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Abstract

The Gaussian polytope P, 4 is the convex hull of n independent standard normally
distributed points in R?. We derive explicit expressions for the probability that Pu.d
contains a fixed point x € R as a function of the Euclidean norm of x, and the probabil-
ity that P, 4 contains the point o X, where o > 0 is constant and X is a standard normal
vector independent of P, 4. As a by-product, we also compute the expected number of
k-faces and the expected volume of P, 4, thus recovering the results of Affentranger and
Schneider (Discr. and Comput. Geometry, 1992) and Efron (Biometrika, 1965), respec-
tively. All formulas are in terms of the volumes of regular spherical simplices, which,
in turn, can be expressed through the standard normal distribution function ®(z) and
its complex version ®(iz). The main tool used in the proofs is the conic version of the
Crofton formula.
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2010 Mathematics Subject Classification: Primary 60D0S5; 52A22; 52B11
Secondary 60G70; 52A20; 52A23

1. Statement of main results

1.1. Introduction

Let X1, ..., X, be independent random vectors with standard Gaussian distribution on RY,
The Gaussian polytope Py 4 is defined as the convex hull of X, ..., X, that is,

n n
Pn,dzconv(xl,...,xn)z{ZA,-XZ-: Moo dn =0, ai=1¢.
i=1

i=1

The main aim of the present paper is to provide an explicit expression for the absorption
probability, that is, the probability that P, 4 contains a given deterministic point x € R¢. By
rotational symmetry, the absorption probability depends only on the Euclidean norm |x]|. It
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Gaussian polytopes and regular spherical simplices 589

turns out that it is more convenient to pass to the complementary event and consider the non-
absorption probability

Jna(lx]) :=P[x ¢ conv (X1, ..., Xp»)]. (1.1)

A classical result of Wendel [31] (which is valid in a setting more general than the Gaussian
one considered here; see also [28, Theorem 8.2.1]), states that

1 n—1 n—1
fn’d(O)ZF((d—1)+(d—2>+"'>' (1.2)

We shall compute f,, 4(r) for general r > 0. The main idea is that we shall make the point x
random, with a rotationally symmetric Gaussian distribution and a certain variance o2 > 0.
Namely, let X be a d-dimensional standard Gaussian random vector which is independent of
X1, ..., X,. We shall compute

Pna(0?) =PloX ¢ conv (X1, ..., X)) (1.3)

This probability can be related to a certain Laplace-type transform of f,, 4. After inverting the
Laplace transform, we shall obtain a formula for f, 4. This formula involves a certain function
gn(r) which expresses the volume of regular spherical simplices and which will be studied in
detail below.

The probability pn,d(az) is closely related to the expected number of faces of the polytope
Pn.a- Let fix(Pp.q) be the number of k-dimensional faces (k-faces) of P, 4. Exact formulas
for Efi(Pn.q) were derived by Rényi and Sulanke [22, Section 4] (for d = 2), Efron [13] (for
d =2, 3), Raynaud [21] (for faces of maximal dimension, that is, for k =d — 1). Affentranger
[2] proved an asymptotic formula valid for general d and k; see also Carnal [10] for the case
d =2. Baryshnikov and Vitale [5] showed that the expected number of k-faces of P, 4 is the
same as the expected number of k-faces of a random projection of the regular simplex with
n vertices onto a uniformly chosen linear subspace of dimension d (the so-called Goodman—
Pollack model). Finally, Affentranger and Schneider [3] expressed the expected number of
k-faces of the random projection of any polytope in terms of the internal and external angles of
that polytope. Combining the results of Affentranger and Schneider [3] and Baryshnikov and
Vitale [5], one obtains an expression for Efy (P, 4) in terms of the internal and external angles
of the regular simplex.

Hug et al. [16] expressed some important functionals of the Gaussian polytope, includ-
ing the expected number of k-faces, through probabilities of the form p, 4(o'%) and computed
their asymptotics. As a by-product of our results, we shall provide explicit formulas for these
functionals, thus recovering the results obtained in [3] and [16]. Recent surveys on random
polytopes can be found in [15], [20], and [27].

1.2. Non-absorption probabilities

Our explicit formulas will be stated in terms of the functions g,(r), n € Ny, defined by

go(r):=1and
g =Pln <0,...,n,<0], r>=-1/n, neN, (1.4
where (11, ..., 1,) is a zero-mean Gaussian vector with
1+r, ifi=j,
Cov (n;, nj) = (1.5)
T, if i .
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The fact that (1.5) indeed defines a valid (i.e., positive semidefinite) covariance matrix for
r > —1/n is easily verified using the inequality between the arithmetic and quadratic means.
Many known and some new properties of the function g, (which is closely related to the
Schlifli function [8]) will be collected in Sections 1.3 and 1.4. At this point, we just state an
explicit expression for g, in terms of the standard normal distribution function ®. It is known
that ® admits an analytic continuation to the entire complex plane. We shall need its values on
the real and imaginary axes, namely
-2

P(z) =

1 /Z /2 . 1 i /Z t2 2
— e "2dr, Dlin)=-+ e dr, zeRR. (1.6)
V21 J -0 2 V2 Jo
The reader more used to the error function erf may transform everything by applying the for-
mula &(z) =1/2 +erf(z/ +/2). With this notation, an explicit formula for g, reads as follows:

gn(r) = J% f - " (rr)e ™ 2dx (1.7)

1 1 2 no_ 2 .
P I (g Sl e ) e P itz »
= ' _ ., )
L [ Re[ (34 = [V e ) Jerax, if —1/n=r <0,

where in (1.7) we agree that /r = i/—r if r < 0. The next theorem provides a formula for the
probability that X & P, 4.

Theorem 1.1. Let X, X1, ..., X, be independent standard Gaussian random vectors in RY,
where n>d + 1. Then, for every o > 0,
Pra(0?) =PloX ¢ conv (X1, ..., X))l = 2(bn.a—1(0%) + bua—3(c?) +...), (1.9)
where
pusio®) = ("o (——Z— - (1.10)
n,k = k 8k 1+ kO’2 8n—k 1+ k0'2 .

Jork=0,....,n,and b, =0fork¢{0,1,..., n}.

The proof of Theorem 1.1 will be given in Section 2. The main idea is to interpret p, 4(c'2)
as the probability that a uniform random linear subspace intersects a certain n-dimensional
convex cone C = C,(c2). By the conic Crofton formula (which will be recalled in Theorem 2.1
below), this intersection probability can be expressed in terms of the conic intrinsic volumes
vo(C), . .., uy(C) of C. At this point, we can forget about the original problem and concentrate
on computing the conic intrinsic volumes, which is a purely geometric problem. It turns out
that v (C) = bn,k(02); see Proposition 1.3 below.

Example 1.1. (Wendel’s formula.) Let o> = 0. By symmetry reasons it is clear (and will be
stated in Proposition 1.4 (d)) that gx(0) =27*, g,_(0) =27"~0 and hence b, £(0) =27"(}).
Theorem 1.1 simplifies to

1 n n
]P[Ogéconv(X],...,X,,)]:F ((d—1>+(d—3>+'”> (1.11)
_ 1 n—1 n—1

Sp ((d_1)+(d_2)+...),
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where in the second line we used the defining property of the Pascal triangle. This recovers
Wendel’s formula (1.2) in the Gaussian case.

By conditioning on X in Theorem 1.1, we shall derive the following result.

Corollary 1.1. The function f, 4(|x|) =P[x ¢ conv (X1, . . ., X;,)] satisfies
o
f Fod(W 2yt e M du = 2T (d /2D (by.g1(1/3) + bpa—3(1/A) +. ..
0
forall \ > 0.

