L))

Check for
updates

Science in Context (2023), 36, 213-234

, CAMBRIDGE
doi:10.1017/S0269889725100860

UNIVERSITY PRESS

RESEARCH ARTICLE

The interplay between textual procedures and
material operations from the viewpoint of Chinese
mathematical texts

Yiwen Zhu

Department of Philosophy & Institute of Logic and Cognition, Sun Yat-sen University, China
Email: zhuyiw3@mail.sysu.edu.cn

Argument

For more than 2,000 years, counting rods were the main tool used in Chinese mathematics. However,
direct evidence for their use is lacking. The current evidence is primarily derived from two sources:
procedural texts in ancient mathematical writings and counting diagrams drawn with rod signs in
thirteenth-century writings. This study analyzes the procedural texts in two ancient Chinese mathematical
books: 1) The Nine Chapters on Mathematical Procedures, completed by approximately 100 BCE or 100
CE, and 2) the Mathematical Canon by Master Sun, completed by approximately 400 CE. This article
argues that the differences between the texts insufficiently explain the fundamental differences in the
operations that could be performed with mathematical rods. Further, by examining two mathematical
books from the thirteenth century, namely the Mathematical Book in Nine Chapters written by Qin Jiushao
in 1247 and Fast Methods on Various Categories of Multiplication and Division of Areas of Fields written by
Yang Hui in 1275, this article argues that the relationships between counting diagrams and their
accompanying text vary depending on the author, thereby highlighting authors’ different epistemological
perspectives. Examining the historical context is essential for understanding the relationship between
procedural texts and material operations and for developing new methods to investigate the use of
counting rods.

Keywords: The Nine Chapters on Mathematical Procedures; Mathematical Canon by Master Sun; Qin Jiushao; Yang Hui;
mathematical rods; mathematical diagrams

1. Introduction

The Nine Chapters on Mathematical Procedures (Jiuzhang Suanshu [JLE5#7], ca. 100 BCE or
100 CE,! hereafter The Nine Chapters) is seen as the most important classical mathematical text
from ancient China.” Nearly a hundred procedures (written in Chinese) were recorded in The
Nine Chapters. Historians of mathematics assume that all these procedures were carried out with

There is a debate on when The Nine Chapters were completed. One school of thought says it was completed around 100
BCE, i.e., during the Western Han dynasty; another says it was completed around 100 CE, i.e., during the Eastern Han dynasty.
Since this issue is not the topic of the article, I do not discuss the details here.

2As far as we know, The Nine Chapters had the position of the classical text no later than 179 CE, when it was first recorded
in the sentences carved in the official copper vessel published by the central government of imperial China, i.e., the Han
dynasty (202 BCE-220 CE).
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one particular instrument, namely, counting rods (suan chou [5%%]).? From antiquity, counting
rods served as the primary mathematical tool for Chinese scholars until the abacus rose to
popularity in the sixteenth century.* However, The Nine Chapters does not contain much
information about how counting rods were used.’

During the fifth and sixth centuries, China was divided into two regions, one controlled by the
Southern dynasties (420-589 CE) and one controlled by the Northern dynasties (439-581 CE).
Three mathematical books from northern China, the Mathematical Canon by Master Sun (Sunzi
Suanjing [f2T5%4%], ca. 400 CE, hereafter Master Sun), the Mathematical Canon by Zhang
Qiujian (Zhang Qiujian Suanjing [5 #5248, ca. 431-450 CE, hereafter Zhang Qiujian), and
the Mathematical Canon by Xiahou Yang (Xiahou Yang Suanjing [ {5555 #5], hereafter Xiahou
Yang)® recorded fundamental mathematical knowledge about the uses of counting rods, such as
for subtraction, multiplication, division, and fraction operations.7 In 656 CE, Li Chunfeng (B
JE,, 602-670 CE), an official scholar, with his colleagues, edited, sub-commented, and compiled
the four already mentioned texts (i.e., The Nine Chapters, Master Sun, Zhang Qiujian, and Xiahou
Yang), along with six others, to create the Ten Mathematical Classics (shi bu suan jing [T#5%
#1).8 The Ten Mathematical Classics, together with another two elementary books related to
number systems, served as textbooks in the School of Mathematics of the Imperial University of
the Tang dynasty (618-907 CE).

Recent studies have shown that since the fifth century, when official scholars, such as Huang
Kan (%fil, 488-545 CE), Kong Yingda (fL#J%E, 574-648 CE), and Jia Gongyan (H 2 Z, fl.
650-655 CE), commented and sub-commented on Confucian classics, counting rods were no
longer widely used.'® However, in the domain of mathematical texts, counting rods continued to
serve as the main instrument for mathematical computations.!! Moreover, official scholars of the
Tang dynasty were required to take counting sacks (suan dai [5%48], which were used to store
counting rods) when they traveled to the imperial court. This shows that counting rods remained a
symbol of mathematics in imperial China. For the modern study of the history of mathematics, the
aforementioned four books constitute a major source of information. Historians of mathematics

3For an introduction to the numerals used in counting rods, see Li Y. 1955a; Needham 1959, 9-10; Li Y. and Du 1987, 6-11;
and Martzloff 2006, 210-211.

4Many books written in the sixteenth century — such as Suanfa Zongtong (5875#i5% General Source of Mathematical
Methods, 1592) - included images of the abacus, suggesting that people used the abacus to compute. On the other hand, we do
not have a record of any mathematical book written before the sixteenth century that contains such an image. These facts are
the main evidence of the primary use of counting rods until the sixteenth century, when the abacus became more popular.

The Nine Chapters does not record how addition, subtraction, multiplication, division, and fraction operations were
carried out with counting rods. It does not contain enough information for us to deduce today how counting rods were placed
and operated in different procedures. In The Nine Chapters, there is a procedure for square root extraction and a procedure for
cubic root extraction using counting rods. However, the information regarding the operations was insufficient, as we will see in
this article.

®The original text of Xiahou Yang was lost — only about 600 characters were handed down through the written tradition.
The extant main text of Xiahou Yang handed down through the written tradition was in fact written by Han Yan ##4L in the
eighth century. See Qian 1963, 551-553.

’I have argued elsewhere (Zhu 2021) that the mathematical books and practices were different in the two parts of China.
The three mathematical books written in northern China focused on writing down the fundamental mathematical knowledge
(including the usage of counting rods) and new types of problems that were not presented in The Nine Chapters. Hence, the
three northern books retained some pieces of evidence about how counting rods were used. By contrast, those scholars
specializing in mathematics in southern China, such as He Chengtian ([ 7&K, 370-447 CE), Zu Chongzhi (fHpz, 429-500
CE), and Zu Gengzhi (tHMi 2, 456-536 CE), continued to study and develop procedures based on The Nine Chapters and Liu
Hui’s %%l commentary (written in 263 CE).

8For Li Chunfeng et al.’s work on the Ten Mathematical Classics, see Zhu 2019a.

Regarding mathematics education in the early Tang dynasty, see Volkov 2012.

!9The reasons Confucian scholars did not use counting rods are complex, involving many aspects. For details on this issue,
see Zhu 2016, 2022, 2023.

Un fact, in the seventh century, there were two cultures of computations. One used counting rods in the domain of
mathematical texts; the other did not rely on counting rods in the domain of Confucian texts. See Chemla and Zhu 2022.
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have utilized these texts as a foundation for investigating how mathematical procedures were
conducted using rods, highlighting the importance of counting rods in Chinese mathematics.'?
Nevertheless, these previous studies have only partially revealed the interplay between textual
procedures and material operations.

