.1) that 1* = 1 in an involution monoid. Important examples
of involution semigroups include any group with inversion ~! and the multiplicative
n X n matrix semigroup over any field with transposition 7. The motivation for
investigating involution semigroups is to study natural generalisations of groups.
Therefore, it is counterintuitive that an involution semigroup (S, *) and its semigroup
reduct S can behave independently with respect to the finite basis property. Many
examples demonstrating this phenomenon have long been available (see [2—4, 11] for
more information on the finite basis problem for involution semigroups).

Matrices and matrix operations constitute basic tools for many branches of
mathematics. The finite basis problem for (involution) semigroups formed by matrices
was originally stated in [20]. The more recent review [21] repeated the question
and stimulated much attention, with a number of important results having been
subsequently established [3, 12, 23]. Given a field F, let T,(F) be the semigroup of
all upper triangular n X n matrices. Let UT,(F) and UT*'(F) be the subsemigroups
of T,,(F), respectively, having Os and/or 1s on the main diagonal and Os and/or +1s on
the main diagonal. These three semigroups admit a natural unary operation: reflection
with respect to the secondary diagonal (from the top right to the bottom left corner).
We denote by A* the result of applying this operation to the matrix A. Clearly, the unary
operation A — A*, called the skew transposition, is an involution anti-automorphism
of T,(F), UT,(F) and UT*'(F), which makes (T,(F),*), (UT,(F),*) and (UTZ'(F), ")
involution semigroups. Since T,(Z) contains a subsemigroup isomorphic to the free
semigroup with two generators, 7,(Z) as well as the semigroup containing 7,(Z) as
subsemigroup satisfies only the trivial identity and so is finitely based. Therefore,
T,(F) is finitely based whenever char(F) = 0. In [23], Volkov and Goldberg proved
that 7,,(F) over a finite field is inherently nonfinitely based (that is, it is not contained
in any finitely based locally finite variety) whenever n > 4 and char(F) > 2. Zhang
et al. [25] have shown that T»(F) with char(F) = 2 is finitely based. Further, they
proved that 7,(FF) with char(F) = 2 is hereditarily finitely based (that is, it generates a
variety all semigroups of which are finitely based) if and only if n < 2 in [26]. Chen
et al. [7] have shown that UT,(F) is finitely based for any field F. Zhang et al. [24]
have shown that the involution semigroups (7> (F), *) and (UT(F), *) with char(F) =0
are nonfinitely based. In [22], Volkov proved that UT5(F) as well as (UT5(F), *) with
char(F) = 0 are nonfinitely based.

In this paper, we consider the finite basis problem for the involution semigroups
(TL,(F), "), (UT»(F),*) and (U Tg—'l(]F), *). We establish two sufficient conditions under
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which an involution monoid is nonfinitely based. By applying one of the sufficient
conditions to the involution semigroups (75(F), *), (UT,(F),*) and (U TZJ—’I(IF‘), "), we
show that (T»(F),*) and (UT»(F), ") are nonfinitely based when char(F) # 0, and
U T2J—'1(]F), *) is nonfinitely based for any field F. Together with the results of [24],
this shows that (7>(F), *), (UT»(F), *) and (U Tzil(}F), *) are nonfinitely based for any
field F.

The paper is organised as follows. We recall some preliminary knowledge and
notation in Section 2. In Section 3, some sufficient conditions under which an
involution semigroup is nonfinitely based will be given. As an application, in Section
4, it is shown that (T,(F), ) and (UT,(F), *) are nonfinitely based when char(F) # 0,
and (U T2il (F), *) is nonfinitely based for any field F.

2. Preliminaries

Most of the notation and background material of this article are given in this section.
Refer to the monograph of Burris and Sankappanavar [6] for any undefined notation
and terminology on universal algebra in general.

Let X be a countably infinite alphabet throughout. For any subset A of X, let A* =
{x* | x € A} be a disjoint copy of A. Elements of AU A* are called variables. The free
x-semigroup over A is the free semigroup (A U A*)* with unary operation * given by
(x*)" = xforall x € Aand (x1x2 - - x,)" = x;,x, -+ x] forall xp, x2,...,x, € AUA".
Let (AU A = (AU A)* U{0}). Elements of (AU A*)* are called words. A word
w’ is a factor of a word w if w = aw’b for some a, b € (A U A*)*.

Let we (AU A*)* be any word. The content of w, denoted by con(w), is the
set of variables occurring in w. The number of times that a variable x € AU A*
occurs in a word w is denoted by occ(x, w). For example, let w = x"zxy*xyzyx".
Then con(w) = {x, y, z, x*, y*}, occ(x, w) = occ(x*, w) = 2, occ(y, w) = ocC(z, W) = 2
and occ(y*,w) = 1.

For any variables x and y of a word w, the expression yx (respectively ;x) means the
first (respectively last) occurrence of x in the word w. We write ;x < ;y to indicate that
within w, the ith occurrence of x precedes the jth occurrence of y in w for i, j € {f, [}.