It is possible to invert the Laplace transform explicitly. Recall that @ is the standard normal
distribution function.
Theorem 1.2. For all u > 0 we have
Frd(W2u) = f,a(0) = 20"~V @y g1 ) + apa-3@) + . ),
where f, 4(0) is given by Wendel’s formula (1.2) and

a1 (1) = (Z) fo e Fl ) — )Py, (1.12)

Fopi(v)= & / " H(V2w) + " H(—2w)
k,n—k _JT 0 zﬁ

‘ k(i /200 — w)) + DX (—i/2(v — w))) dw
2Jv—w '

1.3. Cones, solid angles, and intrinsic volumes

(1.13)

The function g, has appeared (in many different parametrizations) in connection with inter-
nal and external angles of regular simplices and generalized orthants, but the results are
somewhat scattered through the literature, and especially the properties of g,(r) at negative
values of r do not seem to be widely known. In the following two sections we shall provide an
overview of what is known about g,, state some new results, and fix the notation needed for
the proof of Theorem 1.1.

A non-empty subset C C RV is called a convex cone if for every x, ye C and A, u >0
we have Ax 4+ py € C. In the following we restrict our attention to polyhedral cones (or just
cones, for short), which are defined as intersections of finitely many closed half-spaces whose
boundaries contain the origin. The linear hull of C, i.e. the smallest linear space containing C,
is denoted by L(C). Letting Z be a standard Gaussian random vector on L(C), the solid angle
of the cone C is defined as

a(C)=P[ZeC].

In fact, the same formula remains true if Z has any rotationally invariant distribution on L(C).
Note that we measure the solid angle with respect to the linear hull L(C) as the ambient space,
so that the solid angle is never 0, even for cones with empty interior.

Denote the standard scalar product on RN by (-, -) and let eq, . . ., ey be the standard basis
of RV, Fix any r > —1/n and consider n vectors uq, . .., i, in RN, n < N, such that
I+r ifi=j,
(ui, uj) = ) i,jefl,..., n}
r if i ],
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Denote the cone spanned by the vectors uy, ..., u, by
Cy(r)==pos (Ui, ..., uy) ={oiu; + ... +auuy: o, ..., oy >0} (1.14)
The specific choice of the vectors uy, . . ., u, as well as the dimension N of the ambient space

will be of minor importance because we are interested in the isometry type of the cone only.
For r =0, the cone C,(0) is isometric to the positive orthant R’ . Vershik and Sporyshev [30]
called C,(r) the contracted (respectively, extended) orthant if » < O (respectively, r > 0). The
extremal cases r — oo and r = —1/n correspond to a ray and a half-space, respectively.

Proposition 1.1. For all r > —1/n, the solid angle of the cone Cy(r) is given by

#(Cy(r)) = g (— 1 i nr) .

This fact can be used to relate g,(r) to the volume of a regular spherical simplex. These
volumes have been much studied since Schlifli [26].

Theorem 1.3. Let S,,(£) be a regular spherical simplex, with n vertices and side length £, on
the unit sphere S"~'. That is, the geodesic distance between any two vertices of the simplex is
£ € (0, arccos (—ﬁ)). Then the spherical volume of S,(£) is given by

Vol,_1 (S,(6) = Vol,_; (1) g ( ——— ¢
n—1 On = n—1 &n I +(—Dcost )

o cos ¥
1+(n—1)cos £’

0Ol — = € Ve € 1 < COS 3
n—1 n F(n)\/_ 1 =

More concretely, writing ry := we have

(1.15)
Vol,,—1 (S (Z))_i/wRe l_i_L/X‘/j*esz " e Fdx if cosl>0
R m 2" V7 o ) =
(1.16)

Proof. Let uy,...,u, be as above. Observe that u;//1+7r,...,u,/~/1+7r can be

viewed as vertices of S,( arccos 1L+r)' So, choose r > —1/n such that ¢ = arccos ﬁ Then

cos {

1—cos ¢ and

r =

Vol,,_1 (Sn(ﬂ))_ (Co(r) = o B B cos {
Vo, (&1~ ¢ ”(r)_g"< Tnr) =5 1+(n—1)cose)

by Proposition 1.1.

Formula (1.15) can be found in the book of Bohm and Hertel [8, Satz 3, p. 283] or in the works
of Ruben [25], and [24] and Hadwiger [14]. Note that [8] uses a different parametrization for
Sn(£); see [8, Satz 2, p. 277] for the relation between both parametrizations. Observe also that
the Schlifli function i(")(a) used in [8] is related to g, via

2" cos 2a
(@)= — -
@) & 1+cos2a/’

https://doi.org/10.1017/apr.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.7

Gaussian polytopes and regular spherical simplices 593

as one can see by comparing [8, Satz 2, p. 279] with Theorem 1.3. The case cos £ > 0 is missing
in [8] and in many other references on the subject. Formula (1.16) was proved by Vershik and
Sporyshev [30, Corollary 3, p. 192]; see also [9], [12], and [11] for asymptotic results.

To proceed, we need to recall some notions related to solid angles. A polyhedral set is an
intersection of finitely many closed half-spaces (whose boundaries need not pass through the
origin). If a polyhedral set is bounded, it is called a polytope. Polyhedral cones are special
cases of polyhedral sets. Denote by F(P) the set of k-dimensional faces of a polyhedral set P.
The tangent cone at a face F € Fy(P) is defined by

Tr=Tr(P)={veR": fy + ev € P for some ¢ > 0}, (1.17)

where fj is any point in the relative interior of F, i.e. the interior of F' taken with respect to its
affine hull. The normal cone at the face F' € Fi(P) is defined as the polar of the tangent cone,
that is,

Np=Np(P)=Tp(P)={weR": (w, u) <0 forall u € Tp(P)}. (1.18)

For certain special values of r one can interpret g,(r) as inner or normal solid angles at the
faces of the regular simplex. The inner and normal (or external) solid angles of P at F are
defined as the solid angles of the cones Tr(P) and Ng(P), respectively.

Proposition 1.2. Let A, :=conv (eq, ..., e,) be the (n— 1)-dimensional regular simplex
in R".

(a) The normal solid angle at any (k — 1)-dimensional face of A, equals

wi (7)== [ (ff _de) e

(b) The inner solid angle at any (k — 1)-dimensional face of A, equals

i (D)= x| 3+ [ Zdz) P

Both parts were previously known; see [14], and [25] for part (a) and [23, Section 4] (where the
method used was attributed to H. E. Daniels) as well as [30, Lemma 4] for part (b). A formula
for the normal solid angles of crosspolytopes (which is similar to part (a)) was derived in [6].

The next proposition provides a geometric interpretation of b, x(o%). The kth conic intrinsic
volume of a cone C is given by

u(@)= > aF)a(N(C)),
FeFi(C)

where we recall that «(F) is the solid angle of the cone F' measured with respect to the linear
hull of F. See [4] for equivalent definitions and properties.

Proposition 1.3. For every r > —1/nand k € {0, . . ., n}, the kth conic intrinsic volume of the
cone Cy(r) is given by

n r r
Vi(Cn(r)) = B alr) = (k)gk (‘ I+ kr> Sk <1 T kr>
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Remark 1.1. As a consequence of the Gauss—Bonnet formula for conic intrinsic volumes (see
[28, Theorem 6.5.5] or [4, Corollary 4.4]), we obtain the identities

ln/2] [(n—1)/2]

D buak(r) = Z by k1 (r) =
k=0

In particular, the numbers by, o(7), . . . , by »(r) define a probability distribution on {0, . .., n}, a
fact which is not evident in view of the expression for g, given in (1.7) and (1.8). For r =0 (in
which case C,,(0) is the positive orthant R’} ) this distribution reduces to the binomial one with
parameters (n, 1/2), because g,(0) =27" by Proposition 1.4 (d) below.

1.4. Properties of g,

Next we give a formula for g, (r) which may be more convenient than its definition (1.4).
Recall that & denotes the standard normal distribution function (see (1.6)), viewed as an
analytic function on the entire complex plane.

