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We derive effective Boussinesq and Korteweg—de Vries equations governing nonlinear
wave propagation over a structured bathymetry using a three-scale homogenization
approach. The model captures the anisotropic effects induced by the bathymetry, leading
to significant modifications in soliton dynamics. Homogenized parameters, determined
from elementary cell problems, reveal strong directional dependencies in wave speed and
dispersion. Our results provide new insights into nonlinear wave propagation in structured
shallow-water environments, and consequently motivate further fundamental and applied
studies in wave hydrodynamics and coastal engineering.
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1. Introduction

The seminal model proposed by Boussinesq (1871) is a reduced-order model for
wave propagation in a shallow-water regime over a flat bottom, characterized by weak
nonlinearity and weak dispersion. Over the years, numerous extensions of this model have
been developed to account for increasingly complex physical phenomena; comprehensive
reviews are provided in Madsen & Schiffer (1999) and Brocchini (2013). A significant
body of work has focused on the development of reduced Boussinesq-type models for
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wave propagation over slowly varying seabed bathymetry, where smooth variations occur
on a scale comparable to the wavelength (Madsen & Sgrensen 1992; Beji & Nadaoka 1996;
Agnon, Madsen & Schéffer 1999; Madsen et al. 2002, 2006; Klopman, Van Groesen &
Dingemans 2010). The limitations of this regime become evident when the characteristic
length of seabed variations is comparable to the water depth, such as in the case of a sharp
step or a rapidly oscillating microstructure. In such cases, it becomes necessary to account
for evanescent fields around obstacles and potential velocity singularities in the presence
of irregular geometries or sudden changes in depth, see for instance Tuck (2005).

Due to the complexity of the nonlinear water-wave problem, most of the literature
in this field focuses on the linear regime, which has seen a resurgence of interest due
to recent developments in metamaterials for water-wave control. These metamaterials
often involve rapidly varying bathymetries composed of rigid vertical plates placed on
the seabed (Porter & Newman 2014). Such structures have been experimentally applied
to achieve wave manipulation and cloaking (Farhat et al. 2008; Berraquero et al. 2013;
Xu et al. 2015; Li et al. 2018; Hua et al. 2022). Note that, while most studies on water-
wave metamaterials focus on linear regimes, a few recent works have explored nonlinear
effects, albeit in configurations based on local resonators rather than varying bathymetry
(Bobinski et al. 2015; Monsalve et al. 2019; Lorenzo et al. 2023).

Homogenization theories provide a robust framework for understanding the
macroscopic behaviour of waves over structured bathymetries. For example, Maurel et al.
(2017) and Marangos & Porter (2021) demonstrated that the homogenized model of a
rapidly oscillating bathymetry accurately reproduces the anisotropy of experimentally
determined dispersion relations. Moreover, Maurel, Pham & Marigo (2019) extended this
approach to finite-sized bathymetries by deriving homogenized transmission conditions.

That said, the application of homogenization techniques in the nonlinear regime has
received significantly less attention. The pioneering work of Rosales & Papanicolaou
(1983) introduced an effective Korteweg—de Vries (KdV)-type equation for waves
propagating over a periodic microstructure in a two-dimensional setting, using two-
scale homogenization techniques. However, it took over two decades for this result
to be extended to a three-dimensional and bidirectional framework by Craig et al.
(2005), who derived a homogenized Boussinesq equation for rapidly varying seabeds
using Hamiltonian perturbation theory. Note that in this study, the three-dimensional
model assumes a scale separation between the two horizontal directions, as it aims to
model an effective Kadomtsev—Petviashvili equation. Simultaneously, Nachbin (2003)
proposed a theoretical framework based on conformal mapping techniques to derive
one-dimensional Boussinesq-type systems with variable coefficients that depend on
terrain-following coordinates. This framework was later generalized to two-dimensional
propagation by Andrade & Nachbin (2018). Building on these developments, Garnier,
Kraenkel & Nachbin (2007) derived a one-dimensional effective Boussinesq equation with
explicit expressions for the homogenized coefficients in the case of sinusoidal bathymetry,
recovering the results of Rosales & Papanicolaou (1983). We also note the work of
Quezada de Luna & Ketcheson (2021) and Ketcheson, L6czi & Russo (2025), which adopt
a two-step asymptotic approach. In these works, the authors start from a reduced Saint-
Venant-type equation, where the vertical structure of the flow is incorporated through
an effective water depth that depends on the horizontal coordinates. Homogenization is
then applied to this reduced equation. This method assumes slowly varying bathymetry
and, in the periodic case, that the period is large compared with the water depth. Despite
these advances, extending homogenization techniques to fully three-dimensional settings
without horizontal scale separation remains an open challenge.
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Figure 1. Nonlinear wave propagating obliquely over a structured bathymetry.

In this paper, we revisit the problem considered in Rosales & Papanicolaou (1983) in a
three-dimensional setting, focusing on a rapidly oscillating bathymetry that is invariant in
one-direction, see figure 1. To this end, we build on the three-scale homogenization frame-
work introduced in Monsalve, Pham & Maurel (2024) for the analysis of step-like topogra-
phies in the weakly dispersive and weakly nonlinear regime. This approach involves three
scales: the macroscopic scale of the incident wavelength; the mesoscopic scale associated
with the varying bathymetry (the so-called periodic elementary cell); the microscopic
scale corresponding to the water surface elevation. These scales are connected through
asymptotic matching conditions. A key feature of the method is the interpretation of the
surface elevation as a boundary layer phenomenon at the mesoscopic scale as well as the
accountability of the singularity of the velocity near sharp edges of the bathymetry. We ap-
ply this methodology to the case of a periodic bathymetry, recovering the two-dimensional
results of Rosales & Papanicolaou (1983). By generalizing the model to three dimensions,
without assuming horizontal scale separation, we provide an explicit prediction of the
anisotropic effects induced by irregular seabeds on the propagation of KdV solitons.

This article is organized as follows. Section 2 recalls the classical Boussinesq model over
a flat bottom and the stationary soliton-type solution of the associated KdV equation. We
then introduce the homogenized version of the Boussinesq model for rapidly oscillating
bathymetry, involving effective parameters deduced from elementary problems on a unit
cell. Due to the anisotropy of the effective medium, the homogenized model leads to an ef-
fective KdV equation that depends on the propagation direction of the soliton. Section 2 is
devoted to the construction of the homogenized model using a three-scale asymptotic anal-
ysis. Finally, in § 3, we analyse the physical properties of the model, with a focus on soliton
sensitivity to bathymetric features such as spacing, obstacle height and incidence angle.

2. Anisotropic Boussinesq and KdV models for structured bathymetry

We consider nonlinear propagation of water waves over a structured bathymetry charac-
terized by a periodic alternation of depths between 4 and £h, 0 <& < 1 and periodicity
p relative to the water depth, see figure 2. Assuming an inviscid, incompressible fluid in
irrotational motion, the velocity # and the associated velocity potential ¢ satisfy

divi¥ur,z,0)=0, u@r, z,t)=V3%@r, z, 1), 2.1

where g is the gravitational constant, ¢ is time, r = (x, y) represents the coordinate in the
horizontal plane and z the vertical coordinate. These equations (2.1) are complemented
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Figure 2. (a) Nonlinear wave propagation over a bathymetry that is periodic in x and invariant in y. (b) The
effective wave parameters are derived from elementary problems set in the two-dimensional unit cell £2 using
rescaled coordinates x,, = x/h and z,,, = z/ h, and we set S = |§2| the unit cell area.

by the nonlinear dynamic and kinematic boundary conditions at the free surface, i.e.
. an
— 4+ ——+gn=0, uz=5+u-Vn atz=n(r,t), 2.2)

(we have defined V f =0, f e, + 9y fe, and V3 f =V f4+9,fe.) and condition of
vanishing normal velocity

u-n=0 on the rigid walls. 2.3)

In the remainder of this section, we first recall the forms of the classical Boussinesq
and KdV equations for constant bathymetry. We then present the main contribution of
this work, which is the generalization of these equations to the case of a rapidly varying
periodic bathymetry.