For any word w € (AU A*)* and variables x1, xp, ..., x, € A, let w(xy, X2, ..., x,)
be the word obtained from w by retaining only the variables x), x*l‘, X2, x;, ces X, X
For instance, if w = x*zxy*xyzyx*, then w(x) = x*x’x*, w(x,y) = x*xy*xy’x* and
w(y,z) = zy"yzy.

The set T(A) of terms over the alphabet A is the smallest set containing A that is
closed under concatenation and *. The subterms of a term t are defined as follows:
t is a subterm of t; if s;s, is a subterm of t, where s;,s, € T(A), then s; and s,
are subterms of t; if s* is a subterm of t, where s € T(A), then s is a subterm of t.
The proper inclusion (A U A*)* C T(A) holds and the identities (1.1) can be used to
convert any nonempty term t € T(A) into some unique word [t] € (AU A*)*. For
instance, [ x(x>(yx*)*)*zy* | = xy(x*)*zy*.

Remark 2.1. For any subterm s of a term t, either |s] or [s*] is a factor of [t].
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An identity is an expression s ~ t formed by nonempty terms s,t € T(A). A
word identity is an identity u ~ v formed by words u,v € (AU A*)*. An identity
s ~ t is directly deducible from an identity s’ ~ t’ if there exists some substitution
¢ : A - T(A) such that s’y is a subterm of s, and replacing this particular subterm s’¢
of s with t'¢ results in the term t. An identity s ~ t is deducible from some set £ of
identities if there exists a sequence s = 1, Sy, . .., S, = t of terms such that each identity
S; = s;41 is directly deducible from some identity in X.

Remark 2.2 [8, Sublemma 2.2]. An identity s = t is deducible from (1.1) if and only
if [s] = [t].

An involution semigroup (S, *) satisfies an identity s = t, or s = tis satisfied by (S, "),
if for any substitution ¢ : A — S, the elements sy and ty of S coincide; in this case,
s ~ t is also said to be an identity of (S,*). An identity is satisfied by an involution
semigroup (S, *) if and only if it is deducible from the identities of (S, *).

Clearly, any involution monoid that satisfies a word identity s ~ t also satisfies
the word identity s(xy, x, ..., x,) = t(x1, X2, ..., X,) for any x;, x, ..., x, € A, since
assigning the element 1 to a variable in a word identity is effectively the same as
deleting that variable.

For any involution semigroup (S, *), let id(S, *) denote the set of all identities
satisfied by (S,"). A set X Cid(S, ™) is an identity basis for (S, ") if every identity
in id(S, ) is deducible from X. An involution semigroup (S, *) is finitely based if it has
some finite identity basis; otherwise, it is said to be nonfinitely based.

Lemma 2.3. Let (1.1) UX be any basis for a finitely based involution semigroup (S, ™).
Then there exists a finite subset Xsn of X such that (1.1) U X4, is an identity basis for
(S,%).

Proor. This is a well-known (and immediate) consequence of Birkhoff’s completeness
theorem for equational logic (see [l1, Corollary 1.4.7] or [6, Exercise 10 of
Section I1.14]). O

3. Two sufficient conditions for an involution monoid to be nonfinitely based

In this section, we give two sufficient conditions under which an involution
semigroup is nonfinitely based. The next two theorems are the main results.

THeorREM 3.1. Let n > 2 be a fixed integer. Suppose that (S,”) is an involution monoid
that satisfies the following conditions:

(D) foreachk =2, (S,%) satisfies some word identity p; = qi, where

P = 11 X1 Xy - - 1t X I G X

b b b by * by * b, % boy
Qi = X8 KXoy - EX O X 7 X 1 X

for some ag, ay, ax, by, b1,by 20,1 < ay,...,an-1,b2,...,by_1 <m;
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(D) if (S,”) satisfies a word identity w ~ W' and x <y < rx* < (y* in W for some
1y y=<r 7y
X, y,x",y" € con(w), then either ;x <y < yx* < y¥* or jy < x < yy* < ;x* holds
inw;

1) if (S, ™) satisfies a word identity of the form
W:...lxaly...fx*bfy*...z...lxa/ lyfx*blfy* :w’ or
W:lxaly/x*bfy*zlybl foy* a'fx*... :W/

for some words a,b,a’,b’, then for any variables t € con(w) and t* ¢ con(w),

occ(t,a) # 0 (mod n) if and only if occ(t,a’) # 0 (mod n), and occ(t,b) £ 0
(mod n) if and only if occ(t,b’) # 0 (mod n).

Then (S,¥) is nonfinitely based.

The proof of Theorem 3.1 is given at the end of the section. By using this theorem,
we can show that the following sufficient condition for the nonfinite basis property of
involution semigroups also holds.

THEOREM 3.2. Let n > 2 be a fixed integer. Suppose that (S,”) is an involution monoid
that satisfies conditions (I) and (Il) in Theorem 3.1 and the following condition:

AV) if(S,”) satisfies a word identity of the form
W:...lxafx*...z...]xa,fx*...:W

for some words a,a’, then for any variables t € con(w) and t* ¢ con(w),
occ(t,a) = oce(r,a’) (mod n).

Then (S, ™) is nonfinitely based.