Proposition 1.4. The function g,:[— - oo)—> [0, 1] defined in (1.4) has the following
properties.

(a) ForallneN and r> —%,

gn(r) = _\/;— /oo q:)n(\/;x)eixz/zdx
T J—00

= 7= / - (D"(/7%) + D" (—/7)) e /2, (1.19)

7T JO

where, in the case of negative r, we use the convention /r = i/—r. In fact, the rightmost
expression in (1.19) defines g, as an analytic function on the half-plane Re r > —%.

(b) Forallne{2,3,...}andr> —% we have

/( )= nn—1) < )
r n—

&n dr(r+ 1)/2r+1 g 2 2r+1
(c) go(r)=1(by definition) and g\(r) = 5

(d) Foreveryn €N, we have

1
=N = — 1 = —
gn(0)=27", gu()= P ,Jim g (r)

(e) Forne{2,3,...} we have gn(—%) =0.

(f) g2 = zlt + % aresin 1 and g3(r) = % + 4% arcsin .
(g) Forevery fixed n € N we have
1 n"T'(n/2) (n—1)2
- N e~ , 0.
&n < n ' 8) X ENO N e

(h) Foralln e N, the functions go, and grn+1 admit extensions to analytic functions on some
unramified cover of C\{—1/k: k=1, ..., 2n}.
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Remark 1.2. Special values of g, listed in Parts (d) and (e) were known to Schlifli [26, p.
267]; see also [8, pp. 285-286]. Part (b) is a consequence of the Schlifli differential relation;
see Bohm and Hertel [8, Satz 2, p. 279]. For completeness, we shall provide a self-contained
proof of Proposition 1.4 in Section 3.1.

Remark 1.3. Using the fact that ®(iz) = &(—iz) for z € R, one can state (1.19) in the case of
real re[ — % 0] as follows:

gn(r) = J% /ooo Re (& (iv/=rx))e ™ /2dx

_2 /°°Re L /"ﬁezzdz ey
V7 Jo 2 Jn )y ' '

a formula obtained by Vershik and Sporyshev [30, Corollary 3, p. 192].

Remark 1.4. Taking r = —1/n in (1.19), making the change of variables y = x//n, and using
that g,(—1/n) =0 for n > 2, we obtain the curious identity

+00 ) n
/ (CD(iy)e_-V/z) dy=0, n=2,3,.... (1.20)

—00
Using induction and partial integration we shall extend this as follows.

Proposition 1.5. Forallm e Ny and alln=m+ 2, m+3, ... we have

+00 n
/ N (q>(iy)e—y2/2) dy=0. (1.21)

—00

Also, for all m € Ny we have

+00 5 m+1 2 m+1 Y i "
m NV /2 _1ym Ny /2 _ =
/0 g <(q)(ly)e ' ) b (CD( e ) )dy_\' 2 (ﬂ) '

(1.22)

For n <m + 1 the integral in (1.21) diverges since ®(iy) ~ «/217!.)‘

[1, Eq. 7.1.23, p. 298]. Equation (1.22) states a formula for the Cauchy principal value which
is well defined forn =m + 1.

2
e’/? as y — 00, ye R; see

1.5. Expected number of k-faces

Let fx(Pn.q) be the number of k-dimensional faces of the Gaussian polytope P, 4. Recall the
notation pn,d(oz) =P[oX ¢ Py,.4], where X is a standard normal vector in R4 independent of
Pn.q- With the aid of the Blaschke—Petkantschin formula, Hug et al. [16, Theorem 3.2] showed

that .
n
Efi(Pna) = —k—1.d—k |\ — | - 1.23
fi(Pn,a) <k+1>pn k—1,d k(k+1> (1.23)
Using this formula, they proved an asymptotic result of the form
Efi(Pua) ~_Eka(logm) D2, (1.24)
n—oo

where ¢ ) is an explicit constant only depending on d and k. With the aid of Theorem 1.1 one
can derive the following explicit formula.
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Theorem 1.4. For every k=0, ..., n— 1 we have

1 1
2. n! g1+ (—4) &y (4)
Bfi(Pra) = 0 y; D TS T (1.25)
Jj=d—-2i>k
ieNp

Proof. Combine Theorem 1.1 with (1.23).

Remark 1.5. The quantities gj_l_k(—Jl.) and g,i_j(/l) appearing on the right-hand side of
(1.25) are certain inner/normal solid angles of regular simplices; see Proposition 1.2. With
this interpretation, the formula (1.25) is due to Affentranger and Schneider [3].

Remark 1.6. More generally, Hug et al. [16] considered also the functional

TP = Y Vol (), b=0,
FeFi(Pn,a)

which reduces to fi(Py.4) for b=0. For k=d — 1 and b =1 one gets the surface area. Hug
et al. [16] showed that

b | F(%)
mﬁ%wﬂwm»( )H '

d+1
=)

Thus, an explicit formula for IETg,f (Pn.a) can be obtained from Theorem 1.4.
The following fixed-r asymptotics for g,(r) = \/;271 2% d"(/rx)e*/2dx was derived in
[21, pp. 44-45] and [29, Lemma 5].

Proposition 1.6. For any fixed r > 0 we have
gn(r) ~ T/ 20V (4m log ny 2.
n— oo
This can be used to compute the large-n asymptotics of the probability that o X ¢ P, 4.

Corollary 1.2. Fix any 6> > 0 and write r = Then

o
112"

—1/c2

Pnd(@’)=PloX ¢ Pual ~

&Fm—nr<1> 124 log m¥ .
0 d—1)! ;

Proof. It follows from Proposition 1.6 and (1.10) that for every fixed k € Ny and o > 0,

,2) «/k—i—a*zg < o? ) kel
-, 8k

2y o v 2 2t
bur(e®) ~ T (k+ o - o (4 logm)>? T 7 .

In particular, bn,d_m(a2) = o(b,,,d_l(az)) for all m > 2 and as n — oco. Theorem 1.1 yields
pn,d(az) ~ 2bn,d_1(c72), from which the required asymptotics follows.
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Remark 1.7. Applying Corollary 1.2 to the right-hand side of (1.23) we deduce the asymptotic
formula

n 1
Efi(Pn,a) = <k+ I)Pnkl,dk <k+_1>

2 ( d 1
~ = =2 1dr1 (d—1)/2
Hooﬁz<k+1>gd ‘ "( d>( TloamT

which recovers a result of Affentranger [2] (see also [3], [5], and [16]) stated in (1.2).

1.6. Expected volume

Let us derive from our results the following formula for the expected volume of the Gaussian
polytope, due to Efron [13]:

(S

E Vol; (Pp.q) =

| o)
A+ Fe—d=T) / oy dr (1.26)
2 : s J—o0

In fact, Efron [13] proved the formula for d = 2 and stated it for general d; another proof (valid
for arbitrary d) can be found in [19].

Since the surface measure of the unit sphere in R equals wg = 27%/%/'(d/2), we can
express the expected volume of the Gaussian polytope as follows:

2712
r'(d/2)

4 1dr

E Voly (Py ) = /0 (1 fona(r)

B (27.[)d/2 oo
- TW@/2) Jo

(1 — fo.a(V2u))u = du,

where we have made the change of variables r = +/2u. On the other hand, by Corollary 1.1
together with the identity > y_, b x(1/A) =1 (see Remark 1.1), we can write

/ - (1 = foa(V2u)u P~ e = dy = 2T (d /200 (b g1 (1/0) + bpas3(1/0) + .. .)
0

for all A > 0. Hence, by the monotone convergence theorem,

E Voly (Py.q) = 2@/ +1 7 d/2 1&% A2 (b ar 1 (1/A) + bugi3(1/0) + ... (1.27)

Recall from (1.10) that for every fixed k € {0, ..., n},

n 1 1
by (1/)) = Era— el I
n,k( / ) <k>gk< )\+k> 8n—k <)L+k>
. 1 1
m — — | = — -
AiOgn k Py 8n—k )

whereas Proposition 1.4 (g) yields

LN (1 Ao TR/2DVE gy
gk( )\-f-k)_gk( k+ k2 ) 2ka/2F(k))L as A | 0.