In the eleventh century, the central government of the Song dynasty (960-1279) continued to
support the School of Mathematics at the Imperial University. The four books were also used as
textbooks in the School of Mathematics. However, the capital of the Song dynasty (the city of Kai
Feng [(f1#]] in present-day China) was captured by the Jin dynasty army (1115-1234) in 1127.
Thereafter, the Song dynasty relocated to the south of China (the capital was Hang Zhou [Hi/]] in
present-day China), dividing China into two parts. As a result, numerous mathematical books were
scattered and lost, and the School of Mathematics was never rebuilt during the reign of the southern
Song dynasty. During his collection and printing of mathematical books in 1213, Bao Huanzhi (fl{#
) in the southern region discovered The Nine Chapters, Master Sun, Zhang Qiujian, and other
books, but failed to find the Xia Houyang.’ In the thirteenth century, scholars specialized in
mathematics, such as Qin Jiushao (Z& JL##, 1208—ca. 1268) and Yang Hui (#5/, fl. 1261-1275) in
the south, as well as Li Ye (2517, 1192-1279) in the north, all wrote down counting diagrams (suan tu
[5%]) in their mathematical writings (see figure 3 and tables 2 and 3), which were related to how
counting rods were used on the computational surface. Notably, Yang Hui’s treatises (written from
1261 to 1275) reveal that he read The Nine Chapters and Master Sun. By contrast, Qin Jiushao’s
mathematical knowledge was mainly derived from calendarists. His own preface in his Mathematical
Book in Nine Chapters (Shushu Jiuzhang [#{Z JLZ], hereafter Mathematical Book) from 1247
shows that he also read The Nine Chapters. However, it seems that Qin did not know Master Sun.'*
These thirteenth-century scholars followed the tradition of using counting rods and added counting
diagrams in their writings.

Chemla (2010) has convincingly argued that diagrams from the third century are material
objects, whereas those from the thirteenth century were written on the surface of the page. Chemla
(2018) has also argued that geometrical diagrams were used to ensure the correctness of certain
procedures in one of Yang Hui’s treatises. While her study did not extend to discuss counting
diagrams, I concur with her assertion in a broader sense. I have further claimed (Zhu 2020a) that
the use of counting diagrams in the thirteenth century, in particular in Qin Jiushao’s treatise,
represents an intermediate phase in textualization and symbolization in Chinese mathematics.
Therefore, for the modern study of the history of mathematics, counting diagrams in thirteenth-
century mathematical writings comprise another major source for investigating counting rods
operations, a topic which still requires comprehensive research.'®

12Based on Master Sun and The Nine Chapters, Qian (1964, 7-13, 46-56), Li Y. and Du (1987) explain the operations of
addition, subtraction, multiplication, division, and square and cubic root extractions carried out with counting rods. Wu
(1987) summarizes the features of Chinese mathematics as “constructive” and “mechanical.” That is to say, the textual
procedures are constructive, and the operations carried out with counting rods are mechanical. Li J. (1993, 38) argues that a
primary characteristic of Chinese mathematics is that “mathematical reasoning resides in counting rod computations” (yu li
yu suanB BLAF). In fact, his claim was that one can only understand mathematical reasoning by doing computations.
Chemla (2005) discovered a difference between the textual procedure and the material operation when calculating the area of a
circle. I have studied how the textual procedures were written subject to the operations carried out with counting rods (Zhu
2009, 2010, 2020b).

BIn fact, Bao Huanzhi found another book written by Han Yan in the eighth century. He misrecognized it as Xia Houyang
and printed it.

The first problem about the Chinese Remainder Theorem was recorded in the Master Sun. Qin Jiushao’s treatise also
contributed a lot to the Chinese Remainder Theorem. However, he never mentions Master Sun. For this issue, see Zhu 2011,
2017.

>The rod numerals were more widely discussed in the thirteenth-century writings. This is the main evidence regarding how
counting rods were used to represent numbers. Moreover, since the abacus is still used today, and since it is believed that the
abacus was derived from counting rods, the operational similarities between counting rods and the abacus were also used to
study counting rods operations. For example, see Mikami 1913, 14, 27; Qian 1932, 257; Li Y. and Du 1987, 12.

https://doi.org/10.1017/50269889725100860 Published online by Cambridge University Press


https://doi.org/10.1017/S0269889725100860

216 Yiwen Zhu

More specifically, further research is necessary for the following reasons. First, some technical
details regarding material operations have not been carefully analyzed.'® Second, counting
diagrams in thirteenth-century texts and their relation to procedural texts and material operations
have not been fully investigated.'” Third, the operational similarity between counting rods and the
abacus needs to be reconsidered in the context of the Ming dynasty (1368-1644).'® Moreover,
modern historians of mathematics usually consider counting rods as a tool for representing
numbers (referred to as “rod numerals”) and performing calculations (i.e., addition, subtraction,
multiplication, and division). Consequently, they often compare counting rods to the abacus and
modern Hindu-Arabic numerals, without revealing the additional functions of counting rods (e.g.
Needham 1959, 5-17, 70-72; Lam and Ang 2004, 43-41, 54-56; Martzloff 2006, 185-190,
210-211). Modern historians of mathematics often use modern notations to interpret ancient
procedures, overlooking the possibility that this approach might differ from the actual historical
operations with counting rods.!” In summary, all previous studies have relied on an unwritten
common hypothesis, namely, that the operations carried out with counting rods and the
procedural texts have a basic one-to-one correspondence, thereby allowing historians to
investigate counting rods operations based on the relevant sources.

However, counting rods were not only used to represent numbers and do calculations; they also
had other functions, such as determining positions, as will be discussed in this article.
Furthermore, textual procedures were sometimes designed and written down based on the
operations of counting rods.?’ In addition, procedural texts did not always record all the details of
counting rod operations.?! Indeed, even the translation of “suan chou” 5% as “counting rods”
implies that rods were used for counting. However, “suan” should be understood as relating to
mathematics; hence, “mathematical rods” may be a more correct translation for suan chou, which
also implies that the rods were a part of the mathematical knowledge system, not just a simple
tool.*> More specifically, sufficient direct and detailed evidence of how the counting rods were
used for computations is lacking. Therefore, this article argues that this unwritten common

!$For example, no mathematical writings record how one moved three rods and four rods, and made the addition 3+4.
Therefore, it is hard to study these operational details. In fact, in all modern publications, there is no discussion of these details.
One might think these details were too trivial to write down. However, similar technical details on the abacus were written
down during the Ming dynasty (1368-1644).

17For example, Qin Jiushao’s Mathematical Book in Nine Chapters contains many counting diagrams (see figure 3), which
used rod signs to represent mathematical operations carried out with counting rods. These counting diagrams are extremely
useful for our understanding on how counting rods were used. However, these diagrams have not been fully studied. See Zhu
2020a.

For example, recent studies have shown a relationship between how the abacus replaced counting rods and the
introduction of Western written calculations; this should be examined further. See Zhu 2018 and Jami 2019. For a complete
discussion on the use of the Chinese abacus, see Guo et al. 2010, 568-572; Li Y. 1955b; and Needham 1959, 74-80.

YThis problem appears in the following works: Needham 1959; Qian 1963; Li Y. and Du 1987; Lam and Ang 2004;
Martzloff 2006; Guo et al. 2010.

2For example, in ancient texts, the term “additionally placing [counting rods]” (&l & fu zhi) usually appears. The operation
corresponding to this term is just to copy and place some additional rods to record the same result. The aim of the operation is
to preserve the previous numbers represented by the counting rods, that is to ensure that these numbers are not negated in
later rounds. However, since all numbers with modern notations are written down on paper, they will not all disappear. For
details, see Zhu 2010, 2010.

2For example, numbers represented by counting rods have two forms, namely vertical signs (A) and horizontal signs (B), as
shown in table 1. A number should have a form as ... ... BABA. However, the procedural texts never tell the readers
whether the form needs to be changed or not when a number is moved. For example, if a number is moved to the left for one
position, should the form be changed to ... ... ABAB or not? This kind information is very important — without it, we
cannot recover any ancient operation. However, in a diagram in his treatise, Qin Jiushao writes down the changed form when
the number is moved. For the details, see Zhu 2020a, 366).

2The character suan has an original meaning of mathematical rods. When the eighteenth-century Chinese scholars
compiled and edited the ancient writings, they did not know how to use counting rods, and hence changed the character5% to
another character suan®{, which means to count or to compute. This also caused misunderstandings regarding mathematical
rods.
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hypothesis may not always hold true - the relationship between the textual and material practices
could vary and, in some cases, could be very different. Therefore, reconsidering this hypothesis is
necessary.