Proor. By Theorem 3.1, it suffices to show that condition (III) is implied by condition
(IV). Let t be a variable such that ¢ € con(w) and t* ¢ con(w). There are two cases.

Case 1. (S,") satisfies a word identity of the form
w=-xayexX by oxoxa ye xb gyt =W

Let ¢ be the substitution such that y¢ = x and x¢ = x for all x # y. Then (S, *) satisfies
the word identity

wo=---xaxcpx'bx-ox-oxa e x"b'x"=wo

From condition (IV), occ(t, ¢) = occ(t, ¢’) (mod n) and occ(z, ac) = occ(t, a’c’)
(mod n). Therefore, occ(z,a) = occ(t,a’) (mod n). A similar argument shows that
occ(t,b) = occ(t,b’) (mod n). Consequently, condition (IIT) holds.

Case 2. (S,*) satisfies a word identity of the form

w:...lxalycfx*bfy*...z...lyb/lxc/fy*a’fx*...:w'
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Let ¢ be the substitution such that yp = x and x¢ = x for all x # y. Then (S, *) satisfies
the word identity

wo=---xaxcmx'bxox-oxb xd pxta xt=we

From condition (IV), occ(t, ¢) = occ(t, ¢’) (mod n) and occ(z, ac) = occ(t, ¢’a’)
(mod n). Therefore, occ(t, a) = occ(t,a’) (mod n). A similar argument shows that
occ(t,b) = occ(t,b’) (mod n). Consequently, condition (IIT) holds. O

Lemma 3.3. Let (S, %) be an involution monoid satisfying condition (II) in Theorem 3.1.
Let w ~ W' be any word identity satisfied by (S,*). Then con(w) = con(w’).

Proor. Seeking a contradiction, suppose that x € con(w) \ con(w’). The involution
monoid (S, *) satisfies the word identity

*

xy(x)y" = xy - Wi(x) - Xy & xy - w(x) - Xy e xy - fx, xPC x o XY xTy

for some a > 1, where ;x <y < px* < yy* in xyw’(x)x*y*, while ;y <;x and ¢x* < ry*in
xyw(x)x*y*. This contradicts condition (II). Therefore, the inclusion con(w) € con(w’)
holds. The inclusion con(w”) € con(w) holds by symmetry. O

For each k > 2, define
L = XiXo - X X{X5 - X, Re= XiXeot - --)'(1)'(z)'(,f_1 XT
where

Xi={xiyoosal o xi, X=X {x], ..., xS,

1
Xi={xt, ..., x, Xi=xr-{x,..., 0%
Let w be a word. Then, by the definitions of L; and Ry, it is easy to see that w € L if
and only if jx; < jx3 <+ <yx; < px] < x5 <--- < zx; holds in w; and w € Ry if and
only if jxp < yxp-1 <+ <X < pxp < px;_; <++- < yx] holds in w.

Lemma 3.4. Let (S, ™) be an involution monoid satisfying condition (II) in Theorem 3.1.
Let w =~ W' be any word identity satisfied by (S, ™) such that w € L. Then w’ € L U Ry.

Proor. It follows from Lemma 3.3 and condition (II) that the lemma holds when k = 2.
Therefore, we may assume that k > 2. By assumption,

W=XXp XpX) X5 o X

for some x; € X; and x; € X?. Observe that for each i < j, jx; < ;x; < px; < fx;‘. holds in
w; it follows from condition (IT) that either ;x; < jx; < ;x7 < ij, orx; < x; < fx; < 5x;
holds in w". In any case, ;x; < yx},1X; < rX3,...,%; < rx; hold in w’ for each i. Without
loss of generality, we assume that

’ * * *
W = X2Xor  * XpnX | Xop o Xy

for some Xz € {Xix, ..., Xpn} - Xim» X1 € X7 - {x]_, ..., x } and some permutations 7
andton{l,..., k}.
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Suppose that (1x, ..., k) # (11,...,k7). Then
Aryoo k) =C.osbyeeis oo ) #EFCoasfouendy.) =071, ,kT)

must hold for some i # j. But this implies that the involution monoid (S, *) satisfies the
word identity w ~ w’ such that ;x; < ;x; < px; < fx; ifi < jand jx; < ;x; < ij < gx;iif
i> jinw, while x; < ;x; < ij. < rx7 in w’. This contradicts condition (II). Therefore,
(Im,....km)y=(7,...,k7).

Suppose that (17, ..., kn) # (1,...,k)and (17, ..., kx) # (k, ..., 1). Then one of the
following holds:

" An,....km)=(...,j,i,h,...)forsomei < jandi< h;
& dn,...,km)y=(..,i,h,j,...)forsomei < hand j<h.