2.1. The classical Boussinesq and KdV models for a flat bathymetry

For weakly nonlinear and fairly long waves compared with a constant reference water
depth £, the classical Boussinesq equations are deduced from the dimensional reduction
in the vertical coordinate of (2.1)—(2.3). The resulting, effective, system governing the free
surface elevation n(r, t) and the horizontal velocity u(r, t) = u,(r, t)e, +uy(r, t)ey at
the free surface under such hypothesis reads as

an . /S

m +div [(h + n)u] + Y div[Au] =0,
! 2.4)
ou
ot

From the Boussinesq equations, a KdV equation can be obtained (see (3.102) and (3.107)
in Whitham (2011)) by considering solitary wave solutions of the form n(r, t) =no f (x —
ut), corresponding to one-directional wave of amplitude n, propagating in the e, direction
with celerity ¢, leading to

on 3n\ an  ch? 3y
- 1+ ) —4+——=0, =./gh, 2.5
8t+c< +2h>8x+ 6 9x3 c=vE (2.5)

1
—|—gVn+§V(u -u)=0.
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resulting in the form of a soliton of speed u

1/2
nix,t) = nosech2 { (%) (x — ut)} , u=c (1 + ;—2) . (2.6)

As expected for a constant depth, the classical Boussinesq and KdV models are isotropic
and thus insensitive to the direction of wave propagation.

2.2. Effective model for a periodic bathymetry

In the case of a fast-varying periodic bathymetry, see figure 2, the dimensional reduction
of the governing equations leads to an anisotropic version of the Boussinesq and KdV
equations previously given by (2.4) and (2.5) in the case of a constant bathymetry. The
effective problem is set on the surface elevation 7(r, ¢) and velocity u(r, t) at the free
surface, corresponding to averaged versions of the actual field over a periodic cell (hence
homogenizing fast oscillations associated with the presence of the periodic microstructure
at the bottom).

2.2.1. Anisotropic Boussinesq model
The main result of this study is the derivation of the effective Boussinesq equations for a
structured bathymetry, which read as
an
ot

_ 0% 0% 0%u 0%,
2 .
I +hh*div |:(dxx T3 T ayzx ) ex + (dyx e +dyy—ay2’ ey [ =0,

ou _ 1 2
§+gVn+§V(nxux+uy>:0,

+div [(ox T+ e, + (7 +Diiye, ]

2.7)

involving the largest depth / and average water depth %, a non-dimensional parameter o,
responsible of the anisotropy in the linear non-dispersive regime, four non-dimensional
parameters (dxy, dxy, dyx, dyy) accounting for the dispersive effects and one non-
dimensional parameter n, encapsulating the effect of the anisotropic microstructure in the
nonlinear regime. These parameters are given by the resolution of linear static problems, of
the Poisson-type, which depend only on the geometry of the periodic unit cell, see § 2.2.3.
For the case of a flat bathymetry, see tables 1 and 2, these coefficients become explicit
and we recover the classical Boussinesq equations given in (2.4). It should be noted that
the Boussinesq system in (2.7) corresponds, in the flat-bed limit of our model, to the so-
called Kaup system or the integrable version of the Boussinesq system due to Krishnan
(1982). This system has been studied in Chen (1998) and Bona, Chen & Saut (2002)
as one of the possible forms, obtained via the Boussinesq trick and modulo a choice of
the effective velocity reference level (resulting in a family of so-called a—b—c—d systems).
For our model, applying the Boussinesq trick poses no particular difficulty. However, in
the presence of a variable bathymetry, the choice of the effective velocity level becomes
more delicate and requires revisiting the asymptotic derivation. In particular, it would be
necessary to perform the asymptotic analysis for different reference levels to establish the
equivalent of the anisotropic a—b—c—d systems and then carry out a corresponding stability
study. For now, we highlight this as an important direction for future work.
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2.2.2. Anisotropic KdV equation and soliton propagation

A key feature of the effective Boussinesq equations (2.7) is their ability to admit
anisotropic soliton-type solutions in the homogenized sense, when the influence of the
microstructured bathymetry has been spatially averaged. Considering a one-directional
effective solution of the form 7(r, ) = ny f (s — ugt), representing a wave of amplitude
no propagating along the direction eg, which makes an angle 6 with e, with celerity ug.
With s =r - ey the local coordinate along the propagation direction, we find the following
effective KdV equation:

a7 37\ 97 coh3 87
i 1 - — — =0, = Hy, 2.8
az+ce< +2h9> 3s 76 a5 o= VEn (8)

where the anisotropic coefficients (hg, Hg, yp) are defined as

ay cos2 0 +sin® 6 —

hg = h, Hy=|(« cos® 6 + sin® 6 h,
ny cos? 6 + sin’ @ (e )

2.9)

y9=3? " (dxx cos” 0 + (dyy +dyx) cos” 0 sin” 6 +dy sin 0),
0 6

which yields a 8-dependent soliton given by

1/2
_ 310 Mo )
. 1) = n, sech? —upt) ¥, = 1+ —). 2.10
n(s,t)=mno <4y0h;) (s — upt) Ug =Co ( Shg (2.10)

A detailed analysis of the property of this #-dependent soliton is provided in § 4. Note
that in the case of a flat bathymetry (see table 2), one recovers cg =c, hg = h and yy =1,
thus retrieving the classical KdV (2.5) and the isotropic soliton solution (2.6). In the
following, we consider the solution (2.10). We emphasize, however, that the stability of the
standard KdV equation has been demonstrated by Benjamin (1972) and Bona (1975). With
a proper renormalization of (2.8), these stability results directly apply to our anisotropic
KdV equation, independently of the propagation direction defined by 6.

2.2.3. Effective parameters and elementary problems

The non-dimensional parameters oy, n, and d,p, {a, b} € {x, y}, governing the Boussinesq
(2.7), are computed by solving a sequence of linear, static, Poisson-type problems defined
over the periodic unit cell §£2 with local coordinates r,, = (x,,, zm) = (x, )/ h. There are
five such elementary problems, denoted (0O, QECI), Q(yl), §C2>, Q(yz)), each satisfying a
generic form

iV (Vu O + Fe,) =G, in 0,
(VO + Fey) -n=0, on the walls,

90
_(xmvo):H9 Q(xm:o)dxm:O,

azm Zm=0

(2.11)

0, (Vi Q + Fey) p-periodic with respect to x;,.

The source terms F(r,,), G(r,) and H (x,,) vary across the five problems and are given
in table 1. Since some elementary problems rely on the solutions of others, they must be
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1 1 2 2
o Q© 0 o’ 2 oy
1 1
F: 1 o©® 0 w o
) 0
G 0 009 _1 _oo _ 20:" o0 _ 9%
0Xm 0Xpm 0Xpm
oy S S oy S S
H: 0 S -= ——=09, -0 -=09,-
P p p p

Table 1. The five elementary problems follow the same Poisson-type cell problem (2.11). For each, we
provide the corresponding bulk sources F(r,,), G(r,) and surface source H (x,,).