Clearly,
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Taking everything together, we obtain

['(k/2)Vk 1
bn,k(l/)») ~ <Z> 2Tik//Tll«(/k_)gn—k (E) (k=172 as A \L 0.

So, in the sum on the right-hand side of (1.27) the term b, 441(1/X) ~ const - 19/2 dominates
and we obtain

n >r(%)\/d+1 ( 1 )
B 1

d+1) 7 r@+1) S\ g

< n ) Vd+1 ( 1 >
= 7. 8n—d-1\ 77—~
d+1 2%1—‘(%4—1) d+1

where we used the Legendre duplication formula. Recalling formula (1.19) for g,(r), and per-
forming some simple transformations, we arrive at (1.26). Proposition 1.6 yields the following
asymptotic formula due to Affentranger [2, Theorem 4]:

E Volg (Pp.q) = (2n)d/2(

dj2

rg+n

E Volg (Pp.q) ~ (21log n)¥?

as n — 0o, while d stays fixed. A more refined asymptotics was derived in [19].

1.7. Low-dimensional examples
Let d =2. Theorem 1.1 simplifies to

o2 o2
PloX ¢ conv (X1, . .., X,)] = 2b, 1(0) = 2ng) <—1_|_7) 8n—1 < )

1402
0_2
=ngn—1 1102)"

PloX ¢ conv (X X,)] = — / Japvs ( ot ) e 2dx
Ts v ey = — —_— .
" V21 J -0 V1402

The next theorem gives an explicit formula for the non-absorption probability in the case d = 2.

‘We obtain the formula

Theorem 1.5. Let &, &1, .. ., &, be standard normal random variables and let W be a random
variable with the arcsine density %(1 —y)~Y2dyon[ — 1, 1], all variables being independent.
Define My = max{&y, ..., &}. Then, for all u > 0,

d
Ja2(V2u) =TPIM; + E2 < 2u] + - PIM; + 67 < 2u]
=P[M> + &% < 2u] 4+ ne “P[M,_ < ~2uW].
That is, fn.2(~/2u) is the sum of the distribution function and the density of the random variable

T2+ &) atu.
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Two-dimensional absorption probabilities were studied in a very general setting by Jewell and
Romano [17], and [18], but their method does not seem to yield an explicit formula like that in

Theorem 1.5.
Consider now the case d = 3. Using first Theorem 1.1, (1.10), and then Proposition 1.4, we

arrive at
PloX ¢ conv (X1, ..., X,)]
=2by2(0%) + 2by0(?)

02 0'2
— 2
=n(n 1)gz< 1 202>gn 2(1 5 2)+2gn(o )

n(n—l)( 1 . o2 )/+°° _2< ox ) 2
— — — arcsin —— ol — ) e/ 2dx
S2r \4  2xm 14+02) J_ V14202

but we were unable to invert the Laplace transform to obtain a formula for f, 3 similar to that
of Theorem 1.5. Similarly, for d =4 we obtain

PloX ¢ conv (X1, ..., X,)]

=2b,3(02) 4 2b,.1(0?)

nn—1)(n—-2) o2 o2 n o?
= - PN n - T, 9
3 83 1+302 8n—3 1+3 8n—1 1+02
n(n—l)(n—2)< 3 . o’ >/+°° n_3< ox ) 2
— — — arcsin ——— O —a dx
3./ 8 4dm 14202 PN V14302
L /*‘” -1 (_) P 2dx.
V21 J-oo V1402

Taking o = 1 in Theorem 1.1 yields the probability content of the Gaussian polytope, which
is defined as

Cha=PXeConv(Xy,...,X,)]=1—-P[X ¢Conv (X, ..., Xn)l

For d =2, 3, 4 we obtain the formulas

Cpr=1——1 /+OO P! ( i ) /24y
2=1—- -7 — € )
" V21 J—co \/5

6321 V2 n+1

—Dn—2 3 1 Foo
Cha=Cno— pn- D=2 (1 _3 arcsin — / "3 <f> e~/ 2dx.
: 327 8 4m 3) /) 2

The formulas for d = 2, 3 were obtained by Efron [13], in Equations (7.5) and (7.6) on p. 341.
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1.8. Absorption probability in the Goodman-Pollack model

Letvy, ..., vy4+1 be the vertices of an n-dimensional regular simplex inscribed into the unit
sphere S"~! C R”. That is, |v;|=1forall 1 <i<n+1 and p = (v;, vjy=—1/nfor all 1 <
i <j<n+1.Let O be arrandom orthogonal matrix sampled according to the Haar probability
measure on the orthogonal group O(n). Consider the randomly rotated regular simplex with
vertices Ovy, ..., Ovy41 and project it onto some fixed d-dimensional linear subspace V; C
R”™. The choice of Vy is irrelevant, so that we shall assume that V; = R? is spanned by the first
d vectors of the standard orthonormal basis ey, ..., e, of R". Denote orthogonal projection
onto V by II. The resulting random polytope

Qui1.q:=Conv (I1Ovy, ..., IOV, ) C R?

is said to be distributed according to the Goodman—Pollack model. Affentranger and Schneider
[3] and Baryshnikov and Vitale [5] observed that the Gaussian polytope P,41.4 is closely
related to the Goodman—Pollack polytope Q,1.4. In particular, Baryshnikov and Vitale [5]
showed that all functionals which remain invariant under affine transformations of the polytope
(like the number of k-faces) have the same distribution in both models. We are interested in the
non-absorption probability in the Goodman—Pollack model, that is,

frax)=Plx¢ Qual, xR

Clearly, this functional is not invariant with respect to the affine transformations of Q, 4. We
cannot compute the non-absorption probability explicitly, but it is possible to evaluate a certain
integral transform of £* .

Theorem 1.6. For every 02> 0 we have

1 o Al " no?+1 ) 5
B(d rr_d) 0 (1+u2)ﬂ/2fnvd 7 4| du=braa(©@) +bua3(0)F ..
2072

Here, B(-, -) denotes the Euler beta function. The proof of Theorem 1.6 will be given in
Section 5.

Remark 1.8. It is also possible to consider random projections Q,Ld of the random orthog-
onal transformation of the regular simplex Copv (e1,...,en) in§cribed into the unit sphere
S"=1 ¢ R”". For the non-absorption probability i (xD) :=Plx ¢ Qnal, x € R9, one can obtain

du=bya—1(0%) + bya—3(0*) +. ..

1 00 ud_lf:d(ou)
B (4 n—d+1) /0 (1 + u?)(nth/2
20 2

by a slight simplification of the proof of Theorem 1.6; see Remark 5.1.
2. Proof of Theorem 1.1

2.1. Reduction to intrinsic volumes

We can replace X by —X because by the symmetry of the Gaussian distribution

PloX ¢ Conv (X1, . .., X)) =P[ — o X ¢ Conv (X1, ..., X,)].
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Clearly, —oX ¢ Conv (X1, ..., X,) if and only if O ¢ Conv (X] +0X, ..., X, + ¢X). This, in
turn, is equivalent to the following condition:

aXi+ ... +a Xy + (@ +...+a,)0X=0, af,...,a,>0 — a;=...=a,=0.
To interpret this geometrically, we consider the following convex cone in the space R"*!:
C={(ar,...,0n, (01 +...+ay)0): ay, ..., a, >0} 2.1)

This cone is spanned by e + o e,41, ..., ey + 0eyt1 (Whereey, . . ., e, is the standard basis
of R"*1) and is therefore isometric to the cone Cy,(c?) introduced in (1.14). Let also U be a
random linear subspace of R"*! given by

U={O1,.. -,yn+1)€R"+1: X +. . A+ yuXn + 1 X =0}

Observe that since X, ..., X,, X are independent, identically distributed (i.i.d.) standard
Gaussian random vectors on R, where d < n, the linear space U almost surely (a.s.) has codi-
mension d and is uniformly distributed on the corresponding linear Grassmannian. The above
discussion shows that

PloX ¢ Conv (X1, . .., X,)] =P[UNC = {0}]. 2.2)

The next result, known as the conic Crofton formula [28, pp. 261-262] or [4, Corollary 5.2],
is of major importance for us.