The aim of this article is twofold. First, it seeks to analyze the complex relationships between
texts and operations, which heavily depend on their historical context. Second, it aims to
contribute methodologically by providing a new perspective to investigate visual and material
cultures in the history of mathematics, an area that holds significant interest in the history of
science.”” To achieve this aim, I compare The Nine Chapters and Master Sun to analyze the
relationship between procedural texts and material operations. I then compare the counting
diagrams in Qin Jiushao’s and Yang Hui’s writings to analyze the relationship between textual
diagrams and material operations. In each of these sources, I focus on a single procedure: root
extraction, a procedure which held a special position in mathematics of the period. On the one
hand, root extraction was usually viewed as a type of division in ancient Chinese mathematics.**
Hence, it can be considered as belonging to one of the basic four operations (i.e., addition,
subtraction, multiplication, and division). On the other hand, it was developed to solve linear
equations with one unknown value and higher degrees in the thirteenth century. This could
explain why Qin and Yang used the counting diagrams for this procedure as examples of
operations using counting rods.

2. The relationship between operations carried out with counting rods and textual
procedures: The Nine Chapters and Master Sun

The earliest record of counting rods being used to execute the square root extraction procedure
comes from The Nine Chapters. This procedure was called kai fang (B 77 literally, “to open/
establish a square”). From a modern viewpoint, this procedure relied on equality (a+b)? = a*+
2ab+b?, whereas its geometrical meaning could be understood as computing the length of the sides
of a square with a given area.”> The Master Sun was completed later than The Nine Chapters. The
former contains two problems involving a square root extraction procedure using counting rods.
Some scholars have argued that the procedure in Master Sun improved upon the one in The Nine
Chapters.”® The two procedures were not the same.

Generally, the procedures described in each book can be viewed as a series of steps that
compute each digit in the results, from the highest to lowest order (e.g., hundreds, tens, and units)
one by one. For example, in The Nine Chapters, the author extracts the square root of 55,225,
which has an integer result of 235, and obtained “2,” “3,” and “5” in successive order. In Master
Sun, the author extracted the square root of 234,567, which has an integer result of 484, and
successively obtained “4,” “8,” and “4.” Scholars believe that there are two main operational
differences between the procedures depicted in The Nine Chapters and those in Master Sun: first,
the methods necessary to determine the positions in the first step, and second, the methods
necessary to determine positions in the following steps. Both relate to the movements of a
counting rod (called jie suan [f§5%], literally “a borrowed counting rod”).?” The differences can be
compared using the example of the radicand (i.e., dividend) 234,567 in Master Sun.

BFor example, the Ninth Conference of the European Society for the History of Science (held from August 31 to September
3, 2020) was on “Visual, Material and Sensory Cultures of Sciences.”

%4For the connection between division and square and cubic root extraction in ancient China, see Lam and Ang 2004,
103-105.

ZFor the details of this procedure, see Mikami 1913, 29-32; Needham 1959, 65-68; Berezkina 1980, 207-223; Li Y. and Du
1987, 50-53; Chemla 1987, 1994; Martzloff 2006, 221-224.

26See Wang L. and Needham 1955, 390; Xu 1986, 1987; Chemla 1987, 1994. Ji (1999, 37-44) and Lam and Ang (2004, 93)
followed this argument.

YJie suan literally should be translated as a borrowed (jie) counting rod (suan). It is used to determine the positions of the
quotients. The word “borrowed” is used here because it was taken from the collection of counting rods (i.e., a place to collect
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m=mdLT Dividend (shi) 234,567

| Borrowed counting rod (jie suan) 1

""I J_ -"- Dividend (shi) 234,567

| Borrowed counting rod (jie suan) 1

Figure 1. Movement of the borrowed counting rod in the first round of the square root extraction procedure.

The Nine Chapters and Master Sun include different operations for the first step. The Nine
Chapters states: “The procedure for extracting the square root is: Put down the area (jif&) as the
dividend (shi#).”® Borrow a counting rod and move it, skipping every other position (deng?).”*
If the radicand is 234,567, one uses the counting rods to represent this value on the computational
surface (figure 1). This is what the phrase “put down the area as the dividend” means. The square
root must be less than 1,000 because 234,567 < 1000% One must move the borrowed rods from the
ones place to the ten-thousands place, i.e., from the place under the number 7 to the place under
the number 3. This is what the instruction “borrow a counting rod and move it, skipping every
other position” indicates. Although historians of mathematics have different explanations of the
term “deng,” they all agree that the borrowed counting rods should be moved to the ten-thousands
place.’® Figure 1 shows the operation that determines the positions in the first step according to
The Nine Chapters.

counting rods) at the beginning, and should be returned to the collection after it finished its function. In the second round of
computation (as we will see), the rod would be borrowed again. The borrowed rod was called xia fa (the lower divisor) in the
Master Sun, because according to the Master Sun procedure, one need not return it to the collection of counting rods.

ZSince the square root extraction was viewed as a kind of division, the radicand was also called the dividend.

PThe original text is: BAJHTE: BRER®E. S, W—%. (Jiuzhang suanjing 1980, 59a). There are several
translations for The Nine Chapters. For example, see Chemla and Guo 2004 for a French translation and Guo, Dauben, and Xu
2013 for an English one.

3%Most scholars believe “deng” to be similar to “wei” (position), and one deng to mean one position. Therefore, #—%%chao yi
deng, i.e. “skips every other position,” means skip the tens position, the thousands position, etc. The following all support this
viewpoint: Mikami 1913, 13; Wang L. and Needham 1955, 354; Qian 1964, 47; Guo 1992, 29; Chemla and Guo 2004, 363; Guo,
Dauben, and Xu 2013, 381-383. However, I think in the case of square root extraction, one deng means the positions the quotient
holds, and hence one has different deng in different steps. For example, in the first round of extracting 23,467, the deng is 100; in the
second round, the deng is 10; and in the third round, the deng is 1. My point is indeed the same as that of Li Y. (1937, 64) and Li
J. (1993, 389-392). My main evidence comes from the meaning of deng in Chinese, which usually means “rank.” Li Jimin (1993, 392)
also mentioned an ancient Chinese scholar Kong Yingda’s commentary &2 #06 K/h =3k, H/MRCAH RS ... . HKEL
) Fy5% “there are two systems about numbers of hundred millions. One small system uses a tens (place) as (one) deng . .. another
big system uses a ten thousands (place) as (one) deng.” The similarity between division and root extraction carried out with counting
rods is another reason. Square root extraction was viewed a kind of division; and this division had a specific feature that the quotient is
equal to the divisor. Hence, according to the layout of division, the divisor should be moved until its unit digit is in the same column
as the digit of the highest position of the quotient. The deng is in fact the magnitude of the quotient/divisor. See the following diagram.

e O O O Quotient
e o e o Dividend
o Divisor

e o o
e O O

Nevertheless, even though the explanations are different, the operations carried out with the counting rods are the same.
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z "I" Quotient 4

T=m LT Dividend 74,567

I I I | | Divisor 4
""I Quotient 4

m L T Dividend 74,567

=
Il

lI-

Determined divisor 8

I Borrowed rod 1

Figure 2. Movement of the borrowed counting rod in the second round of the square root extraction procedure.

Master Sun offers different instructions. It states:

The procedure is: put down the area (jiff), 234,567 bu,*' as the dividend (shif). Next,
borrow a counting rod as the lower divisor (xia fa Fi%) and move it, skipping every other
place (weifi) to reach the hundreds and stop (% [ it).%

There are three differences from The Nine Chapters: 1) Master Sun provides detailed quantities
(i.e., 234,567 bu) whereas The Nine Chapters does not; 2) some technical terms are different,
such as deng % (position) in The Nine Chapters and wei fii. (place) in Master Sun,*® and jie suan
&% (borrowed rod) in The Nine Chapters and xia fa 7% (lower divisor) in Master Sun; and
3) The Nine Chapters states: “skip every other position,” whereas Master Sun states “skip every
other place (weifif) to reach the hundreds and stop.” Lam and Ang (2004, 95) argue that “there
is an error in the wording of the last sentence. The word ‘hundreds’ should be replaced by ‘ten
thousands.” As a result, they claim that the material operation behind the text is also similar to
what is shown in figure 1. Ji Zhigang (1999, 39) disagrees with Lam and Ang, arguing that

3IA buFis a measuring unit for length. In this case, it is used to measure area. One can understand it as (square) bu.