Elementary solutions Effective parameters
Q0 (rm)=0 ay=ng=1

M M n’
Qi (rm)=Qy (rm) === —1m dyy =dyy =1/3
0P ()= 0P (rn)=0 doy =dyy=1/3

Table 2. Explicit solutions for the elementary problems in the flat bathymetry case (with § = p and h = h),
and the corresponding effective parameters from (2.12)—(2.13) .

solved in a sequential order, starting with Q©, then computing QSCI) and Q(yl), and finally
() ()
x and Oy
The effective, dimensionless, parameters «, and n, are given by
2

1 90 1 500
ax:1+—/ 9 (Fm) dro,, nx=l+—/ ( Q (xm,O)) dx,, (2.12)
2 zZm=0

S 0Xm )4 X

where S denotes the area of the unit cell £2, while the parameters (dyyx, dyy, dyy, dyy) are
defined by

1 1

dyXZELQ;l)(rm)drm, dyyzg/;zQ(y])(rm)drm,

(2.13)

@ @
1 an 1 8Qy
dex = dyx E/Q ax O Do =dotg |, A

For a flat bathymetry, the elementary problems admit explicit solutions, leading to
classical values for the effective parameters of the standard Boussinesq model (2.4), as
summarized in table 2.

3. Asymptotic derivation of the homogenized Boussinesq model
3.1. Summary of the asymptotic procedure

To capture in a single asymptotic framework the contributions due to nonlinearities and
dispersion, we use classical scalings for characteristic wavelength 1/k, water depth &
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Figure 3. Non-dimensional scales of the problem, from (3.1)—(3.2). (a) The microscopic scale is associated
with the wave amplitude ka = ad 3 (the macroscopic scale is that of the non-dimensional wavelength O (1)); (b)
the intermediate, mesoscopic, scales are associated with the water depth kh = § and array spacing p§ = O(6).
Panels (a ii) and (b ii) show the corresponding systems of coordinates in the microscopic domain and in the
mesoscopic domain, within the unit cell, see (3.6).

and wave amplitude a. Specifically, by introducing the dimensionless nonlinearity and
shallowness parameters

e=%<<1, S=kh<1. (3.1)

Moreover, we consider the following scaling:
e=ad’, with a=0(), (3.2)

which ensures a non-trivial interplay between nonlinearities and dispersion as well as
keeping a single small parameter § in the study. In addition, the structured bathymetry has
periodicity and step height of the order of 4. In the following sections, we will conduct the
asymptotic analysis in the different regions shown in figure 3 and, for simplicity, we will
consider the non-dimensional form of (2.1)—(2.3). Introducing leading-order dispersion
relation w = \/gh k, we use the following transformations:

t—owt, x,v,2)—>k(x,v,2), n—n/a, u—u/(wa), ¢—ke/(wa), (3.3)

which provide the non-dimensional form of (2.1). The incompressibility (Inc), and
irrotationality conditions (Rot) become

(Inc): divi¥u=0, (Rot): u=V3¥y, (3.4)

while the dynamic (DC) and kinematic (KC) conditions at the free surface, described by
(2.2) and (2.3), as well as the vanishing normal velocity on the rigid walls formed by the
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seabed at and the walls (RC) read

dp u-u _ an
DC) : 5—1—887—{—8 n=0, (KC): uZZE—I—S(Su-Vn, atz =¢&én(r,t),
(RO): u-n=0 on the walls. 3.5

In the above equations, we distinguish three different scales. We first have the macroscopic
scale which concerns the horizontal variations that occur at the wavelength scale. Next, we
have the mesoscopic scale, which is associated with the scale of the water depth and the
bathymetry. Finally, we have the microscopic scale which governs the scale of the wave
amplitude ¢4 in the vicinity of the free surface. Note that the macroscopic and mesoscopic
scales are classic for linear shallow-water waves, while the microscale is linked to the
(weakly) nonlinear context. This microscopic region corresponds to a zoom revealing the
finite wave amplitude, very small compared with the water depth (strictly zero in a linear
analysis), and its study will provide the boundary condition for the mesoscopic region.
Based on these considerations, we introduce rescaled coordinates capable of taking these
different scales into account vertically and horizontally,

im — &N

a Z), micro: z,, = (3.6)

85’8
At the mesoscopic scale in the region of the bathymetry or at the microscopic scale near
the free surface, the procedure consists in using the appropriate spatial coordinates (3.6)
to get a unitary domain that depends neither on 6 or ¢ (it has O (1) dimensions) while the
dependence on the small parameter appears explicitly in a new system of equations. The
two regions are then connected by asymptotically matching their solutions.

macro: r = (x, y), meso: Iy = (Xpm, Zm) = <

3.2. Setting of the multiscale problem

3.2.1. The mesoscopic domain

The mesoscopic domain §2 consists of a two-dimensional periodic cell of vertical extend &
and horizontal unitary extend. It includes the microstructural bathymetry at the sea bottom
but it excludes the free surface of vertical extend &6 < §, see figure 3. At this scale, the
fields follow a two-scale expansion with respect to the macroscopic scale r and mesoscopic
scale r,,

u=Yy 8"u(r.rm. 1), =) 89" ru. 1), (3.7)

n=0 n=0

with #™ and ¢ being p-periodic with respect to x,,. The differential operator is thus
redefined as

3 1 e 0
V¢~ V+-V,, V,.=e, +e, , (3.8)
) 0x,, 0Zm

and it follows that (3.4)—(3.5) in the mesoscopic domain read
. I . 1
"(Inc) : divu + gdlvmu =0, ™Rot): u=Vep+ ngw,

"MRC): u-n=0 onthe walls. (3.9)

We insist on the fact that the mesoscopic region excludes the free surface: the values of
the fields at z;,, = 0 are unknowns at this stage and their determination will result from a
matched asymptotic analysis with the microscopic domain introduced in the next section.
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3.2.2. The microscopic domain

The microscopic domain is the region located at the free surface which results from a zoom
made at a point x,, near the boundary z,, =0 in the mesoscopic domain. It corresponds
to a water column of infinite vertical extent where nonlinearities are governed by the
dynamic/kinematic boundary conditions at the free surface. Here, we have to account for
the variations of the fields on the macroscopic scale over x and y, on the mesoscopic
scale over x,, but now over the microscopic scale z,,. Accordingly, we have a three-scale
expansion as follows:

u= Zanv(n)(r’ Xy Tus 1)y Q= Z(Snw(n)(r, Xms Zus 1), M =Z§nn(n)(r, Xm, 1).

n=0 n=0 n>1
(3.10)
The differential operator reads at this scale
0 d
vy Sy % (3.11)
§ 0xp,  ad3n oz,
It follows that (3.4)—(3.5) in the microscopic domain become
: 1 duy 1 du,
H(nc): divu+ —— + ———=0,
(Inc) 8 dxm  ad3ndzy
dp 18 d 19 G-12
BROD : sy = ool =20 = 2
ox 8 0xp, ay ad3n 9z,
along with
ap u-u
“DC): — +8 'p+as® — =0,
(DO ==+ n+ad” —
(3.13)

d 1 9
H(KC) : uZ=8—2+a83<u-Vn+guxaTn>, atz, =0.
m

Note that we have anticipated from #(DC) and #*(KC) that ¢ = O(1) implies n and u,
are O(8), hence v§0) = n(o) =0 in (3.10). These equations have to be complemented with
appropriate conditions where z, — —oo which correspond to matching conditions with

the mesoscopic region as we will see in the next subsubsection.

3.2.3. Matching the solutions in the mesoregions and microregions

The missing conditions that we have identified in the mesodomain and microdomain are
provided simultaneously by matching the solutions in an intermediate region when z,, — 0
and z,, — —o0, see figure 3. Specifically, for ¢, we need to have

0O, 1, )+ 80V, 1 ) oo ~ YO, 0, 20, )+ YV, X, 2 ) -1
(3.14)

The matching procedure is the same for the other fields. Taking into account (3.6) and
using the Taylor expansion

a
fr, xm, zm,t) = f(r, x,, 0,1) —I—a(SZ(zM + Dn(r, xm, t)%(r, X, 0,8) o0,
m
(3.15)
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we identify in (3.14) the terms of the same power of §, which gives

(p(n)(r9 xm’O» t)= 11m w(n)(r’xmv Z}Lat)v n=07 17 25
Ip—>—00
e, x,,0,1) = lim (1//(3)(r, Xy Zps ) (3.16)
Zu—>—00
3
_a(Zu‘Fl)ﬁ(l)(",me) (raxn%o, t))
0Zm

The same relations are obtained by replacing ¢ by u,(cn) or u§") and ¥ by v)(cn) or vgn).