Theorem 2.1. Let C C RN be a convex polyhedral cone which is not a linear subspace. If
U C RY is a uniformly distributed linear subspace of codimension d, then

PICNU ={0}] =2(vg-1(C) + vg—3(C) +. . .),

where vy(C), ..., vN(C) are the conic intrinsic volumes of C given by
uk(C) = Z a(F)a(Np(C)). (2.3)
FeFi(C)

Combining (2.2) with the conic Crofton formula, we obtain
PloX ¢ Conv (X1, ..., X)) =P[UNC ={0}] =2(vg—1(C) + vg—3(C) +...).

In the following, we shall show that the number of k-faces of C = C,(c?) is (}), and for
every k-face F' € F(C) we have

2

o o2
m) » a(NF(C) = gn—ik < ) : (2.4)

a(F) =g <— m

where gi(r) is as in Section 1.2. This will prove Theorem 1.1.

2.2. The polar cone

The polar cone of a convex cone D C RY is defined by

D°={xeR": (x,y) <Oforall y e D}.
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Proposition 2.1. Let r > —1/n. The polar cone of C,(r) taken with respect to the ambient
space L(C,(r)) is isometric to C,,(— ﬁ). That is to say, there is an orthogonal transformation

O : RN = RN such that

° N _ r
O(C,(r) N L(Cy(n)) = Cy ( 1 +nr> :

r
14nr

to prove the proposition for r = o> > 0. Since we work in the linear hull of the cone, there is
no restriction of generality in assuming that it has the form C = C,(c?) given in (2.1). Thus,

Proof. Since D°° = D and since the transformation » > — is an involution, it suffices

C is spanned by the vectors uy, ..., u, given by u; =e; + oep41 € R"*! 1 < <n. The linear
space spanned by ug, ..., u, is
LO)={(1, ... on app) ER™ gy =001 + ... + o))

The polar cone of C = C,(c2) taken with respect to L(C) as the ambient space is
C°NLIC)={(a1,...,0041)€EL(C): a1 + 00ty <0, ..., +0a,+] <0}.

The lineality space of a cone D is defined as D N (—D). The lineality space of C° N L(C) is
trivial, namely

{(ag, ..., opr1) €EL(C): ) + 041 =0, ..., 0y + 0w, =0} ={0}.
It follows that the cone C° N L(C) is spanned by its one-dimensional faces. These are obtained
by turning all inequalities in the definition of the cone into equalities, except one. For example,
one of the one-dimensional faces is given by

Ri={(a,...,o0ny 1) e L(O): a1 + 0041 <0, 00+ 01 =0,..., 0, +0a,r1 =0}

Taking a4 | = o/(1 + no?), we obtain that R; is a ray spanned by the vector

1 o2 o2 o2 o
14102 14no2 """ 14no?2 14+no?)’

where the value of the first coordinate was computed using the linear relation in the definition
of L(C). Thus, the cone C° N L(C) is spanned by the vectors

0'2 o
Vii=e; — 1~|—n02(el +...+e)+ men+1, i=1,...,n. (2.5)
It is easy to verify that
T P
(vi, vj) = 1 te e (2.6)
—1;’7 if i #j.
Thus, the cone spanned by vy, ..., v, is isometric to Cn(—#;z).
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2.3. Proof of Proposition 1.1

We prove that
;
C = e I
a(Cy(r)) =gn < 1+ nr)

Consider the cone D c RV spanned by the vectors vy, ..., v, such that

1— Trm ifi=j,

(vi, vj) = . o

—m if ;é.]

Then D is isometric to C(—135;7)- The polar cone is given by

D°={xeRN: (x,v)) <0, ..., (x,v,) <O}
Let £ be a standard normal random vector on RV . Then the solid angle of D° is given by

a(D°) =Pl e D°|=P[(§,v1) <0,..., (§,va) =0I.

Introducing the random variables n; := (€, v;), i =1, .. ., n, we observe that the random vector
(71, ..., ny) is zero-mean Gaussian with covariances given by
- ifi=j
T+ ’
Cov (i, nj) = (vi, vj) = . " - 2.7
—rty i

Hence, a(D°)=P[n; <0,...,1,<0]l=g, (—ﬁ) by definition of g,. On the other hand,

D¢ is the direct sum of L(D) N D° and the orthogonal complement of L(D). It follows that

r
a(L(D)ND°)=a(D°) =g, (— 1 ) )
+ nr
By Proposition 2.1, L(D) N D° is isometric to C,(r), thus completing the proof. (]

2.4. Internal and normal angles: proof of (2.4)

Recall that C is a cone given by (2.1) and that the linear hull of C is a codimension-1 linear
subspace of R" given by

LIO)={(ay, ..., 0, (01 +...+ay)0): oy, ..., a, € R} (2.8)

Inside L(C), the convex cone C is defined by the inequalities o1 >0, ..., a,, > 0. The k-faces
of C are obtained by turning n — k of these inequalities into equalities; therefore the number of
k-faces is (Z) Without restriction of generality, we consider a k-face F of the form

F={(at,...,ar,0,...,0, (a1 +...+op)o): ay,...,ar>0}. 2.9)
———
n—k

Since F is isometric to Cy(o'2), Proposition 1.1 yields the following formula for its solid angle:

2 o’
aF)=a(CloN =812 )
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To compute o(Np(C)), observe that by the polar correspondence, Np(C)NL(C) is some
(n — k)-dimensional face of the polar cone C°NL(C). The latter cone is isometric to
C”(_lif%) by Proposition 2.1. Since all (n — k)-dimensional faces of C,,(—I:#) are

. . 2 - .
isometric to C”—k(_lfm)’ we can apply Proposition 1.1 to obtain that

2
Ot(NF(C))=Ot(NF(C)ﬂL(C))=06(Cn—k (— ’ ))

14 no?
2
o
_ _ " Ttno? _ 62
= 8n—k L (1—k)o? = 8n—k _l Tkl )
1+no?
This completes the proof of (2.4) and of Theorem 1.1. (]
2.5. Proof of Proposition 1.2
By symmetry, we may consider the face of the form F' = Conv (e, . . ., ¢x). It follows from
(1.17) that the tangent cone is given by
Tr(Ap) ={(ay, ..., eR" a1 +...+a, =0, 0441 >0, ..., a, >0}

Thus, Tr(A,) is a direct orthogonal sum of the linear subspace L, given by a1+ ...+
ar =0, a1 =...=a, =0 (which is the lineality space of the cone) and the cone D,y =
pos (u1, ..., up—k) spanned by the n — k vectors

up=—(1+...+e)/k+eisx, i=1,....,n—k
The scalar products of these vectors are given by
1+ ifi=j,

(ui, uj) =
ifi).

~—

Hence, the cone D,, x is isometric to C,,—x(1/k). From Proposition 1.1 we deduce that the solid
angle of Tr(A,) is gn—i(—1/n).