*The original text is: f#fFEl: BRI +=@NUT AN T-LERE. KIEFKFE B, 806, BAHIM
1o (Sunzi suanjing 1980, 22b-23a).

3Karine Chemla correctly indicates in her report that in different editions of The Nine Chapters, there also exists weifiz, not
deng®%. However, the earliest and the second earliest extant editions of The Nine Chapters (i.e. the 1213 edition and the early
fourteenth-century edition) both present the term deng. The editions that record wei were all completed after the eighteenth
century. Moreover, in all modern editions of The Nine Chapters (including Karine Chemla’s French translation), scholars
believe the earliest character to be used was deng. I think it is clear that in the original text of The Nine Chapters that the
character was deng. During and after the eighteenth century, when scholars in the Qing dynasty (1644-1911) made critical
editions of The Nine Chapters, they changed the character from deng to wei based on their misunderstanding of the procedure
carried out with counting rods. In the Qing dynasty, scholars used the abacus and did not understand either how to use
counting rods or how they had been used earlier. However, in all extant editions of Master Sun, the term wei is found.
Therefore, I argue that there is a technical difference between the terms deng and wei.
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Master Sun’s real meaning is “when the quotient is in the hundreds place, the lower divisor
(i.e., the borrowed rod) stops.” For Ji, the result is between 400 and 500; thus, the borrowed rod
should also be moved to the ten-thousands place. Thus, Ji also interprets the material operation
as shown in figure 1.** Therefore, although scholars have different interpretations of the
sentence in Master Sun, they all agree with the operations carried out with counting rods shown
in figure 1.

A new general conclusion can be drawn: Although the procedural texts of square root
extraction for the first step in The Nine Chapters and in Master Sun are different, the results of the
operations carried out with counting rods are the same. For example, 4, 400, and 40,000 are written
differently in Chinese texts, but they look the same when counting rods are used to represent them
(I) because zero is shown by leaving an empty space on the computational surface.” Also, for
example, when three numbers, e.g., 2, 3, and 4, are placed in three rows from top to bottom on the
surface, one does the calculations as follows: 2 x 4 + 3. This can be understood as a multiplication
with an addition. However, in another case, three numbers could be a result of 11 = 4 (i.e., 2 + 3/4).
Hence, 2 x 4 + 3 can be also understood as an inverse operation of the division. Furthermore, the
operation can also be understood as a transformation of the fraction (i.e., 2 + 3/4 = (2 x 4+3)/4),
called tong fen na ziif 73 - (communicate the fraction and add the numerator). In summary,
the same operation (i.e., 2 X 4+ 3) carried out with counting rods could have three different
mathematical meanings and thus correspond to three different procedural texts. Therefore,
although the procedural texts in The Nine Chapters and Master Sun are different, the operations
carried out with counting rods could be similar. More precisely, for similar operations, they could
have different mathematical meanings in the two texts.*

Analyzing how positions are determined in the second round in each book will make this
conclusion clear. The first digit of the quotient is 4; 400 times 400 is 16,000, and 234,567 minus
160,000 is 74,567.%” The Nine Chapters continues as follows: “Once the division is done, double the
divisor, which makes the determined divisor (ding fai€i%). For the next step in the square root

34Karine Chemla puts forward a different interpretation in her report where the number of each move (bu) corresponds to
adding a digit to the quotient. For the square root extraction, this is the same as in the division, but each move jumps over a
column (e, 262, #B—107, ZEHIMIE move it, skipping every other place to reach the hundreds and stop). I think this
interpretation fits perfectly with the earliest edition of Master Sun. However, according to this interpretation, the material
operation can also be shown in figure 1.

35As Karine Chemla indicates, it depends on whether the computational surface had marks or not. However, we know that
in the Han dynasty (202 BCE-220 CE) the counting rods were operated on the ground; and in the Song dynasty (960-1279),
the counting rods were operated on desks. No extant sources mention marks (used to determine positions) in the ground or on
desks.

36The differences in the procedural texts of The Nine Chapters and Master Sun can be generally explained by the historical
contexts in which the two books were completed. The Nine Chapters usually explains a general procedure, while the aim of
Master Sun was to offer the elementary knowledge that The Nine Chapters did not write down. See Zhu 2021.

%Since the aim of the article is not to analyze the whole procedure of square root extraction using counting rods, I do not
explain every step. Here, I provide my translation on the whole procedure:

The procedure for extracting square root is: Put down the area (jif#) as the dividend (shi#f). Borrow a counting
rod, and move it, skipping every other position. Estimate (yii) what should be obtained. Multiply it with the
borrowed counting rod as the divisor (fai%), and divide. Once the division is done, double the divisor, which
makes the determined divisor (ding fa7€7%). For the next step in the square root process, move the divisor back.
Again, take a borrowed counting rod and move it as at the start. Then multiply the second estimate by the
borrowed counting rod. Copy (fufill) the result and add it to the determined divisor, then divide. Add the copied
result to the determined divisor. Counting the square root process, move the divisor back as before.”

The original text is:
BT E: BRRE. (55, D2, #—%. @, D5k, mlkk. B, ik

FEiE. HAERR, Irikim . HEMSE, S, UEE e, FIRREILIED, kR, LU
RIPE L. 1888, ¥ NUHT. (iuzhang suanjing 1980, 58b-59a).
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process, move the (determined) divisor back (zhedT). Again, take a borrowed counting rod and
move it as at the start.”*® This operation is shown in two steps, demonstrated in figure 2: First,
double 4 makes 8 (which is called ding fa);*® 8 is then moved to the thousands place; second, a
counting rod is borrowed again and moved from the ones place to the hundreds place (because the
second digit of the quotient will be in the tens place, the borrowed rod should be moved to the
hundreds place). The rod is moved as it was moved at the beginning; the deng is 10 in this round
and the rod is skipped past the tens place and stopped at the hundreds place.

Master Sun again offers a different perspective: “Once the division is done, double the square
divisor (fang fa71%). Move backward (tuii) (the square divisor to the right) by one place and the
lower divisor by two places.”*® Compared to The Nine Chapters, Master Sun also uses different
terms. fang fa’7i% (square divisor) in Master Sun corresponds to ding fai€i% (determined
divisor) in The Nine Chapters; similarly, tuilk (move backward) in Master Sun corresponds to zhe
#T (move back) in The Nine Chapters. However, these terms designate the same quantities or
operations using counting rods. Further, both texts refer to the same operation: Double 4 and
move the resulting 8 to the thousands place. Wang L. and Joseph (1955), Xu (1986), Chemla
(1987), Guo et al. (2010, 244), and others claim that in Master Sun (and also in Zhang Qiujian), the
lower divisor (i.e., the borrowed rod) is moved from the ten-thousands place to the hundreds place
(i.e., it is moved two places), whereas in The Nine Chapters, the borrowed rod is moved from the
ones place to the hundreds place. I agree with the statement that this demonstrates an operational
difference between Master Sun and The Nine Chapters. Xu and Chemla further note another
improvement in Master Sun, namely, the addition of new rows for different divisors (i.e., square
divisor, rectangle divisor, and corner divisor). Therefore, Chemla (1987, 308) stresses that “these
algorithms bring a positional notation for equations into play and show the evolution of this
notation in the computations: this is not the case in the Nine Chapters.” However, she also argues
that “nothing has changed in the actual computations; they are just described in a new way” (ibid.,
307). I agree with all her statements in this regard.

Nevertheless, this article argues that, although the change or evolution that Chemla argues for
does happen when we look at and compare the procedural texts in The Nine Chapters and Master
Sun, comparing the two procedures carried out with counting rods reveals that in some steps
(e.g., as shown in figures 1 and 2) the two material operations are similar or almost identical. More
precisely, in the case of square root extraction, not all the changes are reflected in the operations.
In summary, there are more differences between the procedural texts in The Nine Chapters and
Master Sun than in both texts’ results of the material operations. This phenomenon can be
explained by Liu Hui, who offered a geometrical basis for square root extraction in his 263 CE
commentary on The Nine Chapters; he understood square root extraction as computing the length
of the sides when the area of a square is given. Master Sun used the same material instrument to
execute the procedure as that employed by Liu Hui.