If () holds, let ¢ be the substitution such that x,¢ = x; and x¢ = x for all x # x;.
The involution monoid (S, *) satisfies the word identity we ~ W', where ;x; < jx; <
X< ij. in we, while ;x; < ;x; < fx; < rx; in W'¢. This contradicts condition (II).
If ($) holds, let ¢ be the substitution such that xj¢ = x; and x¢ = x for all x # x;.
The involution monoid (S, *) satisfies the word identity we ~ W', where ;x; < ;x;, <
7X; < gx, in we, while ;x;, < x; < px7 < yx; in W', This contradicts condition (II).
Consequently, (1, ..., kr) € {(1,...,k),(k,..., 1)} and hence w’ € L; U R. O

In the remainder of this section, we always assume that n > 2 is a fixed integer. For
each k > 2, define
Pe=Y1Yo - Y TYY5 Y5, Qe=YiYeor--YiTY Y, - Y],
where T = {¢}*,

Yi={t,xi oot x Yi=xD At x], .10

1
Yi={t,x1,...,x) x Yi=xP{t,x], . xS

and occ(f,y) # 0 (mod n) for eachy € YU --UY,UY;U---UY;  UY U U
Yi-1 VY5 U---UY,. Clearly, t € con(y) for each y in any case.

By the definitions of P, and Qy, it is easy to see that if w € P, then
w(x1, X2, ..., x;) € Lg; and, if w € Qy, then w(xq, x2, ..., x;) € Ry.

Lemma 3.5. Let (S, ™) be an involution monoid satisfying conditions (II) and (IIl) in
Theorem 3.1. Let w =~ W be any word identity satisfied by (S,*) such that w € Py.
Then w’ € P, U Q.

Proor. By assumption,
W=yi¥2 - YityiYa oo ¥y

for some teT, y;€Y,, y; € Y], occ(t,y;) #0 (mod n) for each i =2,...,k and
occ(t,y;) #0 (mod n) foreachi=1,...,k— 1. Then

*_ % *
W(X1, X2, ..., X%) = X1 X2 - XpX| X, - - X,
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where X; = y;(x1, X2,..., %) € X; and X} = yi(x1, X2, ..., x) € X!. It follows from
Lemma 3.4 that w’(xq, X2, ..., xx) € Ly U Ri. There are two cases.

Case 1. W (xi,x2,...,x;) € Ly. Without loss of generality, we may assume that
W (X1, X2, ..., X)) = X)X - X (X]) (X)) - - - (x3) for some X € X; and (x7)" € X?. Then,
by Lemma 3.3, w’ can be written in the form

W=yt 6 () - )
where t' € {t}*, y. € {t, x;, ..., ) -, i, . x) =X, () € X7 - (X)L, X7
and (y7)'(x1,...,x) = (X]).

For eachi=1,...,k— 1, the number of times that ¢ occurs between ;x; and ;x;;;
equals occ(z,y;+1) in W, and the number of times that 7 occurs between x; and fx7, |
equals occ(z,y;) in w. Since occ(z,y;1) # 0 (mod n) and occ(z,y;) # 0 (mod n) in
w, it follows from condition (III) that occ(z,y7,,) # 0 (mod n) and occ(z, (y;)) # 0
(mod n) in W', respectively. Consequently, w’ € Py.

X

Case 2. W'(xy,x2,...,x;) € Re. Without loss of generality, we may assume that
W (X1, X2, .00, X)) = XX - X(X) (X)) -+ (X)) for some X! € X; and (x7) € X:‘
Then w’ can be written in the form

W=y Vi i@ ) (3
where t' € {t}, yl € {t, x1, ..., ) - x, §iCxen, . x0) =X, () €x7 - (X!, xS
and (¥7)"(x1, ..., x) = (X7)".

Foreachi=1,...,k— 1, the number of times that ¢ occurs between ;x; and ;x;,|
equals occ(7,y;+1) in W, and the number of times that 7 occurs between ;x; and yx,
equals occ(z,y;) in w. Since occ(z,y;+1) # 0 (mod n) and occ(z,y;) # 0 (mod n) in
w, it follows from condition (II) that occ(, (¥7,,)") # 0 (mod n) and occ(t, y;) # 0
(mod n) in w’, respectively. Consequently, w’ € Q. O

Lemma 3.6. Suppose that (S,*) is an involution monoid satisfying condition (Il) in
Theorem 3.1. Let x°y® ~ w be a word identity satisfied by (S,*), where a,b > 1. Then
w = xy? for some c¢,d > 1.

Proor. Let x“y” ~ w be a word identity satisfied by the involution monoid (S, *). Then
it follows from Lemma 3.3 that con(w) = {x, y}. Suppose that some occurrence of y
precedes some occurrence of x in w. Then yx must be a factor of w, which implies that
(S, ™) satisfies the word identity
y*xaybx* ~ y*W)C* :y* Ceyx-- ')C*,
where ;y* < ;x < sy < ;x* in y* x4y x*, while ;y* < Yy <1x < yx* in y*wx*. This
contradicts condition (II). Therefore, each occurrence of x precedes every occurrence
of y in w and so the form of w must be xy? for some c,d > 1. O
A word identity w ~ w’ is said to be k-limited if w,w € (AU A")* and |A| < k.
For any involution semigroup (S, *), let id(S, *) denote the set of all k-limited word
identities satisfied by (S, *).
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Lemma 3.7. Suppose that (S, ™) is an involution monoid satisfying conditions (II) and
(Ill) in Theorem 3.1. Let s = s’ be an identity which is directly deducible from some
identity in idi(S,*) with |S] € Pry1. Then |8'] € Pry1.