The normal cone Np(A,) = Tp(A,) is the direct orthogonal sum of the line {o] = ... =y}
and the polar cone of D,  taken with respect to the ambient space L(Dj k). The latter cone is
isometric to C,,—x(—1/n) by Proposition 2.1. From Proposition 1.1 we deduce that the solid
angle of Nr(A,) equals g,—r(1/k). O

2.6. Proof of Proposition 1.3

If r=02>0, then the proof follows immediately from (2.4). Let r € (_rlz’ 0). For a cone
D c RY we have the relation vg(D) = vy_i(D°); see [4, Section 2.2]. Applying this relation to
the cone C,(r) in the ambient space L(C,(r)) and recalling Proposition 2.1, we obtain

r r
Uk(Cp(1r)) = vp—i <C" <_ 1+ nr)) = bnn— <_ 1+ nr) ’
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where the last step follows from the already established part of Proposition 1.3 and the fact

that — ;- > 0. Using the definition of b, ,—k, we obtain
r n Y S N S
bpn—k <_ ) = < )gn—k <_&) 8k (ﬁ)
, _ (n—k) (n—k)
L+nr n—k 1_% - ;l-i-nrr
n r r by 1 (1)
= —_——_— _ —_— = r .
k 8k 1+ kr 8n—k 1+ kr n,k
which proves the claimed formula. U
3. Properties of g,
3.1. Proof of Proposition 1.4
In the following let (51, . . ., 1,) be a zero-mean Gaussian vector whose covariance matrix

¥ = (rj); i 1s given by
1+r ifi=j,
rij = Cov (n;, nj) = .
r if i £j.
Using the inequality between the arithmetic and quadratic means, it is easy to check that this
matrix is positive semidefinite for r > —1/n. Recall that by definition

gn()=Pn; <0,...,n,<0]=P[n >0,...,n,>0], r>—1/n 3.1)

Proof of (a). Let r > —1/n be real. (The case r = —1/n can be then deduced from the conti-
nuity of g, at —1/n.) It is straightforward to check that det ¥ = 1 + rn > 0 and that the inverse
matrix ¥~ = (s3] i1 is given by

r e
B ]—m lfl—],

Sij = ’ e
~Tvnr lfl#J.

Using (3.1) and the formula for the multivariate Gaussian density, we obtain, for all r > —1/n,

1 r - 1 &)
— €X — X - = x5 ¢ dxp .. .dxy,.
(271)"/2 /1 “+ nr ‘/(io’oo)n p 2(1 —+ nr) /:Zl 7 2 j:Zl J ! "

(3.2)

en(r) =

The integral converges for complex r satisfying Re < =, which s equivalent toRe r > — l

1+nr
Indeed, by the inequality (Z L) <nd . x , We have

n

.
21+ nr) ];x" Zx 2( (1+nr) n) Zx’
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Hence the right-hand side of (3.2) defines an analytic function of r in the half-plane Re r > —%.
In particular, g,(r) has an analytic continuation to this half-plane.
Next we prove that for all r > 0,

1 o0 2
(N=—= / (@" (/1) + @"(—/rx))e ™ 2dx. (3.3)
&n V2 Jo
Let &, &,...,&, be i.i.d. standard Gaussian random variables. We have a distributional
representation n; = & — £/r€, k=1, ..., n. It follows that

g =Pn <0,...,1n, <0]
=Pl& <VrE, ..., & < /rE]

- / - " (Jroe ™ 2dx (3.4)

V2 ) ’ '
which yields (3.3) after splitting the integral.

It remains to prove that the right-hand side of (3.3) is an analytic function of r in the half-
planeRe r > — %, which would imply that (3.3) holds in this half-plane by the uniqueness of the
analytic continuation. First of all, observe that for every fixed x > 0, the expression ®"(zx) +
®"(—zx) is an analytic function of z€ C which remains invariant under the substitution
7+ —z. Hence it can be written as an everywhere convergent Taylor series in even powers
of z. It follows that for every fixed x > 0, the expression (®"(y/rx) + ®"(—./rx)) defines an
analytic function of r € C. To prove the analyticity of the integral on the right-hand side of
(3.3), we argue as follows. We have the estimate

()] < Cmax{l, e == /2]} = Cmax{l, e R@/2) eC.
It follows that
|¢Il(ﬁx)+q>n(_ﬁx)|e—x2/2 §2Cmax{e_x2/2, e—Re(l+nr)x2/2}.

By the dominated convergence theorem, the right-hand side of (3.3) is a continuous function
of r on the half-plane Re r > —%. Moreover, by Fubini’s theorem and by the analyticity of
(®"(y/rx) + ®"(—+/rx)), the integral of the right-hand side of (3.3) along any triangular con-
tour vanishes. By Morera’s theorem, the right-hand side of (3.3) is an analytic function in the
half-plane Re r > —%. By the uniqueness principle for analytic functions, (3.3) must hold in
this half-plane.

Proof of (b). By analyticity, it suffices to consider » > 0. Differentiating under the sign of
the integral in (3.4), we obtain

) X 2
rx©/2 ex/2dx

()= —— / T e (e
= L NN

n

4 /r

+o00
/ an—l(\/;x)xe—(r-i-l)xz/de.
—0Q
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Writing xe ™" +D /24y — —H%lde_(r +1%/2 and integrating by parts yields
¢ (= n /+°° (n — 1)"2(/rx) ! e 2y 1 e (rFD?/2 4,
" 4 r Jooo V2 r+1

_ n(n -1 1
471(r+ 1) \/_

Finally, making the change of variables y := +/2r + 1 x, we arrive at

, nin—1) 1 to o, ( r ) 20
F) = 16 e v/ d
)= D T v ) Vor+1” Y

B nn—1) ( r >
T+ v\t 1)

q;" 2(/rx)e” (2r+1)x2/2dx

Proof of (c). By definition, g1(r) =P[5 < 0] = 5, since n; is centered Gaussian.

607

Proof of (d) and (e). In the case r =0, the random variables 1y, ..., n, are independent

standard Gaussian and hence

g:(0)=P[n; <0,...,n,<0]=27".

In the case r =1, we have a distributional representation n; =§; — &, where &, &1, ..., &, are
independent standard Gaussian. Hence
gn()=P[§1 =& <0,...,§ —§ <0]=P[max{§, ..., &} <§]=—— o

because any of the values &, &1, . . ., &, can be the maximum with the same probability.

To prove that lim,_, 40 gn(r) = %, use (3.3) together with the relation

i (@ (/) + @ (/e =T k=0,

and the dominated convergence theorem.

Finally, in the case r = —1/n we have the linear relation 7y + ...+ 1, =0 (which can be

verified by showing that the variance of n; + . .. 4+ n, vanishes); hence gn(—%) =0.

Proof of (f). Let n = 2. Introduce the variables n} :=n1/+/r + 1 and 3 :=n2/+/r + 1 which

have joint Gaussian law with unit variances and covariance r/(1 + r). It follows that

1 1
g2 =Py <0,m <0]=P[n] <0,n; <0]= —+2—arcs1n1+r

’

by the well-known Sheppard formula for the quadrant probability of a bivariate Gaussian

density; see [7, p. 121] and the references therein.

An alternative proof of this identity is based on Part (b). We give only the proof for
g3, smce the proof for g, is similar. By Part (b), g3 satisfies the differential equation
g5(r) = 4n D F together with the initial condition g3(0) = 1/8. It is easy to check that

2r+1

g3(r)= 8 + 43n arcsin F is the solution.
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Proof of (g). Using (3.2) with r = —% + ¢ and then introducing the variables y; == x;/\/¢
yields

1 1 Ly (& Il &,
_Z — - = - dxp ... dx
&n ( n + 8) QY2 ne Jo.00y xp 28}’1 (Z xl) 2 ;x’ : 8

8n/2
X

_1 +¢ n 2 e n
B Jne e 2 ) -3 W dy..d
Q)2 /ne (0.00)" p n (; )’z) ) ;yl V1 Vi

g(n=1)/2

2
1 n
~— - ] tdy...d
BT o oo eXp 1 —5 3 (;)’z) y; ... dy,

as ¢ | 0. The volume of the simplex {y;,..., v, >0,y +...+y, <s} is s"/n!. Hence the
integral on the right-hand side equals

[} n 00 n—l
ds
/(; e /g (%) =/0 e_“z/(z"z)—(n m—y =22"1"T(n/2)/ T (w),

which completes the proof of (g).