3.2.4. The macroscopic fields
We aim at obtaining equations on macroscopic fields which depend only on r and ¢. The
fields are defined by averaging the following fields at the free surface X,,;:
1
pr @ n=— / @, X, 0, 1) dxy, @'V 1) =G (r, 1),
P JXy
| (3.17)
7" (1) =~ / ™, X, 1) dxm,
P Jx,

and as an intermediate mean field we shall also use the average horizontal velocity in the
unit cell

1
U™, 1= 5 /Q <u;”>(r, Fmsex +uld (r ., t)ey> dr,. (3.18)

3.3. Resolution at orders zero and one: non-dispersive linear behaviour

PROPOSITION 3.1. The effective wave equation reads at the dominant orders n =0, 1,

—(n+1)

2p™ o7

7nth —o0, divuo®™ =0 3.19
ot +7n s v +« a7 , ( a)
3—(n) a—(n)
U — g, ‘a‘)x ex -+ ‘g—yey, (3.195)

with k = (p/S) and o, given by (2.12).

Remark. At these dominant orders, the effect of the microstructure is already visible
since the wave equation is anisotropic, however, the effects of dispersion and nonlinearities
are not captured. In the absence of microstructure, i.e. a flat bathymetry, see table 2, we
simply obtain the linear isotropic wave equation in shallow water.

3.3.1. Proofof (3.19) forn =0
From " (Rot)~! in (3.9), we have Vm<p(0) =0, and from “(Rot);l and ”“(Rot)z_4 in
(3.12), axmw” = 32,“‘/’(0) =0, hence v @ =y O, ). Owing to the matching (3.16), we
deduce

v O, =900, 1). (3.20)

1024 A43-11


https://doi.org/10.1017/jfm.2025.10882

https://doi.org/10.1017/jfm.2025.10882 Published online by Cambridge University Press

K. Pham, A. Maurel and A. Chabchoub

Next, from #(Inc) = in (3.12), 8,,v" = 0. Accounting for *(KC)' and #(DC)° as well
as the matching on ugl) from (3.16), we obtain
aZw(O) 877(1)

at -
ar? r. 1) ot

v D, 1) =— . ) =uDE, . zn=0.0),  (321)

which tells us that ugl) does not depend on x,,. By integrating (3.21) over X,, together
with (3.20), we obtain the first relation in (3.194) for n = 0. Now, we use " (Inc)? in (3.9),
namely diva® + div,,ul) =0, that we integrate over §2. By doing so and accounting for
the boundary condition m(RC)! in (3.9) on the walls and for the p-periodicity of uD with
respect to x,,, we obtain

SdivU©® + / U, X, 2w =0, 1) dxyy =0, (3.22)

m

where the second term is deduced from (3.21) and we obtain the second relation in (3.194)
forn=0.

The relation (3.19b) is obtained by considering the problem satisfied by (u©?, ¢(1) in
the r,, € £2 coordinate. From " (Inc) !, " (Rot)?, ™ (RC)? in (3.9) along with the matching

condition (3.16) which provides ugo)(r, Xm, Zm =0) =0 (since v§°> =0), the problem
reads

divy,u® =0, u®=v,0" +vgQw, 1), ing,
1u© . n =0 on the walls, u§°) =0atz, =0, (3.23)

u® oM p-periodic with respect to x,,.

The above problem is linear with respect to the two components of V@(» and noticing that
ry - ey =0, the solution can be written as

W _—m, 979 o
o=+ =—07, (3.24)

with 6(1) defined in (3.17) and Q(o)(r m) solution to the elementary problem announced in
(2.11) and table 1.

Integrating u© = V,,0" + V@@ (with (3.24)) over £2, see (3.17), we obtain (3.19b)
with oy given by (2.12).

3.3.2. Proof of (3.19) forn =1
We proceed as for n = 0. From “(Rot)z_3 in (3.12), 8@1&(1) =0, and from “(Rot)g’y in

(3.12), ’"(Rot)g’y in (3.9) and (3.20) (along with the matchings (3.16)), we have

YO, xm, ) =0V, x0, 0.0, VP, X, ) =0l (¢, X, 0,1), a=x,y. (325)
Next, from #(Inc) 2 in (3.12), 9z, vgz) = 0 hence from #(KC)? and #(DC)!, along with the
matching u§2> in (3.16), we obtain

) 2(,0(1) 3,7(2) )
UZ (rv xm’ t) = _W(rv xm, 07 t) = T(rs xm: t) :uz (rv xm’ 07 t)7 (326)
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whose integration over X, provides the first relation in (3.19a) for n = 1. Now, we use
™ (Inc)! in (3.9), namely divuD + div,,u® =0, that we integrate over §2. Proceeding as
previously, we obtain

SdivU“)+/ u® (1, X, 0,1) dx,, =0, (3.27)

and using (3.26), we obtain the second relation in (3.19a) for n = 1.
We now consider the problem satisfied by (u", ¢®) in r,, € £2 coordinate. From
" (Inc)?, " (Rot)!, ™(RC)! in (3.9) and (3.21), the problem reads

divpu® = —divu @, 4D =v,0? + Ve, in 0,

82—(0)
D_ _% atz, =0, (3.28)

uD, 9@ p-periodic with respect to x,,,.

uM . n=0on the walls, ué

We know (u©@, <p(1)) from (3.24) and we use that 8”@(0) = 1/K(axaxx¢<°> + Byya(()))
from (3.19a)—(3.19bh). The solution at this order can be express as a linear combination of
elementary solutions pondered by macroscopic sources. Accordingly, we set

_ %" 9%
0@ =@ 4 Q(O) = Q +2 7 e o'h, (3.29)

(and uD given in Appendix A.1) with w(z) defined in (3.17), Q(O)(rm) Q(l)(rm) and
Q(l)(rm) solutions to the elementary problems given in (2.11) and table 1.

We notice that Q(l) and Q(l) are even functions of x,, (with Q© an odd function of x,,)
due to the symmetry x,, — —x,, of the obstacle. Accordingly, integrating u") = V,,¢® +

Vo over £2 (with (3.24) and (3.29), see also Appendix A.1 for the explicit expression of
uD), we obtain (3.196) at order n = 1.

3.4. Resolution at order two: dispersive contributions

PROPOSITION 3.2. The effective wave equation reads at the order n = 2,

ao? on(3
W 59 =0, divu®+e2— 0, (3.30a)
ot a1
e 5350 535
(2) _
U = e e (3.30b)
5 5350 5350
(2) _ -
U = S v (3.30¢)

where (dyy, dxy, dyx, dyy) are defined in (2.13).