Furthermore, the difference between the procedural texts is less pronounced than that between
the material operations in other cases. For example, in The Nine Chapters, Master Sun, and other
mathematical writings, the term kai fang (to open/establish a square) was used to name the square
root extraction procedure. However, in the scholars’ commentary and sub-commentary in
canonical Confucian literature, the term kai fang also means to square a number, which is in
contrast to the discussion above.*! Moreover, in these mathematical writings, because the root

3The original text is: B T, EREE. HABRR, ki F. BEME, $2W¥]. (Jiuzhang suanjing 1980, 59a).

39The square root extraction procedure relies on the equality: (a + b)? = a® + 2ab + b?. Sincea = 400 has been obtained,
it needs to be doubled (2a) for the next computation, i.e., 2ab + b = (2a+b) x b.

“The original text is: 7z, 77k, (J7%)—iB, NiETR. (Sunzi suanjing 1980, 23a). In this article, T also do not
explain Master Sun’s methods step by step. For the whole translation of its procedure, see Lam and Ang 2004, 206-207.

“For example, when Kong Yingda et al. sub-commented on the Records of Rites, they wrote “this section discusses the
method of kai fang ... 25 bu, one multiplies by kai fang, totally making 625 bu.” The original text is: WL HfizaB 723 ... =
TIE, BT, HRREMNE 11D, (Liji Zhengyi 1980, 1347-1348).
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extraction was viewed as a type of division (as established above), the term kai fang chu zhi (177
F& 2 to divide by square root extraction) was usually used. However, in Confucian literature,
the term kai fang cheng zhi (#1753 2 ; multiply by squaring) was used, showing that squaring
was regarded as a type of multiplication.*? Hence, although the same term (i.e., kai fang) is used,
their mathematical meanings and operations can be different. In summary, the two procedural
texts might have been almost identical; however, their corresponding material operations were
completely different. The reason is that these texts belonged to different domains, both of which
produced mathematical practices.*’

This analysis reveals that the differences between procedural texts and between material
operations do not exhibit a one-to-one correspondence. Nevertheless, the procedures written
down in Chinese characters and the operations carried out with counting rods represent the two
layers of Chinese mathematics. These two layers offer a new interpretation of the technical term
suan shu (%1f7) that was usually used in the name of mathematical books, i.e., textual procedures
(shu) carried out with counting rods (suan). This fact makes using only the difference in
procedural texts to draw a simple conclusion about material operations difficult. More specifically,
upon discovering that the procedural texts in different writings are dissimilar, it cannot be simply
inferred that the material operations informing the texts are different nor that the operations are
the same for no reason other than the fact that texts use the same terms. Indeed, it is necessary to
draw heavily on historical texts to understand the differences in mathematical writings, which is
the core issue in the study of the history of mathematics.

3. The relationship between operations carried out with counting rods and counting
diagrams: Qin Jiushao and Yang Hui

From a modern viewpoint, the thirteenth century was a period of rapid development in Chinese
mathematics. Chinese scholars who specialized in mathematics made several advances, such as
searching for the root of any algebraic equation (see, e.g., Qian 1966). In The Nine Chapters,
Master Sun, and other earlier texts, the procedures were limited to the extraction of square and
cubic roots with positive coefficients. These procedures were expanded to solve quadratic and
cubic equations with one unknown value in the seventh century. In the eleventh century, Jia Xian
(H &) discovered the Chinese version of the coefficients of (a + b)". Subsequently, the procedure
for computing the root of an equation with any high power was created. Soon after this
development, Chinese scholars developed methods of numerical solutions for algebraic equations
of higher degrees. Several scholars in both northern and southern China expanded these methods
to include negative coefficients. Although scholars specializing in mathematics in these two
regions focused on different aspects of mathematics, both used numerals derived from counting
rods, and wrote down counting diagrams in their treatises (figure 3).

During the thirteenth century, China was politically divided into two polities: the Song dynasty
in the south and the Jin dynasty in the north. Both Qin Jiushao and Yang Hui were lower officials
of the southern Song dynasty and lived near the capital, Lin’an City (%, present-day Hangzhou
in Zhejiang province, China). Qin (1208-ca. 1268) completed his Mathematical Book in 1247.**

“In addition, the term fang zhiJ7Z (to make a square) described the operation of square root extraction in Confucian
texts, and Confucian scholars only carried out their computations with Chinese writings. For example, in his sub-commentary
on the Rites of Zhou, Jia Gongyan writes “(the rectangle is) one chi wide and one zhang two chi long; make a square of it.” The
original text is: f§— N, RO, F7Z. (Zhouli zhushu 1980, 910). Jia understood the square root extraction as looking
for the length of the sides of an unknown square, whose area is equal to the given rectangle (whose width is the unit and area is
the radicand). See Zhu 2016.

“3Another example is the writings regarding mathematical astronomy in ancient China. The procedural texts in calendric
writings are similar to mathematical writings, and the instruments they used are also counting rods. However, the operations
for the counting rods differed between the mathematical and calendric domains. See Zhu 2020a.

4For an overall introduction to Qin Jiushao and his mathematical treatise, see Libbrecht 1973.
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Figure 3. Qin Jiushao’s and Yang Hui’s diagrams for computing the root of an equation.

Yang completed five mathematical treatises between 1261 and 1275.*° The functions of the
counting diagrams*® by the two scholars are mostly different. Qin’s diagrams used lines to
illustrate the steps of the procedures carried out with counting rods.*” However, Qin never used
counting diagrams to record the details of operations of addition, subtraction, multiplication,
and division. Instead, he used different lines connecting numbers to represent these four
operations.*® Qin, in his preface of the Mathematical Book, explained why he used counting
diagrams: “I set up procedures and recorded detailed solutions and sometimes elucidated them

%For an overall introduction to Yang Hui, see Yan 1966 and Lam 1977.

46Qin Jiushao used [ tu (diagram) or 5% [ suan tu (counting diagram) while Yang Hui used & tu (diagram). It is clear that
counting diagrams (as shown figure 3) are diagrams containing written-rod numerals, and presenting how counting rods were
placed or operated.

“"The original manuscript written by Qin Jiushao has been lost. The closest extant text to it is the copy in the Great
Compendium of the Yongle Reign (Yongle Dadianik 4% K #1), which was a huge encyclopedia compiled during the Yongle
reign (1403-1424) of the Ming dynasty (1368-1644). Qin’s Mathematical Book in Nine Chapters, containing eighty-one
problems and Qin’s own preface, was transcribed separately into different volumes of the Great Compendium of the Yongle
Regin during 1405-1408. As this compendium has been scattered without a trace since late nineteenth century and only about
four percent of it exists today, only three problems from the Mathematical Book in Nine Chapters as it was presented in the
Great Compendium of the Yongle Regin are preserved. Fortunately, one of the three problems contains lines within the
counting diagrams. This strongly indicates that the original text of Qin’s treatise had lines - otherwise we have to imagine that
someone lived between 1247 and 1405 and was specialized in mathematical practice with counting rods but was never
mentioned in any historical source. The master copy used by the compendium was preserved in the Imperial Library of the
Ming dynasty at that time. It has also been lost. The master copy was, however, transcribed by the bibliophile Zhao Qimeij ¥
2% (1563-1624) in 1616, and that is Zhao Qimei’s handwritten copy. It is currently in the National Library of China in Beijing.
In the eighteenth century, based in the Yongle Dadian edition of the Mathematical Book in Nine Chapters, Qin’s treatise was
edited and transcribed into Complete Works on the Four Treatises (Siku QuanshulYJE4>75), and this is the Siku Quanshu
edition. However, all lines within counting diagrams were removed since scholars in the Qing dynasty (1644-1911) did not
understand Qin Jiushao’s mathematical practice with counting rods. In 1842, Song Jingchang’5t /2 published the first-
printed edition in the Yijiatang Collectanea, and this is the Yijiatang edition. This edition at least partly relied on Zhao Qimei’s
handwritten copy and the Siku Quanshu edition. However, no line existed within the counting diagram either. For an
introduction on the textual history of Qin’s treatise, see Zheng and Zhu 2010. For Qin’s uses of lines within counting diagrams
in Zhao Qimei’s handwritten copy of Qin’s treatise, see Zhu 2017, 2020a. For an analysis of the first printed edition of Qin’s
treatise, see Zhu and Zheng 2024.