Proor. Let w ~ w be a word identity in idi(S, *) from which the identity s ~ §’ is
directly deducible. Then there is a substitution ¢ : A — T(A) such that wy is a
subterm of s, and replacing this particular subterm wg of s with w'¢ results in s’.
Then, by Remark 2.1, either [we] or [(wep)*] is a factor of |s]. It suffices to consider
the former case, since the latter is similar. Hence, there exist words e, f € (A U A*)*
such that |s] = e|wg|f. Since s’ is obtained by replacing wy in s with w’¢, it follows
that |s"| = e|w ¢ |f. By the assumption of this lemma,

[sI=y1y2 - YerrtY1Ys  Yinq

for some teT, y; €Y, y: €Y}, occ(t,y)) #0 (mod n) for i=2,...,k+1 and
occ(t,y;) #0 (mod n) for i =1,...,k. Since e|we]f € Piy; and the word identity
elwplf ~ e]w|f is satisfied by the involution monoid (S, ), it follows from
Lemma 3.5 that e[w¢Jf € Pry; U Qgy1. Aiming for a contradiction, suppose that
elwolf € Qi1 In elWelf, 1 < <« <yxp < pxp, < pXp <+ <y xj, while
in e[ wy|f, the reverse ;x| < xp <+ < Xpy1 < pX] < px5 <--- < px;,, is true. Hence,
the word [we] contains all the variables xi, X2, ..., Xg41, X7, X5, . .-, X;, |, Whence it
contains a factor of the form

X1Y2 Vet tY1Ys - YiXp -

Suppose that there exists a variable s € con(w) such that | s¢] contains the factor
Xis1tx] of [we]. Then x4 tx] is a factor of [w¢], since s € con(w’) by Lemma 3.3.
But it is easy to see that none of the words in Q| contains x;tx] as a factor, which
contradicts e|w'¢|f € Q1. Therefore, there is no variable s in w such that | s¢|
contains the factor x;,tx] and so we may assume that w = w;w;, where

(i) LWig) = xi¥2- Yeaf. LWap] = £2y}¥; -~ yixs,, - and £ =t for some
01,00 > 0.

Since | W] contains all of ;xi,..., ;X1 in W, the number of the last occurrence
of variables in [w;¢] is k + 1. But w; contains at most k variables of A, whence there
must exist a variable s in w; such that | s¢| contains at least two of {;xi,..., X1}
Without loss of generality, we may assume that s; in w; is the last variable such that
Ls1¢] contains at least two of {;x1, ..., ;xx+1}, that is, w; = p;s1q;, where

(ii) Lsi¢l =---xg_1y,y for some g > 2 and y is a possibly empty prefix of y,,; with
Y # ¥g+1 and

(iii) con(Lqiel) = {t, Xg+1, ..., Xk+1} and each variable in | q;¢] contains at most one
of {1Xgst1s. vy Xpst1)-

Similarly, there must exist a variable s in w, such that | s¢]| contains at least two of
{¢x]s- -5 rxp,, ) Without loss of generality, we may assume that s, in w; is the first
variable such that [ 5] contains at least two of {yx7, ..., rx;,}, thatis, wa = qa52p2,
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where

gk Lk

(iv) Ls2pl =y'y,x;,, - - for some h < k and y* is a possibly empty suffix of y; | with
y #y,_, and

(v) con(lqae]) =1{t,x],...,x,_,} and each variable in | q2¢] contains at most one of
{fxT, e ,fx’;l_l}.

It follows from (ii) and (iii) that s; € con(q;). Since [si¢] = ---Xx,-1y,Yy is not a

factor of [wyp| by (i), s1 ¢ con(wy). Since ¢ € con(y,) & con(lsi¢]) by (ii) and

1 ¢ con(Lwe]), Ls]¢] is not a factor of [we] and so 57 ¢ con(w). Hence

(vi) s € con(qiwz) and s7 ¢ con(w).
Similarly,
(vil) s> ¢ con(wiqp) and s3 ¢ con(w).
Therefore, W(sy, 52) = s¢s5 for some a,b > 1. From Lemma 3.6, W'(sy, 52) = 55 for
some ¢,d > 1. Thus, w’ can be written in the form w” = p/ s1q’s2p),, where
(viii) s € con(q'p5), s2 € con(p|q’) and s7, 55 ¢ con(w’).
Consequently,
W el = pi¢llsielld ¢lLs2pllpoe)-

Since [W'¢] € Q1 by assumption, jxXg4 < X <+ < X1 < pXp, < pXp <-o- < pxjin
Lw’¢]. Then it follows from (ii) and (iv) Fhat Vo1 Y1ty - - ¥,,, must be a factor
of |[q'¢] forsome t€ T, y; € Y; and y; € Y;. Hence, x; € con(lq'¢]) by g > 2. But, in
the following, we will show that x; ¢ con(|q’¢]), which is a contradiction. Therefore,
Lw'¢] ¢ Qus1 and so [ W] € Pyy1.