Remark. Anisotropic dispersive terms appear at this order while nonlinear contributions
remains absent. In the absence of microstructure, i.e. a flat bathymetry, see table 2, all the
dispersive coefficients d;; are equal to 1/3.
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3.4.1. Proof of (3.30)

We start with the equivalent at order two of relations (3 25) and (3.26). First, from
#(Rot); 2 in (3.12), we have 9, ¥* =0, and from *(Rot), , in (3.12), " (Rot); , in (3.9)
and (3. 25) (along with the matchmgs (3.16)), we have

YOE, X 1) =P, X, 0,0), vV, X 1) =ulV(r, X, 0,1), a=x,y. (3.31)

Next, from “(Inc)~! in (3.12) and (3.25), we have 0z, vz o3 = om(l)a u§0)|2m_0 We
obtain v, 3 by integration and using that v( ) = 3n® at Z;, =0 from K(KC)3 in (3.13)
along with (3.21). With n® satisfying “(DC)Z, we eventually obtain
3) 9
P (r7 Xms t) —Zp aa_(ﬂ(])(r» t)MECO)(r’ Xm s 0’ t))a
X

" (3.32)

3
U; )(ra x}’na Z/La t) =

3(p(2>

1D, xm, 1) + (r, xm,0,1) =0,

and taking the average over X,, of the second relation above provides the first relation in
(3.30a). Using further the matching (3.16) on u( ) , we also obtain

an® 9
g (7 1) e (1, a3, 0.0) . (333)

MES)(ra xm7 Oa t) =

Now, we use " (Inc)? in (3.9), namely divu® + div,,u® =0, that we integrate over £2.
By doing so and accounting for the boundary condition ”* (RC)? in (3.9), we obtain

SdivU® + / uD(r, xm, 0, 1) dx,, =0. (3.34)

Xm

Reporting (3.33) in the last integral and using the p-periodicity of n(l)uio) with respect to
Xm, we obtain the second relation in (3.30a).
We consider the problem satisfied by (u?, <p(3)) in r,, € 2 coordinate. From " (Inc)!,

™ (Rot)?, ™(RC)? in (3.9) and with u'” at z,, = 0 given by (3.26), the problem reads

diveu® = —diva®, 2@ =V,0® +Ve?® ine,
2 2 9%
u® . n =0 on the walls, ug)=—— atz, =0 (3.35)

u®, (p(3) p-periodic with respect to x,,.

We know (D, 90(2)) from (3.28) and (3.29), and (p(l) from (3.24), and this tells us that
the problem is linear with respect to the two components of V@@, 8,,¢!) and ayyam
(as at order one) as well as 3y, @ and dyy,9® (see Appendix A.2 for the detailed
derivation). Accordingly, we set

3%g 3%p

3% ®

_ 3<p 3? so
B og® ¥ p0 LY Q<> o

500
(3.36)

@ Q() Q()

with #® (given in Appendix A.1), @ defined in (3.17) with the two additional functions

(2) and Q(yz) appearing at this order, solution of the static elementary problems defined
in (2 11) and table 1.
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We note that Qiz) and Q(yZ) are odd functions of x,, (with Qgcl)y and Q© being even

and odd functions of x,,, respectively). Accordingly, integrating u® =V ,,0® + Vo
in (3.35) over £2 with (3.29) and (3.36) (see also Appendix A.1 for the full expression
of u®), we obtain the form of U @ announced in (3.30b). Eventually, in the absence of

microstructure, with Q@ =0, QECI) and Q(yl) independent of x,,, we recover that QSCZ) =
Q(y2> =0, as announced in table 2.

3.5. Resolution at order three: nonlinear contributions

PROPOSITION 3.3. The effective wave equation reads at order n =3,

2 2

3@( 3) @ 3@( 0) 3@( 0)

- — T =0,

ar T ) T\ Ty

an¥
divU(3’+x(% + adivive @y | =0, (3.37a)
8@(3) 33¢(1) 33¢(1) 3@(0)
UP) =a,—— +d dyy —ark(1—ny) —7q, 3.37b
X = +dyx P +dy, 22072 ak(l —ny) ol ( )
3@(3) 335(1) 335(1)
3) _
U = 5 +dyx8x28y+dyy e (3.37¢)

where ny and ay are given by (2.12), and (dyy, dxy, dyx, dyy) are defined in (2.13).

Remark. A nonlinear anisotropic contribution appears in (3.37a) at this order. Such
contribution becomes isotropic in the absence of microstructure (with k =n, = 1). Note
that the nonlinear contribution in (3.37b) vanishes also for n, =1 in the absence of a
microstructure.

3.5.1. Proof of (3.37)
From ”(Rot);1 in (3.12), 8zﬂzp(3)=0, hence from the matching (3.16) along with

d,, 9@ = 0 from (3.20), we deduce
U, xm, 1) =0, x, 0, 1). (3.38)

Using the result above along with #(DC)3 in (3.13) and (3.25), we have

g

o
S 0.0 40 0+ Z(@OP H@?) =00 339)

with (uﬁo), u§9)) given in (3.23) together with (3.24). Integrating (3.39) over X,, and

accounting for the periodicity of Q© with respect to x,, provides the first relation in
(3.37a).

We now consider v§4) which is given by 1 (Inc)? in (3.12). Using (3.25) and (3.31)
along with " (Inc)~ "0 in (3.9), we obtain 3zMU§4) =ad,, (n(l)ugl) + n(2>u§°))|z,n:0. By

integration, and using # (KC)* in (3.13) with n(l) independent of x,, from (3.21), we obtain
1024 A43-15
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Z |zM:O’

877( ) an®
@ — 0) O, v,
V2 z=0 = TS + ox, +u Vn

4 i
v =z, o - nVud +7@u®), o+ v
(3.40)

|Zm =0

Now, we use " (Inc)? in (3.9), namely divu® + div,,u™® = 0, that we integrate over §2.
By doing so and accounting for the boundary condition ”* (RC)* in (3.9), we obtain

SdivU® + / u®(r, xm, 0, 1) dxy, = 0. (3.41)

To deduce u§4)| 2,,=0> We extend the matching condition (3.16) at the fourth order, namely

0
(4) — T (4) = (D, (D) 2),,0
). o _zul—l>n—loo ( —a(zy+ 1) o (nVug? + nPu )Izm=0> ) (3.42)
Using (3.40), and again ™ (Inc)®!, we obtain
an@ 3
24)|zm—0 = _8 +adivipMu @), o + o — o (nPu? + n<1)u§”)|Zm:0 (3.43)
m

(we also used the property that n'") does not depend on x,, from (3.21)). Inserting the
above result in (3.41), the integral of the third term of (3.43) vanishes by periodicity, as
previously, and with n = ﬁ(l) from (3.21), we obtain the second relation in (3.37a).

We now consider the problem satisfied by (>, ™) in r,, € 2 coordinate. From
™ (Inc)2, ™(Rot)?, (RC)? in (3.9) and with u?) at z,, =0 given by (3.32), the problem
reads

divmu(3) = —divu(z), u® = Vm(p(4) + Vgo(3), in §2,

u® .n=0on the walls,
(3.44)

43 3’7() I () ©)
= (r xm7 t) +a_ (n (r’ t)ux (rs xm7 03 t)) at Zm :07

t 0Xp,
u®, (p(4) p-periodic with respect to x,,.

We know the expressions for u?, o3 from (3 35) and (3.36), n® from (3.32)
and (3.29), nV from (3.20) and (3.21) and ux from (3.23). This static problem
can be decomgosed as a linear combination of the macroscopic components 9,¢",
(Bxxa(z), ayy¢< )) and (Bxxx_(]), axyya(”) in a similar way tothe previous order, see
(3.36). The additional macroscopic components compared with the previous order are
the fourth-order derivatives (0yy xxg?(o), Bxxyyg?(o), Byyyya(o)) as well as the nonlinear term

a7V (35 /9x) (see Appendix A.2). Accordingly, we set

o — g 4 82 Q(O)JFE)ZL?Q@ %Q(l)_{_ 3;@;1)Q§2)+%Q§,2),
L9 w( )Q( 3) 3;/) D9 00 3490 09 o0 —(1>8‘/’( )Q<3>
oy (3.45)
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(and u® given in Appendix A.1) with @® defined in (3.17). The elementary problems
satisfied by (Q(S) Q(3) Q(S)) are collected in Appendix B.1 since we shall not use them.
Indeed we only need to know that they are even functions of x,,; the problem satisfied by
0 reads

divy (Vn0?) =0 in 2,

V,, 0% - n =0 on the walls,

90¥ 92
o _ — 09y, 0), / 0% dx, =0, atz, =0,

0zm  0x2
0%, v, 0% p—periodic with respect to xy,,

(3.46)

and we notice that O is an odd function of x,,, and in the absence of microstructure
0© =0, hence 0¥ =0. Integrating u® =V,,0% 4+ V,,03 in (3.44) over £2 with (3.36)
and (3.45) (see (A1) in Appendix A.1 for the detailed form of #®) and eliminating the
contributions from odd functions, we obtain the form announced in (3.37b) for U 53) and
ag® PE PEm e 9p®

3 — -
s =a 0x i 0x3 +dxy8x8y2 T oy

withd =1/S [,(30® /dx,,) dry,, and it is shown in Appendix B.2 that d = k(1 — n).