Proof of (h). The functions go(r) =1 and g{(r) = 1/2 are defined on the whole complex
plane. Assume, by induction, that g»,_> and g2, are defined as multivalued analytic functions
everywhere outside the set {—1/k: k=1, ..., 2n — 2}. In order to define g2, and g2,4+1 we use
the differential equations from Part (b):

') n2n—1) ( r >
r)= ol —),
82n 2 (r+ DA/2r + 1g2n 2 2r+1

()= nn+1) ( r )
LY o+ Dvarr o N\ 211

It is easy to check that T;:i-l e{—1/k: k=1,...,2n—2} if and only if r e {—%, —%{, cee
- %}. Hence the right-hand sides of the differential equations are defined as analytic functions
on some unramified cover of C\{—1/k: k=1, ..., 2n}, and we can define g, and g2,,+1 by

path integration.

3.2. Proof of Proposition 1.5
FormeNpandn=m+2,m+ 3, ... write

+00 n
I(m, n) = / 3 <<I>(iy)e_y2/2> dy.

—00

We have to show that I(m, n) = 0. From (1.20) we already know that (0, n) =0 for all n =
2,3, ..., which is the basis of our induction. Define also I(—1, n) =0 for n € N. It follows
from (1.6) that

d
Z D(iy) = ——e" 2,
dy

i
21
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Performing partial integration, we can write

I(m, n)= lm

/ m 7(n+1)y /2dq>n+1(ly)

_i 2
T+l

z\/_

© q)n+l(l-y) (mym—le—(n+1)y2/2 —(n+ 1)ym+le—(n+l)y2/2) dy

( Im—1,n+1)—m+DIm+1,n4+1)).

Observe that this identity is true also for m = 0. Assuming by induction that we proved that
I(l,n)=0forall[=0,1,...,mand n=1+42,1+ 3, ..., we obtain from the above identity
that I(m+1,n+1)=0.

Let now n=m + 1, in which case the integral diverges and we have to pass to the Cauchy
principal value. Write

400 m m
I(m, m+1) :/ Y ((q,(l-y)e—ﬂn) +1 =1y <q>(_l-y)e—y2/2) +1> &,
0

We need to prove that
I, m+ 1) J”( i )m
m, m =./= .
2 \V2m

To treat the case m = 0, we observe that ®(iy) + ®(—iy) =1 for y € R (see (1.6)), whence

[o)e] o0
10, 1) = /O (@(iy)e—>'2/2 + @(—iy)e_y2/2) dy= fo e /2dy = \/g

We proceed by induction. Observe that

d
d_y (q)m+2(ly) + (_1)m+lq)m+2(_ly)>

= m2) (97 i) + (10" (i) e

2
Integration by parts yields
Im,m+1)
N2 [T a2 m+2 ml gym+2,
=- Ve d(q> (iy) + (= 1y omt2(— ly))
m + 2 0
iN 271 o0 . . _ B )
— (cDWH—Z(ly) + (_])n1+lcbm+2(_ly)) (mym 1 _ (m +2)ym+1> e (m+2)y /2dy
m+2 Jo
2
= mIim—1,m+2)—(m+2)I(m+1,m+2)).
m+2

But we already know that mI(m — 1, m 4+ 2) =0, whence I(m, m 4+ 1) = —i/2nl(m+ 1, m +
2) for all m € Ny, and the claim follows by induction. U

https://doi.org/10.1017/apr.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.7

610 Z. KABLUCHKO AND D. ZAPOROZHETS

4. Inverting the Laplace transforms

4.1. Proof of Corollary 1.1

Conditioning on the event |X| = r and noting that |X| has a x -distribution with d degrees of
freedom, we can write

2 1-(d/2)
r'(d/2)

_2
d ]C r/2dr

PloX ¢ Conv (X1, ..., X,)] —/ Jn.aor)

F(d/Z) d/ fnd(m)u(d/z) 1 —M/g' du.

where we made the change of variables or = v/2u, dr = o ~'du/+/2u. Taking A :=1/0? and
applying Theorem 1.1, we obtain

2d/2 00
NEID) / FodO 2y P e My = 2(byy g1 (1/4) + bya—3(1/2) + . ..),
0
which proves the theorem. U

4.2. Proof of Theorem 1.2
From Corollary 1.1 and Wendel’s formula (1.11) we know that

/ h (Frn.a(V21) — f. a(O)u @D~ e dy
0

= 2T(dj2)r= > (bn,d_l(l//\)— %(df 1) by s(1/3) — i<d " 3> +. > .

By the uniqueness of the Laplace transform, it suffices to show that

0 o\ &

Recalling the formulas for a, x(«) and b, x(1/1) (see (1.10), (1.12)), we rewrite this as

o 1 u
—hu —vk ot (d/2)-1
e e W —v) dv) du
/0 rd/2) (/o ok

1 1 1
=42 ——).
(g"< A+k>g" "(A+k> 2'1)

The inner integral on the left-hand side is the fractional Riemann—Liouville integral of
order d/2 of the function e kF ,/m_ (V). Recall that the fractional integral of order o > 0 is
defined by

Jof () = —— T / FO)u—v)*~d,

and its Laplace transform is just A% times the Laplace transform of f:

/ - Jof e Mdu = 17¢ / - fwe *du.
0 0
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Using this property, we deduce that it is sufficient to prove that

/ e—kue—uk / (u)d 1 1 1
F wdu=gi | ——— ) - —.
0 k,n—k k Atk 8n—k Atk "

Writing u := A + k, we rewrite this as
© 1
/0 & F W = (=1 /08011 /10) = 55

Observe that lim,, o Fi,,—k(u) =27". This follows from (1.13) by observing that

2 1 L dw
")+ " *(0)= —, Re®*(0)=—, /—:
0) ) T e ®%(0) " e T

and using dominated convergence. Using partial integration, we can write the above as
o
2 / e M Fp n—r(u)du = gi(—1/p)gn—r(1/10). “4.1)
0

Recall from (1.13) that Fy () = [ b, (w)h (u — w)dw, where

DK (in/2w) + DK (—in/2w)
2 Tw '

D" HK(V2w) 4+ D" K(—/2w)
2/Tw

1D ow) = L =

Let us compute the Laplace transforms of hfll_) r and h,(cz):

o —puwp (1) _ *© —uw n—k n—k; dw
/0 e hn_k(w)dw_/o e (072w + 0" K (—v/2w)) e

s (e ()

=u g (1),

where we made the change of variables w = y2/ (2p0) in the second step and recalled (1.19) in
the last step. Arguing in an analogous way, we obtain

* @ 7w (ks ki_: dw
/Oe“hk (w)dw—/0 e # (@(l«/ﬁ)+¢(lm))2m

s ) )

=p 1 Pg(—1/).