Now we prove that x; ¢ con(lq’¢]). Without loss of generality, we may assume that
x1 € con(|ze]) for some z € con(w). Then it suffices to show that z ¢ con(q’). Seeking

a contradiction, suppose that z € con(q’). Then z # s; by (viii). It follows from (iii)
that z ¢ con(q;) and from (i) that z ¢ con(w;) and z* ¢ con(w;). Hence

(ix) zecon(py) \con(s;q;w;) and z* ¢ con(wy).
Now, by (vi) and (ix),
Wz, s)Z"s] €z {z s} s - {2 s
~——— N——
P1(z,51) (q1w2)(z,51)
and by (viii) and [W ] € Q41,

Wiz s1)T'si €z {1V sz o 7V {EY s
——— —_———— ——
p(z.s1) q'@s)  (52p)(s1)

But this implies that (S, *) satisfies the word identity zw(z, s1)z"s] ~ zW'(z, 51)7" 5],
where ;7 <51 < 7" < fs] in zW(z, 51)2"s], while ;51 <2 < Z" < ¢S] in ZW'(z, 51)2"s7.
This contradicts condition (II). Hence, z ¢ con(q’), as required. O

Proor oF THEOREM 3.2. Let (S, ) be any involution monoid satisfying (I)-(III) in
Theorem 3.2. Then there exists some set X of word identities such that (1.1) U X is an
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identity basis for (S, *). Working toward a contradiction, suppose that the involution
monoid (S, *) is finitely based. Then, by Lemma 2.3, there exists a finite subset X¢p, of
X such that all identities of (S, *) are deducible from (1.1) U Z,. Hence, there exists
some fixed integer k such that Xg, C X N idi(S, *). Since the involution monoid (S, *)
satisfies some word identity prs; ~ qx+1 by (I), there exists some sequence

pk+l :SI’SZa""Sm :(Ik+l

of terms such that each identity s; =~ s;; is directly deducible from some identity
w; ~ w, in (1.1) U Zgn. The equality |s;] = pi+1 € Pryr holds by Remark 2.2, If
Lsi] € Piy1 for some i > 1, then there are two cases depending on whether the identity
w; = W; is from (1.1) or Zgin. If w; = w] is from (1.1), then |s;| = [s;41] by Remark 2.2,
whence [s;;1] € Piy1. If w; = W/ is from Zfp, then [s;;1] € Py by Lemma 3.7. In any
case, |S;+1] € Pry1 and, by induction, [s;| € Py for all i. This gives the contradiction
Qi+1 = LSm] € Pr+1, s0 the involution monoid (S, *) is nonfinitely based. O

4. Nonfinitely based involution semigroups of triangular matrices

In this section, as applications of Theorem 3.2, we explore the finite basis problem
for the involution monoids (UT,(F),*), (U Tzil(F), *) and (T>(F), ). Throughout this

section, char(F) means the characteristic of a field F and p is always a prime.
ap diz

Recall that for each matrix A = (°y' ;) € T>(F), the skew transposition of A is
A" = (F 4)- Clearly, (D11 = (A2, (D)2 = (A1 and (A)12 = (A2

Remark 4.1. Let w,w € (AU A")" be such that occ(x, w) = occ(x, w') for any
x € con(ww’). Then, for any substitution ¢ : A — To(F), (wg);; = (W), and
(W) = (W )ao. Therefore, wp = W/ holds in 7, (F) if and only if (wg)1n = (W)12.

Lemma 4.2. For each k > 2 and any field F, the involution semigroup (UT,(F), ™)
satisfies the word identity u; ~ w;, where

W = 1X1X - - - EXGEXYIXS - - - EXE, W) = EXlXpoy -+ - EXEXGEX,_y - - - 1)L,

Proor. Let ¢ be any substitution into UT>(F). From Remark 4.1, (wp)11 = (W)
and (Wep)22 = (W) Therefore, it suffices to show that (uxp)12 = (u;¢)12. There are
three cases.

Case 1. (t¢),, =0. Then
(We)12 = (X117 - - - EXREXTEXS - - - EX D)) 10
= ((toxy 120+ - - Lt XTEXS - - 1) @)1 (80)12
= ((txxtxp—y - - tX12X30X,_ -+ X)) 1(f¢)12 (by Remark 4.1)
= ((txptXpoy - I XXy -+ 1X[D)@) 10 = (W) 12,
as required.

Case 2. (t¢);; = 0. This case follows from the dual result of Case 1.
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Case 3. (t¢)11 = (t¢)n = 1. Then it is easy to see that (t¢)* = f¢. Hence,

(W) 12 = ((Ex11x2 - - - LREX| XS - - 10 1)) 1o
= ((tx11X2 - - EXIXTIXS - - I D)),
= ((tx11xy - - - EXREX[EXS - - 1) Q) 1
= ("t Xpmy - X XXy X))o
= (") ()t ) (xi-10) - - - (T Q) (x10) (I Q) (X ) ) (1 0) - - - (") (X1 ) )12
= ((t@) (xxp) () (xi-10) - - - (1) (x19) (10) (X L) (1) (X1 ) - - - (1) (X1 ) (FP)) 12
= (Xt Xy -+ X EXEXG_y - 1X @) 12 = (W) 12,
as required. O
Lemma 4.3. For each k > 2 and any field F, the involution semigroup (UTZJ—'I(]F), )
satisfies the word identity vy ~ v, where