(3.47)

3.6. Final model

The final model is obtained by gathering the results from order zero to order three,
namely (3.19), (3.30) and (3.37), and considering in a first step the unique fields U =
UO4+sUD ... 830, 7=570 4 ... +5*5™. We obtain

. k07 2 e e —
divU + S ar + ad“kdiv(n Vo) =0, (3.48a)
g 1. sl 39 3\ >
T~ S T _r =0,
ar T ( <8x> +(8y

k1) 339 BN _dp
Ur = +32dmF + 682 dxya 52 — a8’k (1 = ny) Lt (3.48b)
¥ L, g , ., g

U, =2 1824, 2% 524,52

YT 9y T 9x2dy TV 9y3

By using the velocity at the free surface, u = Vg, instead of U, and eliminating ¢, we

obtain

an Oy N\ 1 N\ _

— + &div <—+8nxr]) uxex + | — +en)uyey
ot K K

8 3%u 3%u 3%, 3%u
+—div [(dm oy 8y2x> e+ (dmW S 2e, |=0, (349

)0, D100
dy ot 28

(nxu —|—u> 0,

_ (3.50)
whose dimensional form is given in (2.7), with & = h/k being the mean water depth.

8x+ 8t+28
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4. Analysis of the effective model

We investigate in this section the physical properties of the effective Boussinesq (2.7) and
the KdV (2.8), as well as the soliton solution (2.10). To simplify the analysis, we consider
a bathymetry composed of plates with vanishing thickness. By doing so, the average water
depth & = h remains fixed, leaving us with two dimensionless geometrical parameters:
the array periodicity rescaled by the water depth column, p, and the rescaled reduced
water depth £ (§ = 1 corresponds to a flat bathymetry). We will see that, in the considered
limit of thin plates, the Boussinesq and KdV equations are significantly modified for
wave propagation along the x-direction, while they remain unchanged for propagation
along the y-direction. The case of oblique propagation continuously varies between
these two extremes. This configuration also highlights a potential issue when applying
homogenization directly to a reduced problem, written solely in horizontal variables and
involving the depth profile 4(x) (Quezada de Luna & Ketcheson 2021; Ketcheson et al.
2025). In such an approach, if one simply considers a laminated depth profile 4 (x) that
alternates between h and &k over plates of vanishing thickness, one would incorrectly
conclude using homogenization that these plates have no effect on wave propagation —
which is not physically accurate in the x-direction.

4.1. Analysis of the anisotropic Boussinesq (2.7)

According to (2.7), the effect of the bathymetry is encapsulated in the parameters
(atx, ny, dyy). For a solution depending only on x, (2.7) simplifies to

o7 ou 9 3’u

Do n 2 L, +hd — =0,

ot 0x ox 0x 4.1)
R o _ Juy

ar T8y T
and for a flat bathymetry, we have o, =n, =1 et dy, = 1/3. In contrast, for a solution
depending only on y, (2.7) simplifies to

3 duy 0 du
T n 4 Dy + hdy, =0,
ot ay  dy ay 42)
duy o _ uy
—+g— +uy,— =0,
at dy ay

which differs from the one-dimensional version of (2.4) for a flat bathymetry only in the
value of dyy and its deviation from 1/3. The coefficients (dyy, dy,) appear only for oblique
propagation in the (x, y) plane.

Figures 4 and 5 show the variations of the six non-dimensional effective parameters,
namely (o, ny) and (dxx, dxy, dyx, dyy), which enter effective Boussinesq equations
(2.7), see also (4.1) and (4.2). These parameters, defined by (2.12) and (2.13), were
obtained by numerically solving, with COMSOL Multiphysics, the potential flow
problems given in (2.11) together with table 1. In the numerical set-up, we considered
an elementary unit cell (in dimensionless coordinates) of width p and height 1, containing
a plate of thickness 10~ and height (1 — £).

The deviation of o, from 1 directly reflects the anisotropy of the medium, which applies
both in the linear and nonlinear regimes: it quantifies the ratio of effective water depths in
the x- and y-directions. In Maurel et al. (2017), it was shown that anisotropy is maximized
for infinitely thin plates, which is the case we consider here, and for small spacing p.
We recover this result with o, — & in the limit p — O (see table 3), meaning that the
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(@ . (b) (o)
+<m
R 1 o, £=05 . 1.6 n,
0
Olie
10.12
£=0.1
1
| -0.12
v e 1.0_ T 1-
> 0 10 0 10
p p

Figure 4. Parameters (o, n,) entering the effective Boussinesq (2.7): (a) 09 (x,,, zy) solution to (2.11) and
table 1 (§ =0.5, p =0.25); (b) (o, ny) against the rescaled periodicity p for increasing rescaled water depth
over the plate £ = 0.1 to 0.5, with a step of 0.1).

sl % 13 b
03 / 0? /
£=05
10.015 o 10.06
10 £=0.1 o
0 0
d, d,
yx vy
0; 173 ! 1/3
10.16 10.5
10 10
0 10 0 10
p p

Figure 5. Parameters (dyx, dxy, dyx,dyy) entering the effective Boussinesq (2.7) against the rescaled
periodicity p for rescaled water depth over the plate £ =0.1 to 0.5 with a step of 0.1. The insets show the
solutions to the elementary problems in the unit cell for p =0.25 and £ =0.5.

effective height in the x-direction tends to (£4), the smallest water depth imposed by the
bathymetry. This result is intuitive since, when the spacing between plates is very small,
the flow cannot penetrate the dense vertical layer region, which thus behaves like a flat
bottom at depth £/. This intuitive picture is in line with the analysis presented in Nachbin
(2003), see in particular figures 5.1 and 6.2 of that reference. The effective height in the
y-direction remains /%, the largest water depth imposed by the bathymetry. For infinitely
thin plates, this is also intuitive since the flow in the y-direction does not ‘see’ the plates
regardless of the periodicity p, at least in the inviscid regime, and thus, only experiences
the water column of depth 4.
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Elementary solutions Effective parameters
Zm € (=1, =§) Zm € (—§,0) (2.12)-(2.13)
p
0V =2 —xm, QO (rm) =0 a1
1 z 2 §2
O\ > 2 (xy = pm +£7), O === =z, du= (-8,
oo’ o~ I’ dyy
y = 2 pmv y - 2 ms )y—37
Xm — = 2 §3
0P =~ —— 2 ((xm - g) +352> , 0% ~0, der = =,
p
) P\? 2 1) g
0P~ —2 ((wn-2) +3@n’ +22m ). 0P =0, diy = 2= (3-6),

Table 3. Estimates of the effective parameters for flat bathymetry in the limit of small periodicity to water
depth ratio p.

In the considered range of plate heights, variations in the nonlinearity parameter n
are relatively small, deviating only slightly from the value 1 corresponding to a flat
bathymetry. Turning to the dispersion parameters, as mentioned earlier and as expected
for infinitely thin plates, dyy, ~ 1/3 regardless of p and &. The numerical computation
of dyy retrieves this theoretical value with an accuracy of 0.3 %. In comparison, the
dispersion parameters (dxy, dyy, dyx) decrease significantly as p and & decrease. Notably,
the effective heights o, 4 and (3d, Y31 coincide only for small values of p.