“8For a complete analysis of Qin’s lines, see Zhu 2020a, 357-370.
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Table 1. Written numeral system in Zhao Qimei’s handwritten copy of Qin’s treatise
Al L [ TR
b—1

I
— O _:._
o === = 12
2 3 7

—

—— T —

8

4 5 6

[that is, the detailed solutions] using [counting] diagrams.”*® The functions of counting
diagrams in Qin’s treatise vary, depending on different problems (see Zhu 2020a, 349-354).
Yang’s diagrams, however, sometimes show the steps of these four operations. Interestingly,
both Qin and Yang recorded the counting diagrams for root extraction (figure 3 and its
translation in figures 4 and 5). This fact confirms the special role of root extraction and provides
a basis for comparing the two.

Yang’s diagram (figure 3) came from his Fast Methods on Various Categories of Multiplication
and Division of Areas of Fields (FH#AERR LRSI, Tianmu chengchu bilei jiefa, 1275). This
diagram was presented in a mathematical problem: “the area of a rectangular field is 864 bu, while
its width is 12 bu less than its length. What is its width?” Just before this, Yang wrote that he
quoted this type of problem from Liu Yi’s (#7; ca. eleventh century) Discussion on Ancients
Roots and Sources (Yigu Genyuan [5# it #RJ%]), which he commented on in detail using diagrams
and detailed solutions (xiang zhu tu cao [FFVEE %]).° Accordingly, the procedures in Yang'’s text
were likely drawn from Liu Yi’s work, whereas the geometrical and computational diagrams,
including the surrounding texts, were all written by Yang Hui. However, it is still difficult to
distinguish what was written by Liu and what was added by Yang.’! Because the aim of this article
is to analyze the nature of the diagrams, the conclusion should not be affected by questions of
authorship.

To begin an analysis of the difference between Qin and Yang, table 1 shows the writing
numeral system from Qin’s treatise, which was also used in Yang’s writings (the left diagram of
figure 3). This system contains two parts: A and B. System A was used with places of units,
hundreds, ten thousands, and so on, whereas system B was used with places of tens, thousands,
hundred thousands, and so on. Obviously, this numeral system was derived from the use of
counting rods. Because the symbols 0 and X were used, the system exhibited some variations
compared with counting rods.”* One difference between Qin and Yang is the representation of
positive and negative numbers. As Qin states, he used red and black colors to differentiate two
opposite numbers in text and correspondingly used white and black rods in operations.”® In

The original text is: AT H %, FHLAETEZ o (Qin Jiushao 2010, 98).

Yang Hui’s full text (1275, 18a) is as follows: “Mr. Liu from Zhongshan says in his preface: mathematical procedures
carried out with counting rods, which are used in different parts of mathematics, however all applied to computing the squares
of rectangle fields. Therefore, Discussions on Ancient Roots and Sources set up one-hundred problems about ‘deducing pieces’
(yan duan), which means deducing the pieces of computational steps (pian duan) [carried out with counting rods]. When one
knows computational steps, one will know their root and source. After one knows the root and source, their heart will not be
ignorant. Now I select several problems, and detailedly comment on them using diagrams and detailed solutions, so as to
clarify these ideas for younger generations. The other problems can naturally also be introduced, extended, and understood
with analogy; hence I needn’t exhaust my words.” LIS L FRE: 2 Mk, NAJGERY, HREH. GESRIE) #or
B, BEOREZ R BLT . A BRIREEHGE . BRI, TR SRS . SRS, SRR, U
‘e, HepHF SR 2, MR, AfEdh.

>IFor a discussion of Liu Yi and Yang Hui, also see Li D. 1999, 8-11; Chemla 2018; and Pollet 2020.

52Li Di (1991) systematically studied the symbols used in mathematical writing during the Song and Yuan periods.

3Qin Jiushao (2010, 155) says: “One just uses white counting rods where red strokes are written; one just uses black
counting rods where black strokes are written.” The original text is 4 i F15% F5 1, 22 3512452 5% IE. This sentence only
appears in Zhao Qimei’s handwritten copy (i.e., figure 3) and does not exist in the Siku Quanshu edition nor the first printed
edition. Qin Jiushao (2010, 187) also says: “dividend and yi divisor are both negative, and black strokes are drawn; quotient
and cong divisor are both positive, and red strokes are drawn.” The original text is B Bl 75 B A 24, 7B B IE & 2K, This
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Table 2. Main representations of multiplication, division, addition, and subtraction in Zhao Qimei’s handwritten

copy of Qin’s treatise
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contrast to Qin, Yang added an oblique rod to the numerals to represent negative numbers. For
example, Y} means —5. Liu Hui mentioned two methods to represent positive and negative
numbers in his commentary on The Nine Chapters in 263.>* Qin’s and Yang’s methods exactly
followed those of Liu Hui’s. My analysis of instrumental operations reveals that the different
symbols for two opposite numbers cannot prove that Chinese scholars used different counting
rods; however, this demonstrates that Qin and Yang could follow different parts of Liu Hui’s
commentary.

Another difference between Qin and Yang is their use of lines. In Qin’s treatise, he used
different types of lines to represent different operations. The linear system is characterized by a
wavy line connecting two numbers, which usually indicates multiplication, a dotted line, which
usually indicates division, a double full line, which usually indicates addition, and a full line, which
usually indicates subtraction (table 2).> In contrast, Yang used lines to connect the various

sentence appears in Zhao Qimei’s handwritten copy and the Siku Quanshu edition, but it disappears from the first printed
edition. However, Qin’s principle is only executed in kai fangBfl 77 procedure (a procedure to solve the algebraic equation with
any high degree), where he uses red colors to represent positive numbers and black colors to represent negative numbers; in
fang chengJ7 & procedure (a procedure used to solve systems of linear equations), he uses black to represent positive numbers
and red to represent negative numbers. See Zhu 2020a, 355-357.

>4In his commentary on the eighth chapter (i.e., fang cheng) of The Nine Chapters on Mathematical Procedures in 263, Liu
Hui says: “The positive counting rods are red; the negative counting rods are black. Otherwise, they can be differentiated by
slanted or upright [counting rods].” The original text is IF58 7%, E5% %8, HHILIAIE B, See Chemla and Guo 2004, 624
and Guo, Dauben, and Xu 2013, 928-931.

5Based on a complete analysis of Zhao Qimei’s copy of Qin’s treatise, there are a total of 726 meaningful lines used in the
counting diagrams, unevenly distributed between the forty-two problems. Seven-hundred out of 726 lines are used for
indicating four operations: multiplication (388 lines), division (163 lines), addition (98 lines), and subtraction (51 lines). There
are overall four types of lines: single full line, single dotted line, single wavy line, and double full line. And there are overall
eight types of connections of two numbers. A further observation is revealing: For multiplication, 358 lines out of 388 are
wavy; for division, 140 lines out of 163 are dotted; for addition in 98 lines, 90 are double full; and for subtraction in 51 lines, 50
lines are full. Given that the correlation between the types of lines and operations is approximately ninety percent, we can
safely infer that these four types of lines represent four operations in Zhao Qimei’s copy of Qin’s treatise. In summary, we can
conclude the following. 1) A wavy line connecting the first digit of a long number to the last digit of another long number
represents the operation of multiplication. 2) A dotted line connecting the first digit of a long number to the last digit of
another long number represents the operation of division. 3) A double full line connecting the last digit of a long number to
the last digit of another long number represents the operation of addition. 4) A full line connecting the last digit of a long
number to the last digit of another long number represents the operation of subtraction. For the details of the analysis, see Zhu
2020a, 357-364.
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Table 3. Yang Hui’s usage of written numerals and lines to write down a multiplication (Yang Hui 1274, 14a)

247x736 47x736 7x736

operands, as shown in table 3.% Specifically, different meanings of lines reflect Qin’s and Yang’s
different epistemological focus in mathematics. Qin regarded operations and procedures
consisting of operations as important, whereas Yang specifically valued the operands and details of
computations.