Since the Laplace transform of the convolution is the product of the Laplace transforms, we
arrive at (4.1), which completes the proof. U
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4.3. Proof of Theorem 1.5
Corollary 1.1 with d = 2 states that for all » > 0,

1
/ fan(V2u )e—“du——bn](l/m gn 1(1 H)

where we used (1.10) and the fact that g1 (r) = 1/2. Recalling the formula for g,,—1 (see (1.19)),
we arrive at

/ fn,z(\/ﬂ)e*“du =
0

v (7 () e (o)) e

iRy /00 " 1(y/22) + <I>H(—~/2_z>(3,.7,(;zxclZ
A V27 Jo V2z
AR

o
: / fMg/z(Z)e_z)‘dZ,
0

where we used the change of variables x/+/1 + A = +/2z, and Ja2 2 denotes the density of the
random variable %M,zl, namely

CD" 1 q)n 1
(cbw— )~ 0" (—VD) = f_n w_)j/z_z (V%)

where z> 0. The inverse Laplace transform of /1 +A/A is given by (2d(v/2z) — 1)+
e~ %//mz. Observe that the first summand is just the distribution function F g2/ Of %5 2 (with
& standard normal), whereas the second summand is the density fz2, = F éZ 1 of the same ran-
dom variable. Since the inverse Laplace transform of a product is a convolution of the inverse
Laplace transforms, we arrive at

fMZ/Q(Z)

Fra(W2u) = /(; Jazj2(DF g2 p(u — 2)dz + /0 Sz p@f 2o (u — 2)dz

d
=P[M? + &% <2u] + aI@[Mﬁ + &2 <2u,

which proves the first formula in Theorem 1.5. To verify the second formula, observe that by
the change of variables x := /2z and then y: = x/~/2u,

[ et ptu === [* A CE R R P R
2 5 (2)fe2 (1 — 2)dz = ' z
0 My /235852 27 Jo 2z SIS u—7
—u [«/271 CI>"_1(x)—|—<I>”_1(—x)
= ne dx
0 T/ 2u — x2
o /ﬁ )
= N _—
—V2u T 2u — x?
o 1(y2 y)
=ne”

A Y

The integral equals P[M,_; < +/2uW] since &~ 1 is the distribution function of M,,_. U
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5. Proof of Theorem 1.6

The proof relies strongly on the ideas of Baryshnikov and Vitale [5] combined with the
Bartlett decomposition of the Gaussian matrix and Theorem 1.1.

Step 1: Bartlett decomposition of a Gaussian matrix. Let O be a random orthogonal matrix
distributed according to the Haar probability measure on the group O(n). Independently of
0, let L be a random lower-triangular n x n matrix with a.s. positive entries on the diagonal
and the following distribution. The entries of L are independent; the squared diagonal entries
have Xz—distributions withn,n—1, ..., 1 degrees of freedom, whereas the entries below the
diagonal are standard normal. Define an n x n matrix G by

G=LO.

It is known (Bartlett decomposition) that the entries of G are independent standard Gaussian
random variables.

Step 2: Relating the Goodman—Pollack model to the Gaussian polytope. Consider an n x (n +
1) matrix S whose columns are the vectors v1, . .., v,4+1. Recall also that IT is the d x n matrix
of the projection from R” onto the linear subspace RY spanned by e, ..., es. Note that IT
consists of an identity matrix I; extended by a d x (n — d) zero matrix. Following Baryshnikov
and Vitale [5], consider the d x (n + 1) matrix

S:=T1GS =T1LOS = LT10S, (5.1

where L is a lower-triangular d x d matrix obtained from L by removing all rows and
columns except the first d ones. The last equality follows from the simple identity TTL = LIT. It
follows from the corresponding properties of L that the matrix L is lower-triangular, its entries
are independent, the squared diagonal entries have Xz-distributions withn,n—1,...,n—d
degrees of freedom, and the entries below the diagonal are standard Gaussian.

Observe that the matrices L and TTOS are stochastically independent, and the columns of the
latter matrix are the vectors [1Ovy, ..., [1Ov,4+1, whose convex hull is the Goodman—Pollack
polytope Q41 4. :

Denote the columns of the matrix § by Ye1,...,Yeut1). Let us write Y, ;=
Yijyo-es Yd,j)T, 1 <j<n+ 1. It follows from the formula S = TIGS that the random vari-
ables ¥;j, 1 <i<d, 1 <j<n+1, are jointly Gaussian with mean zero. Let us compute their
covariances. Writing G = (g; j)1<i<n,1<j<n With independent standard Gaussian entries g; j, we
observe that [1G = (g; j)1<i<d,1<j<n> and hence

ElYiy i Yioia =B [t @) i (@it ) 5 )]

{0 if iy # i,

i, vjp) it =is.

By the properties of the regular simplex we have (vj,, vj,) = —1/n < 0 provided that ji # j>.
Let W be a standard Gaussian random vector on R¢ independent of L and O (and hence of G
and S). It follows that

[ n Y.+ w [ n Y n w
n—|—1 o1 m""a n+1 o.n+1 \/m
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are mutually independent standard Gaussian random vectors on R¥. Their convex hull has the
same distribution as the Gaussian polytope and will be denoted by 7,41 4 for this reason.
Summarizing everything, we obtain the identity

LQyy1.0=Conv (LI1Ovy, ..., LTIOv,;1)

[n+1 w
= Conv (Yo,ly ceey Yo,(n+l)) = TPFH—I,d - %7 (5.2)

where L, W, OQpn+1.4 are independent. The fact that P,41 4 can be obtained from Q4.4
by a random affine transformation stochastically independent from O, 4 was proved by
Baryshnikov and Vitale [5]. We rederived it because we shall need the explicit form of the
affine transformation in what follows.

Step 3: Relating the non-absorption probabilities for Ppy1.4 and Q41 4. Let now X be a stan-
dard Gaussian vector on R which is independent of everything else. We know from Theorem
1.1 that for every 02>0,

PloX ¢ Put1.al =2(bni1.a-1(02) + buy1.4-3(0>) +...).

It follows from (5.2) that

n+1 w o .
P [,/ oX — — ¢LQn+1,d] =2(bpi1,4-1(0%) + bug1.a-302) + ...
n Jn

Introducing the standard normal d-dimensional vector

1 1\ 12 1
g:=<”+ 02+—) ( n oX—K>
n n n N

(which is independent of L and Qn+1.4), We can rewrite the above as

n+1 1 -
P [,/ p o2+ - & ¢LQn+l,d:| =2(bpi1.4-10D) + bur1.a-3(02) +...).

Let O € O(d) be a deterministic orthogonal matrix. We claim that the random set ZQn+1,d
is invariant with respect to orthogonal transformations; that is,

~ d ~
OLOui1,0=LQns1,4- (5.3)

Since Q41,4 is defined as the convex hull of the columns of the matrix IT1OS, it suffices to

show that QLITOS £ LT10S, or, equivalently, OTIGS < I1GS; see (5.1). Let Q' € O(n) be a
natural extension of Q from R? to R” defined by

Qe =Qei,...,0eq=0es, Qeiri=eiti,...,Q0en=cey.

Then QT = I1Q’, and hence it suffices to show that TIQ'GS < [1GS. However, since the entries
of G are independent standard Gaussian and the matrix Q’ is orthogonal, it is easy to check

that 'G 4 G, thus proving (5.3).
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Let Ry := |&]|, so that R% has x? distribution with d degrees of freedom. By the orthogonal
invariance of the random set I:Q,,H,d, we can replace £ by, say, Rje,—g4, thus obtaining

n+1 1 ~
- o2+ - “Rien—d ¢ LOni1.d | =2(bns1.d-1(0%) + buy1.4-3(0) +...).

P

Observe that Ry = |l~l_len_d|_1 satisfies R% ~ X,i a4l because of the structure of the lower-

triangular matrix L. The random set Q,,, 1 4 is also orthogonally invariant (which follows from
its definition); hence

n+1 1 R
o2+ 2R ¢ Qnitd | =2bnt1.4-10%) +bpp1.a-3(67) +...).

P

n

The random variables Ry ~ x4 and Ry ~ x,—441 are independent (because & and L are
independent); hence the density of R; /R is given by

24-1(1 2\—(n+1)/2
W (A +u) u>0.

T ()

We can finally rewrite the above as

n+1

o0
1
/0 hOFS g 024 u) du=2byi1.a 107+ bus o))+,

and Theorem 1.6 follows after replacing n + 1 by n. O

Remark 5.1. If instead of the regular simplex with n + 1 vertices inscribed into S"~! we rotate
and project the regular simplex Conv (eq, ..., e,), the proof simplifies. The random vectors
Ye1, ..., Yo, (their number is n rather than n+ 1) are independent standard Gaussian and
there is no need of introducing W.
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