These variations indicate that wave propagation along y is unaffected by the presence of
plates. In contrast, when the array is dense (p — 0), wave propagation along x corresponds
to propagation over the smallest water depth £/ imposed by the bathymetry, with a,h =
Eh, dyh® = (1/3)(Eh)? and n, = 1 in (4.1).

4.2. Analysis of the anisotropic KdV equation (2.8) and associated soliton solutions

We start by analysing the KdV equation. For wave propagation along x (8 =0), (2.8)
combined with (2.9) gives

an 37\ a7 coh? 337
= 1422 ) 24— =0, c¢o=1+/gHo. 43
at~|—Co( +2h0> oy T ¢ 5.3 co=+/'8Ho (4.3)
where
h 3d
Ho=ach, ho=22 o= 2202, (4.4)
Ny ay

This equation differs from (2.5), which holds for a flat bathymetry, in two aspects: the
relationship between ¢y and hg, since Hy # ho in general, and the introduction of the
coefficient yp, which deviates from unity. As a result, a potential imbalance between the
dispersion and nonlinear terms arises. For wave propagation along y, using /(5 /2) = h and
Y(x/2) = 3dyy > 1, we recover the classical KAV equation for a water depth £, as expected.

For the general case of oblique incidence in (2.8), figure 6 displays the variations of the
effective depths (cg /c)2 = (Hp/ h) in the linear term and (hy/h) in the dispersive term
as functions of p and 6. The results are shown for £ = 0.3, but aside from bound values,
the trends remain similar for different values of &. Both effective depths exhibit similar
variations, with Hp > hg. In agreement with the Boussinesq equation analysis, equality
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(a)

/2

Figure 6. Anisotropic KdV (2.8)—(2.9): variations as functions of p and 6 of (@) the normalized effective depths
(co/ o) =(Hy /h) in the linear terms; (b) hg/h in the dispersion; (c) y» in the nonlinear terms. The trends,
shown for £ = 0.3 are similar for other values of &, with m ~ 1 +0.04(1/&% — 1) representing the maximum
of yp obtained for 6 =0.

is reached for 8 =0 and small p (Hyo=ho=£&h), as well as for 6§ = /2 regardless of
p (H(z2) = h(z/2) = h). The parameter y, exceeds 1, reaching its maximum at 6 =0 for
intermediate values of p. As & decreases, this maximum increases and occurs at larger
values of p. Within the considered range of &, the maximum is found around p ~ 5 — 6 and
follows an empirical law of the form 1+ 0.04(1/£% — 1). We refrain from extrapolating
the behaviour of the coefficients as £ — 0, which would require revisiting the asymptotic
analysis. It is worth noting that surface-piercing effects could occur for plates reaching the
free surface, which falls beyond the scope of this study.

We now examine the soliton solutions in (2.10), characterized by €y = (4y5 hg / 3770)1/ 2

(its spatial extent) and uy (its velocity). The reference case is given by £ = (4h3/ 3n0)/?
and u in (2.6). Consistent with the KdV analysis, the soliton width is maximal for
propagation along y, where £(;/2) = £, and minimal for propagation along x, with £y =
V(3dyx/ny)L. In the limit of dense plate arrays, we obtain £y~ £3/%¢. To provide a
concrete example, we consider a typical configuration with solitons over 2 = 10 cm and
o =0.3h (with g =9.8 m s2). Figure 7 presents the variations of these parameters
with respect to p for # =0 and with respect to 6 for p = 1. The soliton velocity and
exponential tails decrease significantly as p or £ decreases, to the extent that even for
moderate values of &, these effects should be experimentally observable. This is illustrated
in figure 8, which displays the soliton profiles for £ = 0.5, 0.3 and 0.1 for propagation along
x (coloured curves) and along y (grey curves). The profiles are shown at ¢ = 0 (solid lines)
and t = 1 s (dashed lines). Anisotropy in both soliton shape and velocity is already clearly
visible for £ = 0.5 and becomes more pronounced as & decreases. Note that these profiles
correspond to the explicit solutions given in (2.10), rather than to a dynamical solution
of the anisotropic KdV (2.8). However, as mentioned earlier, the stability of (2.8) for any
propagation direction 6 is guaranteed, since it has the same form as the classical KdV
equation; therefore, the results of Benjamin (1972) and Bona (1975) apply directly.

5. Concluding remarks

Following the pioneering work of Rosales & Papanicolaou (1983), we have derived
effective two-dimensional Boussinesq and KdV equations encapsulating the effect of a
periodic, rapidly varying, bathymetry in the x-direction. These equations reveal strong
anisotropy, which has been illustrated in the case where the bathymetry results from
an array of thin plates, allowing us to explore the effects of the array periodicity and
the plate height. Our deliberate choice of a relatively simple geometry, well-grounded in
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(a) (0)
1 i = 1
0/t £=05 0,/
0 10 0 90
p 0(deg.)
(b) (@)
10 ug/u = 1.0 up/u
0.6 0.6
0 10 0 90
p 0(deg.)

Figure 7. Soliton characteristics: variations of £, (spatial extent) and ug (velocity) of solitons, (a—b) as
functions of p for 8 =0, and (c—d) as functions of 6 for p =1. The parameters are set to # =0.1 m and
1o =0.03 m.

the metamaterials literature and easily realizable in a laboratory experiment (Berraquero
et al. 2013; Maurel et al. 2017), enables us to emphasize effective parameters that
remain robust in any configuration, as opposed to terms arising only from symmetry
breaking. This simplification provides a clear foundation from which extensions to more
complex bathymetries can be pursued within the same theoretical framework, with new
terms naturally identified and their influence assessed. It also highlights the necessity of
considering the three-dimensional effects of the original problem: any homogenization
analysis starting from a reduced formulation based solely on a depth profile 4 (x) fails
to capture the plate-induced effects in the limit of vanishing thickness. Altogether,
this emphasizes both the theoretical importance and the experimental feasibility of our
approach.

The next step is to perform laboratory experiments, to confirm our results by
investigating the ability of soliton-like solutions to propagate according to the derived
laws and to explore the limitations of the approach, in particular the influence of vortex
structures expected to be generated by the plates. From a numerical perspective, the
stability of different formulations of the Boussinesq equation has been discussed in the
case of a flat bottom, see for example Chen (1998) and Bona et al. (2002). A similar
discussion can be carried out for the homogenized (2.7) we have obtained. Another
promising direction would be to compare our homogenized results, for instance (2.10),
with direct numerical simulations in the presence of bathymetry. In particular, the recent
work of Svird & Kalisch (2025) is highly relevant, as it establishes a Boussinesq system
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Figure 8. Soliton profiles 77(x, ) propagating along x (6 = 0), shown at r = 0 (solid coloured lines) and t =1 s
(dashed coloured lines), obtained from (2.10) for (a) £ =0.5, (b) £ =0.3 and (c) £ =0.1. The grey curves
represent the reference solution 7 (x, #) from (2.6), which corresponds to propagation along y, i.e. 7(y, t).

that is numerically stable even in the case of discontinuous bathymetries, including
step configurations. This suggests a natural opportunity to confront the predictions
of our homogenized model with those obtained from direct simulations over stepped
bathymetries.
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Appendix A. Additional results for the asymptotic procedure
A.l. The velocities u™

In this section, we provide the expressions of the velocities u = V,,o # 1 4 v
(from ™ (Rot)" in (3.9)), the integration of which over £2 provides U ™) defined in (3.17).