The key difference between Qin and Yang lies in their positions regarding the relationship
between the counting diagrams and their related texts. In modern terms, Qin Jiushao’s diagram,
shown in figure 3 (translation in figure 4), is the first step toward solving the following equation:

—x* + 763200x* — 40642560000 = 0

Before this diagram, Qin presents a problem with an answer, a procedure, and a detailed
solution.”” The problem arises in the computation of the area of a field with four sides. The
procedure is non-specific, only referencing an algebraic equation with a fourth degree.’® The
detailed solution shows how the computations may be based on this procedure. Qin’s diagram
(figure 3) contains two parts: a counting diagram and the accompanying text. The counting
diagram (figure 4) shows how these computations were carried out with counting rods. In
figure 4, the two sentences in the lower right section explain how the rods were used according
to the color in the text. The sentences in the lower left section explain how the lowest rod was
moved. Hence, the text accompanying the counting diagram was used to explain the
instrumental operation.

Yang Hui’s writing consists of three diagrams (see the right-hand side of figure 3 and its
translation in figure 5). In modern terms, Yang describes the procedure used to solve the following
equation:

x X (x4 12) = 864

5The problem as shown in table 3 is: There are 24 liangbhi 7 gian$¥ silver (liang and gian are weight units in the Song
dynasty, 1 liang = 10 gian), and each liang silver costs 360 guan 7 wen3C (guan and wen are monetary units in the Song
dynasty, 1 guan = 1000 wen). One asks how much money does the silver cost? Yang Hui used the written-rod numerals and
various Chinese characters to show the process of this multiplication, that is: 24 liang 7 gian silver multiplied by 7 guan 360
wen per liang makes 181 guan 792 wen (24.7 liang x 7.36 guan /liang = 181.792 guan). For a detailed analysis of this
procedure, see Zhu 2020c, 99-100.

"For the detailed solution to this equation, see Qian 1966, 48-51; Libbrecht 1973, 180-191; Wang S. 1992, 208-221;
Berezkina 1980, 232-236; Zharov 1986.

%8Qin’s method is to divide the four-sided field into two triangles, computing the area of every triangle, and adding them
together. According to Qin’s method, the area of the triangle is related to an equation with second degree. When Qin added
them, this finally caused an equation with fourth degree.
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Figure 4. Translation of Qin Jiushao’s diagram (left-side of figure 3).There is no table in the original text. | add the table in
order to make the layout of the diagram clear. As mentioned above, Qin’s method was developed from the square root
extraction procedure, and relies on the equality (a + b)* = a* + 4a’b + 6a*b* + 4ab® + b*. The six sentences in the bottom
of the table show how to move the numbers represented by counting rods. The yi (increased) corner (divisor) (yi yuzifH) is
similar to the borrowed counting rods as analyzed above. The borrowed rod skips one place every time in Master Sun, when
the equation has only second degree. Since the equation has fourth degrees here, this divisor should correspondingly skip
three places every time. The two sentences in the right part of the table give the principle to deal with two opposite
numbers. However, since they only appear in Zhao Qimei’s handwritten copy of Qin’s treatise, no other scholar has quoted
them before Zheng Cheng and myself. 2 As | have mentioned, kai fang procedure (root extraction in modern terms) was
used to solve algebraic equations with higher degrees. Hence, Qin used “fourth root extraction” to indicate the equation has
the fourth degree. Qin’s mention of “positive and negative numbers” means he would use these two opposite numbers in
the process of solving the equation. 3 In Zhao Qimei’s handwritten copy (figure 3), we see Qin use black and red colors to
show two opposite numbers, i.e., red for positive numbers, and black for negative numbers. However, this feature only
appears in Zhao Qimei’s copy. This is why | translate Qin’s numbers into negatives here.  The empty square (xu fang) divisor
is the coefficient of x in the whole equation, -x* + 763200x? - 40642560000. Since the character xuf (empty) is written, the
number is 0. ° The added above rectangle (cong shang lian) divisor is the coefficient of x? in the whole equation. Since the
character congfit (added) is written, the number is positive. & The empty lower rectangle (xu xia lian) divisor is the
coefficient of x* in the whole equation. Since the character xu (empty) is written, the number is 0. ” The increased corner
(vi yu) divisor is the coefficient of x* in the whole equation. Since the character yizi (increased) is written, the number is
negative.
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Position of 2 Position of 2 Position of
quotient quotient quotient
Put down 224 Put down 364 Put down 364
the area the area the area
Diagram . .
Square m for the Square 3 Dlagram Square D|ag'r'am for
divisor second divisor for the first divisor? positions of
L digit of the square root
Cong digit of the Cong R Cong o
(added) quotient (added) guotient (added) extraction
12 12 12
rectangle rectangle rectangle
(divisor) (divisor) (divisor)?
Corner rod 1 Corner rod 1 Corner rod* 1
Put down the above quotient, width 20 (bu), Put down the area as
multiplying the corner rod. Put down 20 above the the dividend. Separately,
cong (added) rectangle (divisor), called the square put down a counting rod,
divisor. Multiply the above quotient (20) by both called “corner (rod).”
numbers of the square (divisor) and cong (added) Move it from the tail of
rectangle (divisor) and remove 640 (what has been the dividend, skipping
obtained) from the dividend.® every other place. To
Multiply the square divisor by 2. Move backwards divide, move the corner
(the square divisor, 4, to the right) by one place, called (rod) under the hundreds
side (divisor).® Also move backwards the added place, and determine the
rectangle (divisor) by one place. Move backwards the tens place bu (of the
corner rod by two places.” quotient).
Further, put down the quotient, a width of 4 bu,
multiplying the corner (rod). Put down a 4 just after
the side (divisor), called the corner (divisor). Multiply
the above quotient, 4, by the three divisors (side
divisor, added rectangle divisor, and corner divisor),
and remove (what has been obtained) from the
dividend, exhausting (the dividend). Obtain the width
24 bu.b

Figure 5. Translation of Yang Hui’s diagram (right-side of figure 3). 'As | have mentioned, kai fang procedure (root
extraction in modern terms) was used to solve algebraic equations with higher degrees. Hence, Yang used “square root
extraction” to indicate the equation has the second degree. 2The square divisor (fang fa) is equation to quotient in the first
round of the procedure. The layout of Yang Hui’s procedure can be understood as an extension of The Nine Chapters, that is
from the up to bottom: x, 864, x, 12, 1, which means the equation is x (x + 12) = 864. 3 The cong (added) rectangle divisor is
the coefficient of x in the whole equation, x* + 12x = 864. # In Yang Hui’s procedure, the corner rod is the same as the
borrowed rod in The Nine Chapters. It was used to determine positions. ° In this round, Yang obtains 20 as the first quotient.
Hence, 20 x (20+12) = 640. 864 - 640 = 224. ® For the same term lian faf#i%, Qin Jiushao and Yanghui have different
mathematical meanings. Qin named all coefficients of the equation as lian fa, i.e., rectangle divisors. Yang followed Master
Sun, calling the double square divisor lian fa (i.e., side divisor). In this problem, Yang called the coefficient of x cong fangfi
77 (i.e., added rectangle divisor), which indeed is equal to Qin’s lian fa. Chemla (2018, 62) translates cong fang into “what
joins the square.” However, Yang Hui (1275, 18b) mentions ping fang yi duan“-J7—E (a piece of the flat square) and cong
fang yi duanfit 77 —EX (a piece of the added rectangle). Hence, it is clear that cong fang refers to the rectangle that is added
to (i.e., cong) the square. " Since Yang also relies on the equality (a + b)? = athinsp; +thinsp; 2ab + b2, the 20 (i.e., a) should
be doubled for the next computation. & In this round, Yang obtains 4 (i.e., b) as the second quotient. Hence, 4% + 2 x 20 x 4 + 4
x 12 (i.e., b? +2ab + b x 12) = 4 x (4 + 40 + 12) = 224. This exactly exhausts the remaining dividend. The three divisors are 4
(corner divisor), 40 (side divisor), and 12 (added rectangle divisor).