* 2k 2 % 2 % 2 % 2 %2

Vi = IZX1I2X2 ce tzxktlet xi XL, V]l( = tzxktzxk_l ce tletzxkt Xy Xt

Proor. Let ¢ be any substitution into U thl(IF). Then it follows from Remark 4.1
that (vip)11 = (V)11 and (Vi) = (V).  Therefore, it suffices to show that

(Vip)12 = (v, ¢)12. Without loss of generality, we may assume that 7 = (’(‘)‘ 2;) where

ti,t» €{0,1,—1} and 1, € F. Then

2 l‘%l ity + fiztn
ro= 0 t2 .
by
Since 111, 12 € {0, 1, -1}, it follows that 2 , 3, € {0, 1}. There are three cases.

Case 1. (’¢)y = 0. Then (vip)12 = (v;9)12 holds by a very similar argument to Case
1 of Lemma 4.2.

Case 2. ()11 = 0. This follows from the dual result of Case 1.

Case 3. (1*¢)11 = () = 1. Ttis easy to see that (>¢)* = . Then (Vi)2 = (Vo2
holds by a very similar argument to Case 3 of Lemma 4.2. O

Lemma 4.4. For each k > 2 and any field F with char(F) = p, the involution monoid
(T2(F), ) satisfies the word identity py ~ p;, where

pr = t”‘lxlt”‘lxzt”‘l ~--xkt”_1x’l‘t”‘1x§t”_1 .. ~x,’;t”‘1,
p, = gt g P g P g g e
Proor. Let ¢ be any substitution into 7>(FF). From Remark 4.1, (pr¢)11 = (p,¢)11 and

(Prp)22 = (Pyw)22. Therefore, it suffices to show that (prp)12 = (Prp)12. Without loss
of generality, we may assume that rp = (’g; 2;), where #11, t2s, t12 € F. Then
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for some appropriate s € F. It follows from Fermat’s little theorem that if (1, p) = 1,
then tf{l =1 (mod p);if (t11, p) # 1, then t;; = kp for some k and so t’f;l =0 (mod p).
Hence, 1] ;1 € {0, 1}. Similarly, 75, '€ {0, 1}. There are three cases.

Case 1. (t""'¢)y = 0. Then (prg)12 = (p,®)12 holds by a very similar argument to
Case 1 of Lemma 4.2.

Case 2. (t"'¢);; = 0. This follows from the dual result of Case 1.

Case 3. (t""'¢);; = ("' ¢)2» = 1. Then it is easy to see that (t"~'¢)* = t»~!¢. Then
(Pr@)12 = (P )12 holds by a very similar argument to Case 3 of Lemma 4.2. |

Lemma 4.5. Suppose that w =~ W' is any word identity satisfied by the involution monoid
(UT,(F), *) with any field F. Then con(w) = con(w’).

Proor. Suppose that x € con(w) \ con(w’) for some x. Let ¢ : A — UT,(F) be the
substitution that maps x to (} J) and any other variable to (} ?). Then

[ R A R B
) woee (S 66 9

which implies the contradiction (wx*)p # (W'x*)p. Consequently, the inclusion
con(w) ¢ con(w’) holds. The inclusion con(w’) C con(w) holds by symmetry. O

Lemma 4.6. Suppose that the involution monoid (UT,(F), *) with any field F satisfies a
word identity w ~ W' and ;x < 1y < ¢x* < yy* in W for some x,y, x*,y" € con(w). Then
either (x <[y < (X" < gy* or |y < x < gy* < px* holds in w'.

Proor. Clearly, w(x,y) € {x,y}* - x - ) - yx* - {x* P - y* - {x%, y*}*. Tt follows from
Lemma 4.5 that con(w’(x,y)) = {x,y, x*,y"}. To complete the proof, it remains to show
that none of xx*, yy*, x*x, y*y, x*y and y*x is a factor of w’(x,y). Working toward a

contradiction, suppose that one of xx*, yy*, x*x, y*y, x"y and y*x is a factor of w’(x, y).
Then, by letting ¢ be the substitution that maps x to (} ) and y to (} }),

venes{lo o olf o 000 o} {6 o)
o 46 1)
R R A
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and
0 0
= if xx* is a factor of w/(x, y),
(0 0) (x,y)
0 0} (0 2
€ , if yy* is a factor of w’(x, y),
{(o 0) [0 o]} ifyy"1 (x,y)
= if x*x is a factor of w'(x,y),
w(x,y)p €

if y*y is a factor of w’(x, y),

if x*y is a factor of w’(x, y),

if y*x is a factor of w’(x, y),

—_ = = O = = = O O = O C©
S = O = O = O = O O O O

S O O = O = O O = = = O

S O O O O o oo oo o —= O -

S O O O O O O O

S O O O O O O O

which implies the contradiction w(x, y)¢ # W’(x, y)¢. Therefore, none of xx*, yy*, x*x,
y*y, x*y and y*x is a factor of w’(x,y), whence the only possibility of w’(x,y) is either
e P x Ay ey APyt X y P o fx yP ey - Dyt TP X (TP
Hence, either ;x < jy < ¢x* < £y" or jy < ;x < ¢y" < sx" holds in w’. ]

LemmA 4.7. Suppose that the involution monoid (UT,(F), ) satisfies a word identity of
the formw=---;xa yx*+--~--;xa’ ¢x*--- =W for some words a,a’. Then, for any
variable t € con(w) and t* ¢ con(w):

(1) occ(t,a) = occ(t,a’) (mod p) if char(F) = p; and
(i) occ(t,a) = occ(t,a’) if char(F) = 0.