We have determined (p(”), n=-1,---,3 in (3.20), (3.24), (3.29), (3.36) and (3.45).
1024 A43-23
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For completeness, we provide below the forms of u® forn=0,1,2,3 given, respectively,
by (3.23) (3.28), (3.35) and (3.44). Specifically, we obtain

ap® ag®
0 0
u® ==—(VuQ® +e) + ——e,,
g )
u“):—ax (Vi QO +ey) + ey
325 ® 320 32g®
ey 0) (1 (0)
+ axz (VmQx + Q e)C)+ 8y2 VmQy + axay Q yo
3@(2) aa(z)
u(z) :_8)6 (VmQ(O)+ex) + 8)7 €y
925 925D 925D
(1) ) () ©
=35 9x2 (V 0, +0 ex) 8}12 VmQy + 9x9 o €y
PET 5350
+— (V Q(Z) + Q(l) ) - (VmQ(Z) + Q(l) )
ax axady
3—(0) 3=(0)
+ 29 e, 1 27 ot
8x28 y o
dp® dp®
u(3)=—ax (Vi Q(O)+ex) + ey
925@ 32 3%p
v, 00 + 00¢ v. o0 ©)
T (V@ + 0% + gy ey T gy e
535 535D
_r ()] )] - r () )
+ =3 (VO + 04 ex)—i—axayz(VmQy + 0\e.)
83—(1) | 335(1) |
Q( ) ng )ey
34_(0) 3 2 84" 3 2 2p® 3
T oA (V@Y + 0Pex) + 9x29y 3 (Vn Q)+ 0er) + 0y V03
3(;)() 34 3 ) 0)
P (])V Q(3) + Q(Z) —— Q(Z) (A1)
ax 8x8

A.2. The linearity of problems (3.23), (3.28), (3.35) and (3.44)

Part of the analysis consists in decomposing cell problems (3.23), (3.28), (3.35) and (3.44)
satisfied by (u("), <p(”+1)), n=0, -+, 3 into linear elementary problems in terms of r,, €
£2 coordinate. To do so, we identify independent external sources which are function of
the macroscopic space variable and time variable (7, ¢) only (not of r,,). For n =0, this is
rather simple since (3.23) appears to be linear with respect to the external sources being
the two components of vo®, which provides ¢V in (3.24) and u® in (Al). Forn > 1,
we need to identify the macroscopic sources in the quantities diva” =D, Vo™ and ué") at
Zm = 0 that appear in the cell problems (3.23), (3.28), (3.35) and (3.44). These quantities
can be explicitly computed from the previous order (n — 1). For completeness, we provide
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below the forms of these quantities in terms of the macroscopic sources. For the diva™ — 1
with n =1, 2, 3, exploiting (A1), we get

32@(0) 9 Q(O) aza(o)
ER(0) -
divu"’ = 512 ( . + 1) + ay2
divgD _325(1) 3Q(0) 32¢(1)
1vu ——2 =+ 1 )
ax Xy ay
— 1 — l
dx3 E)x 8x8y2 8xm ’
320@ /500 920>
diva® =2 O 1)+ -
ax X ay

3—(1) (1) 3—(1) (D
T g aQ + Q( 8 @ Q Q(o)
ax3 E)xm 8x8y2 0Xpm

33 (3 QQ) 34¢(0) Q(2> 5450
(1) M 4 oD M
+ + 0l +00+ 0 | + 550,

ox4 8)628)12 X

Next, for ™ with n = 1, 2, 3, using (3.24), (3.29) and (3.36), we obtain

2—(0) 2—(0)
7 o7 ey) 00,

Ve =vel | St oy

82_(1) 82_(1)
Ve =vg? + [ e, + ¢, ) 0©

dx2 dxdy
30 30 —

N 8('0()Q 8(’0()Q(1) 3¢()Q() BN ()Q(l)
x3 8 9y? ax2gy "

V¢(3) — V¢(3) +

82_(2) 82_(2)
4 ex+ 4 €y Q(O)
0x2 0xdy

33500 33500 3350 3350
i §03 QEC) 4 Q(y1) e + ‘5 ;)+ <ﬂ3 Q(yl) e
ax y dx=dy ay

34(/)(0) 3*g® 3*g® 3*g©®
= Q 2+ Q(Z) ex + 530y Q§2)+—3 Qg,z) ey.

ox 8x28 2 x3dy

Eventually, ugn) at z,, =0 for n=1, 2, 3, and using that Bna(”) = 1//c(ocx8xx¢(”) +
Byya(”)), n =0, 1, from (3.19a)-(3.19b), we also have
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( b _ 1 325(0) 325(0)

lzm=0=— p leW + y2 |’
(2)| —0=—— |« @ —+ 825(1) — li azlw + @ Q(O)l -0
¢ = e\ ax? dy? kax \  ax2 ay? o=
(3)| 1 32¢(2) 32¢(2) d 35(0) eyt du) 3_(0) o d a(p(O)
¢ lam=0="""\ %x 73 9y2 g W) aay T A

2—(1) 2—(1)
o e e 00 _,
K dx 0x2 dy?2 "

T a2 \ M Tox2 ay?2 an=0

_18_2 a@_FBZLM Q(l)l 0
kdy2 \ " ax2 dy? y Em=

39 9@ 52Q©

A4
ot dx  dxZ ad)

m=0
From the expansions of (diva®, Vo, ugl)l ,=0) With respect to the macroscopic
sources, we deduce from (3.28) by linearity the form (p(z) in (3.29) and uV given in (Al).
By doing the same with (diva D, Vga(z), u22)|1m=0), we find from (3.35) the form of g0(3)
in (3.36) and u® in (A1); and from (diva®, Vo® 4|, o), we obtain from (3.44) the
form (p(3) in (3.45) and u® in (A1).

Appendix B. The elementary problems at order n =3

B.1. The elementary problems on Q(s) 9) and Q(3) in (3.45)

In (3.45), we have introduced four elementary functions satisfying cell problems, among
which only 0® solving (3.46) is needed at this last order with the others functions
being necessary only if we push the expansion to the next orders n > 4. These elementary

functions (Q(3) Q(3) Q(3)) satisfy the generic cell problem (2.11) with coefficients given
in table 4. With (Q(l) Q(])) even and (Q(z) Q(Z)) even and odd functions of x,,,

3

respectively, we deduce that that (Qy Q(3) Q(3)) are even functions of x,,.

B.2. Relation between d and ny
The effective parameters d and n, are defined by
2

1 503 1 90O
d:—/ 0 dr,, l’lx=1+—/ ( Q (X 0)) dxp, (B1)
S 22 8xm p Xm a'xm

with Q@ satisfying the generic cell problem (2.11) with coefficients (1) and Q©
satisfying (3.46). Below we establish that d = k(1 — n,) which is used to obtain that U ,53)
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3 3 3
0: & o 0%
F: o? 0 oy
®
3 30"
G: Q + oW _o® (995 + o 4o
0 X Xy
d dyy dyy +d,y 1
H: —% - Q(”I =0~ — Q(')Lm - = (; (xl)\szo+ =03l m:O)

Table 4. The elementary problems at third order associated with the Poisson type cell problem (2.11). For each
elementary problem, we provide the corresponding bulk sources F(r,,), G(r,,) and surface source H (x,,).

in (3.37b) and (3.47) are consistent. To do so, we consider the two identities

53003
0= / 0%div,, (VmQ(O)—l-ex) dr,, = / vV, 0% .v,09dr,, — / aQ dr,, = Sd,
2 2 2

Xm
(B2)
and
a0®
0= / 0“div,, (v, Q) dr,, = / V0V, 0P dry — | 00— dx,,
2 Q X dZm
(B3)

which are obtained by using the divergence theorem together with the periodic conditions
and boundary conditions satisfied by Q© and Q. Applying once again the divergence
theorem at the free surface in the right-hand side of (B3) and making use of the periodic
conditions satisfied by Q¥ at x,, =0 and x,, = p, we get

30® 9200 9300\?
/ _Q(O) de = Q(O) 2 dxm - - / dxm = p(l - nX)'
Xm 8Zm Xm me Xm E)xm
(B4)

Equating (B2) and (B3) with the help of (B4) gives the announced result.
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