Before the diagram, Yang offers a problem with an answer, a procedure, and two geometrical
figures.>” The problem is also related to the computation of the area of a rectangular field. Yang’s
procedure is similar to the one in The Nine Chapters and is also used as an example to show how
the operations are carried out with counting rods (like Qin Jiushao). According to Yang, the
procedure was quoted from Liu Yi’s treatise. The two geometrical figures were used to explain that
the procedure was correct.®

For the whole translation of this problem, see Lam 1977, 113-114.
®For a detailed analysis of Yang Hui’s geometrical figures, and its use for proof, see Chemla 2018.
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Similar to Qin’s writing, Yang’s diagrams also contain two parts: a counting diagram (right-
hand side of figure 3 and figure 5) and the accompanying text. Yang’s counting diagrams are also
employed to explain how computations are performed using counting rods. Both scholars add
titles to the diagrams on the right. Despite some common features, there is an important
difference. Yang’s textual descriptions below the counting diagrams comprise the detailed solution
for the computations (as shown in figure 5), differing from Qin’s text in the same place (Qin only
mentions the positional movement of different numbers, as shown in figure 4). Hence, the
counting diagrams in Qin’s writing provide more information about the material operations than
the corresponding texts accompanying the diagrams; in Yang’s writing, the counting diagrams
provide less information than their accompanying texts.

This difference can be further understood by analyzing and comparing the whole structure of
their problem. In Qin’s text, this problem (figure 3) starts with a question, followed by an answer, a
procedure (in Chinese), a detailed solution (with detailed numbers, also in Chinese), and counting
diagrams (using written rod numerals, as shown in figure 3) to solve the equation. Therefore, the
counting diagrams are independent of the detailed solution. Hence, Qin’s texts accompanying the
diagrams are used to explain part of their respective material operations, as shown in the diagrams.
This exactly follows Qin’s words “I set up procedures and recorded detailed solutions and
sometimes elucidated them [that is, the detailed solutions] using [counting] diagrams” (3Z.ff7 5
%, FELAEFEZ). In Yang's text, the problem is accompanied by a question, an answer, and a
procedure (all of them in Chinese), followed by two geometrical diagrams to clarify the proper
procedure. Following the two geometrical diagrams are the counting diagrams, with texts included
below them (as shown in figure 3). Hence, Yang’s texts, found below his counting diagrams,
present a detailed solution for the problem in question. The counting diagrams are used to explain
their accompanying text. This coincides with Yang’s statement: “I detailedly commented on them
using diagrams and detailed solutions” (¥ [ %). Specifically, as seen in figure 3, Qin presents
an independent counting diagram with explanatory text, whereas Yang presents a detailed
solution with illustrated counting diagrams.

Although both Qin and Yang included counting diagrams accompanied by text, their reasons for
doing so differed. For Qin, the most important element of his explanation was the counting diagram
(i.e., suan tu), whereas the text shown below it clarifies the diagram. In contrast, for Yang, the most
important elements were the texts shown below the diagrams, as they offer a detailed solution to the
problem in question. The diagrams are to be used to help the reader understand the text. In other
words, Qin focused on the counting diagrams, whereas the explanatory text was supplementary. In
contrast, Yang focused on the detailed solution explained in the text, with the counting diagram
serving as supplementary information. This difference could reflect different epistemological focuses
on the relationships between procedural texts and material operations. In general, Qin emphasized
material operations over procedural texts, whereas Yang did the opposite.

This conclusion can also be related to Qin’s and Yang’s mathematical achievements. Qin’s
treatise has eighty-one problems, and forty-five of them are supplemented with counting
diagrams. These counting diagrams have different objectives in relation to the text. Most of Qin’s
mathematical achievements are shown through counting diagrams (see Zhu 2017, 2020a).
Specifically, Qin’s independent counting diagrams created new representations, leading him to
new mathematical procedures. Following the traditional mathematical writing style, Yang’s key
points were always presented in his detailed textual explanations (xiang jie #£fi#). Yang’s counting
diagrams were a part of his detailed solutions and used to explain his procedures. Comparing their
other counting diagrams would shed further light on the differences between Qin and Yang.®!
Furthermore, the difference between Qin and Yang can be understood in the context of their
writing. Qin’s research was at the intersection of mathematics, calendrical computations, and the

I That is to say, most of Qin’s counting diagrams focused on writing down procedures, while most of Yang’s counting
diagrams focused on the details of computations.
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Book of Changes (Ji %)) (see Zhu 2017, 2019b), whereas Yang’s research was mainly based on
traditional mathematics. In summary, based on Qin Jiushao’s and Yang Hui’s writings, the
relationship between procedural text and material operation could vary depending on the
individual, and the role played by counting diagrams in their respective research efforts is key to
analyzing this difference. Specifically, while Yang’s counting diagrams illustrated some details of
computations carried out with counting rods, Qin’s counting diagrams represented a new way to
write down procedures carried out with counting rods. Consequently, the objectives of textual
procedures, counting diagrams, and counting rods operations differed between the two scholars.

4. Conclusion

This article has shown that the relationship between procedural texts and material operations
depends on their context. Generally, there are two ways to study this relationship. The first approach
involves analyzing the differences between procedural texts in ancient mathematical writings. The
analysis of The Nine Chapters and Master Sun reveals that different procedural texts do not always
correspond to different operations carried out with counting rods, as the operations could be more
similar than the text shows.®> Moreover, the same terms could correspond to different instrumental
operations because they are used in multiple domains. As the most direct evidence about how
counting rods were used comes from ancient mathematical writings without diagrams, the social
and historical context in which these texts were written is key to studying the material operations.

In thirteenth-century China, scholars specializing in mathematics from both the south and
north included counting diagrams in their mathematical writings. These diagrams allow for the
analysis of the relationship between procedural texts and material operations. The analysis of Qin
Jiushao’s and Yang Hui’s treatises reveals that despite differences between the counting diagrams
presented in both texts, concluding that Qin and Yang carried out different operations with
counting rods is not always possible. However, the difference between the numerals, lines, and the
relationships between counting diagrams and their accompanying text reflects that the two
scholars had different epistemological focuses on mathematics. Qin viewed the counting diagrams
and the operations carried out with counting rods as more important, whereas Yang’s focus
remained on procedural texts. This point can be further confirmed by an analysis of the two
scholars’ mathematical achievements and the different domains in which they were involved. In
this respect, the relationship between texts and operations can vary depending on the individual.

This study underscores the challenges inherent in studying material operations. Counting rods
comprised the primary instrument used in Chinese mathematics for more than 2,000 years, with
both textual procedures in ancient mathematical writings and thirteenth-century counting
diagrams serving as indirect evidence of their use. Given this, it is imperative to reassess the earlier
hypothesis that suggests a fundamental correspondence between procedural texts and counting
rods operations and to develop new methods for examining these sources as well as their
associated material operations. Written texts (including problems, textual procedures, and
counting diagrams), along with material operations (including counting rods and other
geometrical instruments), constitute interconnected yet distinct layers of mathematical practices
that form the structure of Chinese mathematics. In this manner, ancient mathematical writings
should be studied carefully to avoid making inferences not directly evident from the writings. In
other words, this article suggests first literally interpreting the text and then connecting it with
other aspects. Furthermore, importantly, any interpretation regarding material operations is

2Karine Chemla states (pers. comm.): “a text might do something in addition to prescribe operations, which, however, is a
major reason why texts might differ even though they refer to the same operation.” I certainly agree with her statement.
However, in this article, I focus on another situation: that is, that while the material operations of counting rods are similar,
they could have different mathematical meanings — this may be why they were described as different procedural texts. I think
this is the nature of computations with counting rods, which contrasts with modern mathematics.
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fundamentally fallible.®> While our reconstruction of an operation may fully explain the
corresponding text, it does not inherently guarantee the historical accuracy of the reconstruction.
Discrepancies between written records and practical operations could differ among individuals,
and there could be several ways for documenting the same operation or utilizing the same
instrument.** Exploring the connections and interactions between these different practices
presents new avenues for research. This article confirms a close relationship between historical
sources and methodological issues in the study of the history of mathematics.

Finally, the research presented in this article holds philosophical significance. One philosopher
argues that “instrumental practice can secure epistemic access to ideal objects of mathematics.”®
In this respect, this article not only expands the content of instrumental practice, but also offers an
example of how different instrumental practices (i.e., procedural texts, operations of counting
rods, and counting diagrams with texts) interact. More specifically, different layers of
mathematical practices could offer different epistemic accesses to mathematical objects, whereas
the interplay and relationships between different layers form an epistemic structure, which is also
based on historical and cultural factors.%
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