Proor. From Lemma 4.5, t € con(w’), t* ¢ con(w’). Let a = occ(t, a), b = occ(t, a’).
Let ¢ be the substitution that maps 7 to (§ 1), x to ({ ) and y # x, 7 to (} 9). Then

TR 6 e
BIEREIEIE Y
G 96 0 0
IS R T
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Since the involution monoid (UT,(F), *) satisfies the word identity w ~ w’, it follows
that (J &) = (J b). Therefore, if char(F) = p, then a = b (mod p); and, if char(F) = 0,
then a = b. O

THeEOREM 4.8. For any field F, the involution monoid (UT,(F), *) is nonfinitely based.

Proor. Let char(F) = p. Take n = p. By Lemmas 4.2, 4.6 and 4.7(i), the involution
monoid (UT,(F)," ) satisfies conditions (I), (II) and (IV) of Theorem 3.2, respectively.
The result thus follows from Theorem 3.2.

Let char(F) = 0. Let n > 2 be any integer. By Lemmas 4.2, 4.6 and 4.7(ii), the
involution monoid (UT,(F), *) satisfies conditions (I), (II) and (IV) of Theorem 3.2,
respectively. The result thus follows from Theorem 3.2. This result can also be derived
from [24, Theorem 12]. O

TueOREM 4.9. Let n = p be a prime and (S, ™) be any involution monoid that satisfies
condition (I). Suppose that the involution monoid (UT,(F),*) with char(F) = p belongs
to the variety generated by (S, *). Then (S, ™) is nonfinitely based.

Proor. From Lemmas 4.6 and 4.7(i), the involution monoid (UT,(F),*) satisfies
conditions (II) and (IV) of Theorem 3.2, respectively. Since (UT>(F), *) belongs to
the variety generated by the involution monoid (S, *), it follows that (S, *) also satisfies
conditions (IT) and (IV) of Theorem 3.2. By Theorem 3.2, (S, *) is nonfinitely based. O

TueoreM 4.10. Let n > 2 be an integer and (S, ) be any involution monoid that satisfies
condition (I). Suppose that the involution monoid (UT,(F),*) with char(F) = 0 belongs
to the variety generated by (S, ). Then (S, ) is nonfinitely based.

Proor. From Lemmas 4.6 and 4.7(ii), the involution monoid (UT,(F),*) satisfies
conditions (II) and (IV) of Theorem 3.2, respectively. Since (UT>(F), ) belongs to
the variety generated by the involution monoid (S, *), it follows that (S, *) also satisfies
conditions (II) and (IV) of Theorem 3.2. By Theorem 3.2, (S, *) is nonfinitely based. O

CoroLLaRrY 4.11. For any field F, the involution monoid (U T;l(]F), *) is nonfinitely
based.

Proor. Since (UT,(F),*) is an involution submonoid of (U Tzil(IF), *), the result
follows from Lemma 4.3 and Theorem 4.9 if char(F) = p, and from Lemma 4.3 and
Theorem 4.10 if char(F) = 0. O

CoroLLARY 4.12. For any field F, the involution monoid (T»(F),*) is nonfinitely based.

Proor. Note that (UT,(F), ) is an involution submonoid of (7> (F), *). If char(F) = p,
then the result follows from Lemma 4.4 and Theorem 4.9; if char(F) = 0, then the
result follows from [24, Corollary 14]. O

TueOREM 4.13. For any field F, the involution monoids (UT,(F), ), (U Tg—'l(]F), *) and
(T (F), ™) are nonfinitely based.

Proor. It follows from Theorem 4.8 and Corollaries 4.11 and 4.12. |
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Remark 4.14. It is clear that the proof of Theorem 4.13 works for all involution
monoids (UT»(R), "), (U T;I(R), *) and (T>(R), *), where R is an associative ring with
a unit element 1 such that either:

() for every positive integern, 1 + 1 +---+ 1 #0; or
| S

n

(¥) forsomeprimep,1+1+---+1=0.
|
P

Therefore, Theorem 4.13 is still true if we substitute the field F by an arbitrary
associative ring R with a unit element 1 satisfying either () or (). In particular,
Theorem 4.13 is true for any integral domain or division ring. For example, the
involution monoids (UT»(Z), "), (UT;‘(Z),*), (T2(2), "), (UT2Zp, ™), (UT;‘(ZP),*)
and (T>(Z,), "), where Z is the ring of integers and Z,, is the ring of integers modulo p,
are nonfinitely based.
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